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COEFFICIENTS OF SYMMETRIC FUNCTIONS
OF BOUNDED BOUNDARY ROTATION

RONALD ]J. LEACH

Let V,, (k) denote the family of all functions of the form

f@) =2+ Zl amp+lzmp+
=

that are analytic in the unit disc U, f’(z) # 0in U and f maps U onto a domain
of boundary rotation at most kx. Recently Brannan, Clunie and Kirwan [2]
and Aharonov and Friedland [1] have solved the problem of estimating
|@mp11| for all k, provided m = 1. The extremal function for V;(k) is defined by

(k—2) /2
fi'@) = 8 +i§’(k+—7/2 .

The following proposition is an immediate consequence of [3, Theorem 3.1]:

PROPOSITION. f(z) € Vi, (k) if and only if there is a function g(z) € Vi(k)
such that f'(z) = g’ (g™)t™.

Let f,.(z) be the function in V,,(k) defined by
F'(z) = (1 4 zm)d=nram/ (] — gnyt+/am,

It is natural to conjecture that |ampi1] < Ampr1, Where

fm(z) =2 + ZJ. Amp+lzmp+1-
=

In this note we obtain a partial solution to the problem of estimating |a,]
and show that the conjecture is false in general if m = 2. In addition, we
determine the valency of functions in V, (k).

The following lemma is due implicitly to Umezawa [9].

LeEMMA. Let f be analytic in |3| < r, with f' % 0 in |3| = r. Let 21, . . . , 2n
be the roots of Re{l + (zf " (2))/f'(2)} = 0 on |z| = r. If

i Sl G s e oo,

then f is at most p-valent in |z| < r.

TuroreM 1. Let f(z) € Vi, (k). Then f(z) is at most p-valent in U, where
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p=(k—2)2mif (k—2)/2m is an integer and p = [(k — 2)/2m] + 1 if

(B — 2)/2m 1is not an integer.
Proof. Let r < 1 be fixed and define
0, 9y i0
_ e’ <re_>}
h(0) = Re {1+ f'(rei ) .
Let N be the largest non-negative integer for which 8, — 6; = 27N /m.
Then since f is m-fold symmetric,

0; ;4 (27N /m) 05
1(0)do = f n(6)do + h(6)do
0; 0; 0+ (27N /m)
6;
= 27N/m + h(6)do
0+ (27N /m)

27N B\ m
>7+(1“)—

2/ m
k ™

The result now follows since p < (B — 2)/2m and p must be an integer.
Note. This result was proved in [3] for the case m = 1.

THEOREM 2. Let f(2) = 2 4+ X g1 Qmpr18™F € Vi, (k) with kB = 2m + 2.
Then |ampr1| < Ampi1-

Proof. Let g(z) € V,(k) be defined by g’(z™)™ = f’(z). By a result due to
Noonan [7],

2g'(z) = aQ(2)PS ()
where Re Q(z) > 0, S(z) is starlike, |a| = 1, and 8 = k/2 — 1. Therefore
1) '@ = amQEmImS )

Since |¢™| =1, Re Q(z™) > 0 and since S(z™)!™ is an m-fold symmetric
starlike function, it follows from [1] and [2] that if 3/m = 1, the coefficients
of Q(z™)8™ and S(z™)V™ are simultaneously maximal when

16 = (1 gDy (1 — gy,
Thus the result follows if (k/2 — 1)/m = 1ork = 2m + 2.
We note that the proof actually holds for the larger class of m-fold sym-
metric functions that are close-to-convex of order (¢ — 2)/2m = 1.
The following theorem is of interest only when & < 2m + 2. It was proved

by Lehto [6] if m = 1 and the author [5] if m = 2. The technique is essentially
due to Lehto.
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THEOREM 3. Let f(z) = z 4+ 2ot Gmpy12™ L € Vi (k). Then:

k

@) laml = mm + 1) kz2
.. B+ 2
(i) |azmsi| = WTml—) E=2m
i) || < dmk + 6k + 4 2 <k < om.

dm+2—R)Y2m)2m + 1)
All of the results are sharp for the indicated range of k.

Proof. By a result due to Lehto [6]

1 S T o md
@) auwis = ey 5 O Dewan [ 0 a0),

=0
where u(0) is of bounded variation on [0, 27] with
2r 27
du(®) =2 and f |[au@)| < k.
0 0
From (2),

k

[ami1| < (_mjll*)‘”; fo le~™du(0)| < ey

which proves (i). From (2),

2:

T 27
©@m)(2m + Dasmsr = m + 1ap f e ™au) + fo e 2™ du(0)

0

1 27 2 2 )
- _[ f e_i"”’dy(ﬁ):l + f ¢ 2™ d(6).
m 0 0

We may suppose without loss of generality that asm+1 = 0 since if not we
consider e~%f (e*z) for suitably chosen a. Then

@2m) 2m + Ve = n—lz ('f:r cos mﬂdu((i’))2 — % (f:" sin m0dy(0))2

2r
-+ f cos 2mbdu (9)
0

27 2 2T
( f cos mbdu (0)) + f cos 2mbdu (6).
0 0

IA
Sl
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Suppose first that u(8) is a step function with at most N jumps d; at ;. Then

2 N
B) @Cm)2m + Dagppyr = 1 (E cos mojdj) + > cos2mbd,
=1

j=1

N
(Z cos mf?jd,) +2> cos2m0,dj — 2.
j=1 j=1

First assume that the maximum of (3) occurs at a point where r of the
|cos m@,| # 1. We may assume |cos mf,| # 1 for 1 < j < r. Then a differen-
tiation of (3) with respect to cos mby, 1 < h < 7 yields

N
% Z cosmfd; = —4cosmb, 1 <h =Zr
j=
= —4 cos ma.

Substituting in (3), we obtain

(4m cos ma)+2§:cos ma - d; +2Zd - 2.

+1

Since YYd; =2and Y{ |dy| <k, Xid; 21 —k/2and ¥V d; £ 1+ k/2,
it follows from (3) that

N

2m cosma = —cosma p, d; — . cosmbd,
1 741
N T -1
|cos ma| = | D cosmbd; (’2m+ > d, )
r+1 1
_1+k2
S2m+1—-Fk/2°

If 2= 2m, (k+ 2)/(4m 4+ 2 — k) = 1 and hence there is no restriction on
|cos ma|. Thus for k& = 2m, (3) is less than or equal to

max{2(1 + &/2) — 2,2m + 2} = k.

If 2<%k <2m, |cosma| £ (k+2)/(4m + 2 — k) < 1 and thus the maxi-
mum of (3) is

w2148 ol 48) - g
Gm iz oprlimr21+5) [ +21+5) -2 = 5.

It remains to consider the case where all |cos m8,] = 1. Then
N

@m)(@2m + Damr <= I: > cos m(),d,:l +2> d;,—2
1

<KL,
m
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An elementary calculation shows that

E* 4mk + 6k + 4
m T2 amyo_r
if2 <k <2m.

Since step functions are dense in the class of functions of bounded variation,
the result follows. The function f,, shows that (i) and (ii) are sharp. To show
that (iii) is sharp we construct a step function with jumps at cos ma in a
manner similar to [5].

Since (2m) (2m + 1)Aoms1 = k + 2, the conjecture is false if 2 < 2m and
p = 2. The coefficient problem remains to be solved in the case £ < 2m -+ 2
for large values of mp + 1. To this end we have the following

THEOREM 4. Let f(2) = 2 4+ D gt Qmpr12™ 1L € Vi, (), where b > 2m — 2.
Then if f(z) # e **f,,(e*%), there is an integer po depending on f such that if
P > PO)

Iamp+l| < Appia.

Proof. Since (k + 2)/2m > 1, the methods of [5, Theorem 4.3] show that
there is a 6 such that

lim (1 _ r)(k+2>/2m]f'(rew°)| = lim (1 _ 7’)(k+2)/2mM(f,f r)
r—>1 1

= a,

where « is maximal only for f(z) = e~%f,, (¢'%z).
The result now follows using the major-minor arc technique of Hayman
[4, Theorem 5.7] as modified by Noonan [8]. (See also [5].)
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