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THE HELGASON FOURIER TRANSFORM ON A
CLASS OF NONSYMMETRIC HARMONIC SPACES

FRANCESCA ASTENGO, ROBERTO CAMPORESI AND BIANCA D1 BLASIO

Given a group N of Heisenberg type, we consider a one-dimensional solvable exten-
sion NA of N, equipped with the natural left-invariant Riemannian metric, which
makes NA a harmonic (not necessarily symmetric) manifold. We define a Fourier
transform for compactly supported smooth functions on NA, which, when NA is
a symmetric space of rank one, reduces to the Helgason Fourier transform. The
corresponding inversion formula and Plancherel Theorem are obtained. For radial
functions, the Fourier transform reduces to the spherical transform considered by
E. Damek and F. Ricci.

1. INTRODUCTION

Heisenberg type (or H-type) groups were introduced by Kaplan in [9]. Given a
group N of Heisenberg type, one can construct a one-dimensional solvable extension
NA of N, where A =R acts on N by anisotropic dilations. When N A is equipped
with the appropriate left-invariant Riemannian structure, NA becomes a harmonic
manifold [4]. This class of harmonic spaces includes all rank-one symmetric spaces of
the noncompact type G/K as particular cases [2]. In this case N is the H-type group
that appears in the Iwasawa decomposition G = NAK of a connected noncompact
semisimple Lie group G with finite centre and real rank one. On the other hand, there
are many H—type groups N that do not appear in Iwasawa decompositions, see [9]; the
corresponding NA manifolds are harmonic but nonsymmetric [5].

The analysis of radial functions on harmonic NA spaces (that is, functions that
depend only on the geodesic distance from the identity), has been discussed in [1, 4,
11]. An important role is played by the spherical functions @, that is, the radial
eigenfunctions of the Laplace-Beltrami operator £, normalised by ®(e) = 1. The
spherical transform for radial functions on NA and the corresponding inversion and
Plancherel formulas were studied by F. Ricci in [11].
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In this paper we consider the analysis of arbitrary (smooth, compactly supported)
functions on N A, not necessarily radial. If f is such a function, we define its Fourier
transform to be the function f on C x N given by the rule

f(/\,n) = /NA f(z) Py(z,n) dz, A€eC, neN,

where the kernel Py : NA x N — C is an appropriate complex power of the Poisson
kernel P(z,n) on NA, namely

Pi(z, n) = [P(z, n)]l/z_‘)‘/Q )

If f is a radial function on N A, the Fourier transform reduces to the spherical trans-
form. If NA is a rank-one symmetric space the Fourier transform coincides with the-
well-known Helgason Fourier transform [8].

In order to obtain the corresponding inversion formula, we generalise to the present
case a formula for translated spherical functions, which in the symmetric case is referred
to as “the symmetry of the spherical functions”. In the symmetric case this formula is
proved by changing variables in Harish-Chandra’s representation of spherical functions
as integrals over K [8, p.224].

In the general case this is not so easy, as there is no group K acting transitively
on the distance spheres in NA. In order to generalise the symmetry of the spheri-
cal functions, we shall use a formula which expresses the spherical functions as matrix
coefficients of suitable representations of NA on L?(N). This formula has been demon-
strated in [1, 7).

The organisation of this paper is as follows. In section 2 we recall briefly the main
definitions and the known results of spherical analysis on harmonic NA groups [1, 4,
11]. In section 3 we introduce the Fourier transform and establish its relation with the
spherical transform. In section 4 we obtain the inversion formula. Specialising to radial
functions, we verify that one re-obtains the spherical inversion formula. We also prove
that the Fourier transform of a smooth function with compact support is a holomorphic
function of uniform exponential type. Finally we show that, in the symmetric case, our
results coincide with the known ones. In section 5 we prove the Plancherel Theorem.

2. PRELIMINARIES ON NA GROUPS

Let n be a two-step real nilpotent Lie algebra endowed with an inner product (,).
Write n as an orthogonal sum n = v & z, where z = [n, n] is the centre of n.
For each Z in z, define the map Jz: v — v by

JzX,Y) = (X,¥],Z), VX,Yev.
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DEFINITION: [9] The Lie algebra n is called an H-type algebra if, for every Z in
z’

J3=-121,

where I, is the identity on v. A connected and simply connected Lie group N is called
an H-type group if its Lie algebra is an H-type algebra.

Note that for every unit Z in z, Jz is a complex structure on v, so that v has
even dimension 2m.

Since n is a nilpotent Lie algebra, the exponential map is surjective. We can then
parametrise the elements of N = expn by (X,Z), for X in v and Z in z. By the
Campbell-Hausdorff formula it follows that the product law in N is

(X, Z) (X', Z") = (X v X Z+7 + %[X, X’]) :

Let NA be the semidirect product of the Lie groups N and A = R* with respect to
the action of A on N given by the dilations (X,Z) — (a'/?2X,aZ). As customary
we write (X, Z,a) for the element na = exp (X + Z)a. It can easily be checked that
the product in NA is

(X,2,0)(X',2',d") = (X+a1/2X’,Z+aZ’+ %al/z[X,X’], aa’) .

We denote by k the dimension of the centre z, and by @ = m + k the homogeneous
dimension of N.
The left Haar measure on N A, unique up to a multiplicative constant, is given by

dr =a 9 'dXdZda =0 9 'dnda,

where dX, dZ and da are the Lebesgue measures respectively on v, z and R*. Note
that the right Haar measure is =1 dX dZ da, hence the group N A is not unimodular,
with modular function & given by the rule §(X, Z,a) = a=%.

We endow NA with the left-invariant Riemannian structure induced by the fol-
lowing inner product on the Lie algebra n® R of NA:

(X,2,0),(X",2',d)) = (X, X') +(Z,Z') + ac/,

where a = loga (a € A). As a Riemannian manifold, NA is a harmonic space [4].
This class of harmonic spaces includes all rank-one symmetric spaces of the noncompact
type NA~ G/K = NAK/K. In general NA is not symmetric, that is, the geodesic
symmetry around the origin is not an isometry [2].
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DEFINITION: A function f : NA — C is said to be radial if, for all z in NA,
f(z) depends only on the geodesic distance d(z,e) of z from the identity e of NA.

We denote by D(NA) the space of C*® functions on NA with compact support.
If ¢ and % are functions in D(INA) we use the notation

(o) = /N P ds,
() (z) = /NA o)y (v~ 'z) dy.

Let R:D(NA) — D(NA) be the linear operator defined by
(2.1) RN@ = [ 16)dops), o =d.e),
Sp

where do, is the surface measure induced by the left-invariant Riemannian metric on
the geodesic sphere S, = {y € NA : d(y,e) = p}, normalised by fs,, do,(y) =1. Let
DH(N A) denote the subspace of radial functions in D(NA). Then R is a projection from
D(NA) onto D¥(NA). Damek and Ricci proved that the operator R is an averaging
projector on NA according to the definition introduced in [4]. The following properties
of R will be needed later:

(2.2) (Ro,¥) =(o,RY), Vo,9 € D(NA),
(2.3) Ryp(e) = p(e), Yo € D(NA).

It is proved in [4] that D"(IVA) is a commutative convolution algebra. Let Di(N A)
denote the algebra of all left-invariant differential operators D on NA which commute
with R, that is, R(Df) = D(Rf), for all f in D(NA). By [4, Lemma 2.1, Theorem
5.2] the algebra D¥(IVA) is commutative and is generated by the Laplace-Beltrami
operator £ in the given Riemannian structure.

A spherical function ® on NA is a radial eigenfunction of the Laplace-Beltrami
operator normalised so that &(e) = 1. For A in C, we denote by ®, the spherical
function with eigenvalue — (A% + Q2/4).

The spherical Fourier transform of a function f in DY(IVA) is given by

(2.4) 7o = /N _[@h@)ds,  AeC.

Riccl, in [11], determined the inversion formula for the spherical Fourier transform (the
correct constant is given in [1]): if f is in DY(NA), then

+oo _
(25) $@) =25 [ F) @) eI ax
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where
2k_lr(2m+ k+ 1)
(2.6) Cmk = 7r(2”‘+’“+12)/2 )
and
9Q-20A D(2i))T (———2m +2k ks 1)
2.7 c(A) =

Q . m+1
r ( 2 +iA) T 2 + 1A
The function c¢{)\) generalises Harish-Chandra's c-function. As in the symmetric case,
c(}) is determined by the asymptotic form of @, in A, according to

c(A) = lim a*—Q/2 ®r(a) = lim a A R/2 D (a), Iml) < 0.

a—0+ a—+00

3. THE FOURIER TRANSFORM

In this section we define the Fourier transform and state its main properties. Since
the definition involves the Poisson kernel, we recall briefly the basic facts regarding this
kernel.

Damek (3] proved that if f is a bounded harmonic function on NA, then f can
be represented as

flz) = /N’P(:c, n)F(n)dn, T € NA,

where F(n) = lim,,¢ f(na) and P is the Poisson kernel on NA. The expression of P
is given by the formula

P(na,n’) = P,(n"1n'), na€ NA,n' € N,
where, for any a > 0, P,(n) is the function on N defined by the rule

Pi(n) = Po(X,Z) = cm i aq((a+ |£4|2_)2 + |Z|2) _Q.

Notice the following properties of P,(n):

(3.1) Pa(n) = Pa(n7?),
(3.2) P,(n) = a~9P;(a"'na),
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where a~'na € N since A normalises N. Moreover we have P;(0,0) = ¢y, and
/ P,(n)dn =1, VYa > 0.
N

We denote by P, (z,n) the function on NA x N given by the rule
Pa(z,n) = [P(z,n)]/*7H9,

that is, explicitly
Pa(na,n’) = [P, (n~1n)]/* 79,

DEFINITION: The Fourier transform of the function f in D(INA) is the function
f on C x N defined by the rule

Foum) = /NA f@)Ps(z,n)ds, A€C, neN.

In the next proposition we compare the Fourier transform with the spherical Fourier
transform for radial functions (2.4).

PrROPOSITION 3.1. Let f be aradial function in D(NA). Then
FOyn) =Pa(e,n) f(A), VnEN, VA€C,

PROOF: Since f is radial and by (2.2), we have

-~

f()" TL) = (f’ PA('v"’))
= (Rf,Pa(-,n))
— (/,RPA(m)).

Since f(A) = (f, ®»), we shall obtain the result by proving that
[RPA(,n)] (z) = Pale,n) @a(z).

For the sake of brevity, let us introduce the following notation. For every function
g in D(NA) and z in NA we define the function 7, g on NA by the rule

(z9) () =9(z"'y), VyeNA

Moreover we denote by ¥, the function on NA defined by

Ux(na) = [P.(n)]*79 = Py(a, n).
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Using formula (3.1), one can easily check that, for z in NA and n in N, we have
(3.3) 'P,\(.'L', n) = \Il,\(n'lzc) = (Tn \I/A) (:L‘)

One can prove that (see [1, 3])

2
LY, = - ()\2 + QT) ¥y

Since L is left-invariant, we also have
Q?
L)) =1, (LT)) = — (/\2 + —4—> T U,

Therefore, since R L = L R, the spherical function ®5 and R (r,¥,), for n in N, are
two radial eigenfunctions of the Laplace-Beltrami operator with the same eigenvalue.
By [4, Lemma 2.2] it follows that R (7,¥,) equals ®, up to a multiplicative constant,
depending on n:

(3.4) R(m,¥)) = c(n) 8, Vn € N.

Evaluating both sides of the previous formula at the identity and using property (2.3)
of the averaging projector R, we find

c(n) = c(n) x(e) = [R(Ta¥2)] (€)
= (Ta¥2) (€) = Tr(n7")
(3.5) = Pa(e, n).

Putting together formulas (3.3), (3.4) and (3.5), we obtain RP,(-,n) = R(1,¥)) =
Pa(e,n)®x, as claimed. 0

We remark that, if we define a normalised Fourier transform H on VA by the rule

_ fuw
" Pale,n)’

(3.6) Hf(An) A€eC,neN,
then, for radial f, Hf(A,n) = f(A) (the spherical transform) for every n in N, that
is, Hf does not depend on n.

Note that the convolution in D(NA) is not commutative (unlike in DYNA)).
Therefore the Fourier transform cannot convert it into multiplication. This holds, how-
ever, if the second factor is radial.
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PROPOSITION 3.2. If f isin D(NA) and ¢ is in DY(NA), then
(f*e)(\n)=FAn)B(), VAeC, VneN.
PROOF: As in Proposition 3.1, we denote by ¥, the function on NA defined by
U (na) = Pa(a,n).

For every A in C and n in N, we have

(f * o) (A,n) = /N @ Pr@n) o
=/ fW) e(y~'z) dy Pa(z,n) dx
NAJNA
- / f@) / o(z) P (yz, n) do dy
NA NA
- /N 1 /N (&) (1) () do dy
=/ F(@) (e, 7y-1,¥a) dy
NA
- / @) (0, R (r,-1,02)) d,
NA

where we have used (3.3).
By the same arguments as in Proposition 3.1, 7,-1,¥, is an eigenfunction of the
Laplace-Beltrami operator with eigenvalue — (A% + Q2/4). It follows that

R (1,-1,73) () = c(y,n) @a(2),

where

C(y,n) =R (Ty—ln\I/)\) (e) = Ty'ln\p)\ (e) = P,\(:’/, Tl)
Therefore
(f * 9V () = /N TGP 0, 23)dy = 0, 1) 5O,
as claimed. 1]
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4. THE INVERSION FORMULA

In order to obtain the inversion formula, we first generalise [8, Theorem 1.1, p.224]
to the present case. We recall the following fact (see [1, 7]).
For X in C, let 7, denote the representation of NA on L?(N) given by

[ma(na)y] (n1) = a=*~92p(a"n"1n;a).
Note that the representation my is unitary for real A, with respect to the usual inner
product on L?(N):
@)= [ oo Tmdn

PROPOSITION 4.1. [1, 7] The spherical function ® can be expressed in the

form _
&5 (z) = (1r,\(:z:)P11/2+')‘/Q, pY 2+'*/Q) ,  VYreC,

where P?Z(n) = [P,(n)]°, for ¢ in C.

The key ingredient to our inversion formula is the following property of the spherical
functions.

PROPOSITION 4.2. Let A be in C. The spherical function ®y satisfies the
identity

(@) = [ Pa@mP-awm)dn, Vo NA
N

PROOF: Let z = na and y = nia;. By Proposition 4.1 and the equality mx(z)* =
mx(z~*) we have

13} (z‘ly) =&, ((na)_l (nlal))
= (7r,\((na.)'1 (nxal)) pL2HMQ P1/2+ii/q)
(ﬂ. (n1a1) P””"‘/Q,w —(na) Pl/2+u\/Q)

_ / a7 A" pYTHNQ (sl 1)

X (a“X—Q/zPll/HJ/Q (a‘ln“lnga)) dn,
=/ [aIQPl(al_lnl'lnzal)
N
[

/N Pal(n )]1/2+iA/Q [P,,(n“ng)]m_wq dny

1/24i0/Q =
] - [a_QPl(a,_ln‘lngoz)]1/2 A/Q dna
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=/NP_,\(y,n2)'P,\(x,nz)dnz,

where we have used (3.2). This proves the proposition. 0
LEMMA 4.3. If f isin D(NA) and X isin C then

(f + 82)(@) = / Poa@m) f\n)dn,  Voe NA.
N
PROOF: By Proposition 4.2 we get

(f * ®3)(z) = /N W) dy
- / @) / Pa(,n)P_x(z,n) dndy
NA N

= /NP_A(z,n) (/NA F() Paly,n) dy) dn
= </N P-a(z, ")f(/\, n)dn,

thus proving the lemma. 0

We are now ready to prove our main result, that is, the inversion formula for the
Fourier transform.

THEOREM 4.4. Every function f in D(NA) can be written as

f(x) = Cm_7;.k /+mAP—A($$n) f(Avn) IC()\)|_2 dAdna T € NA,

4 —00

where c()) is given by (2.7) and ¢y, x is the constant given by (2.6).

PRroOF: For every function f in D(N A) and every = in NA we define the function
fz on NA by the rule

f:z:(y) = [R(Tz—lf)] (y), Vy € NA,

where R is the averaging projector (2.1).
Since f, is a radial function on NA, we can apply the inversion formula for the
spherical Fourier transform, obtaining

+oo __
f=(y) = % /_ Fe(A) @A) lc(V)] 2 dA.
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By equation (2.2) and by the equalities
R®) = &,;,
®5(z7!) = @a(z), VY € NA,
we obtain

fz(A) = (R(7,-1f), ®»)
= (Tz—lfa QI\)

= / f(zy) @aly) dy
NA

= / F@)ex(y =) dy
NA
= (f * @) ().
By the property (2.3) of the averaging projector R, we find
f(z) = (15-1 1) (e)

= [R(7;-1 f)] (e)
= fz(e)

+oo _
=2 [T e

+00
k[ (14 20) @) ) ax

Cm, k +oo Y -2
=k [T [ P Foumydn [ ax
4 —00 N

where we have used Lemma 4.3. : 0
When the function f in D(NA) is radial, we expect that our inversion formula for

the Fourier transform reduces to the inversion formula for the spherical Fourier trans-

form (2.4). Indeed, by Proposition 3.1 and by Proposition 4.2, our inversion formula in

the case of a radial function f gives

47

fa) =t | :° [ [ PazmPaten) dn] FO 1)~ dr
-5 f_+°° ®x(z)F(A) le(V)]™2 dA,

4 oo

which is the known inversion formula (2.5).

https://doi.org/10.1017/50004972700034079 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034079

416 F. Astengo, R. Camporesi and B. Di Blasio [12]

As in the symmetric case, the Fourier transform of a function in D(NA) is a
holomorphic function of uniform exponential type, according to the following definition.

DEFINITION: Let p > 0 and denote by H,(C x N) the space of C* functions 1
on C x N holomorphic in the first variable and such that for each j in N

sup [Py(n)]~Y/2-UmMQg=pllm (1 4 XY [¢(A,n)| < oo
(An)ECXN

Moreover let H(C x N) be the space of all functions 9 in |J #,(C x N) satisfying
p>0

the condition

(4.1) AP_A(m, n) (A, n)dn = /N’P,\(a:,n) PY(—A,n)dn, Vr € NA.

THEOREM 4.5. If f isin D(NA), then f belongs to H(C x N). Moreover if
supp f isin {r € NA : d(z,e) < p}, then f isin Ho(C x N).

PRrROOF: Let f be in D(NA); condition (4.1), with f = ¢, follows by Lemma
4.3 and by the equality & = ®_,. Applying the Morera Theorem one can see that
f: C x N — C is holomorphic in the first variable. Suppose that the function f is
supported in the geodesic ball B, = {z € NA : d(z,e) < p}. By the inequality (see

1, 6])
llog a| € d(na,é€), Vna € NA,

we get, for na in By,
|aiA| — |eiAloga| < e|ImA||loga| < e|Im)‘|p_
As already noted in Proposition 3.1, for every n in N, Py(-,n) is an eigenfunction of

the Laplace-Beltrami operator with eigenvalue — (A% + Q?/4). Hence for every positive
integer ¢ we have

(LLFY (M) = [-(A2 +Q2/4))° F(A,n).

Therefore

A2 4+ ;Q_sz(,\ n )| = (L £ (A no)|
4 y 180)| — y 160

/ Lf (na) [Pa(n™'ng)]/2~¥2a~9"1dnda
Na

/ LLf (na) [Py (a'ln'lnoa)]l/z—i'\/q a~G/9Q-1 4ir gy da‘
NA

< eltmAl p/ Iﬁlf (na) la—(S/Z)Q—l[Pl (a~'n"1nga)]/2+(mA/Q)gp dg,
NA
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so we shall get the result by proving the next lemma. 0

LEMMA 4.6. For any p > 0 there exist two constants ¢ and ¢, depending only
on p, such that

c[Pi(no)] < [P1(a7'nT noa1)] < ¢ [Pi(no)], Vno € N, Vnia; € B,.

Proor: If nja; belongs to B,, then a; belongs to a closed interval I of (0,+00).
It is easy to see that

Pi(a7'nay) < Pi(n), YneEN, Va,el.

We write a < 8 if there exist constants ¢ and ¢’ such that ca < 8 < ca.
Observe that there exists a positive number p;, such that, for every nja; in B,,
the element n; belongs to B, , so it is enough to prove that

(4.2) Pi(n{'no) < Pi(ng), Vng€N, Vn;€ B,,.
The geodesic distance of z = (X, Z, a) from the identity is (see [2, 4])

p(z) = d(z, ) = log %—f—%

where r(z) is in (0,1) and is given by

4a

1-r(z)’ = 3 .
(1+a+1x1/4) +12°

Note that
-2
r(z) = tanh @ and 1-— 7'(17)2 — (Cosh p(2x)) .
i 2 74\2 2\"9 . .
Since Pi(X,2Z) =cm i ((1 + | X]| /4) +1Z| ) , it is easy to check that

Py(n) < (1 - r(n)z)Q, Vn € N.

Thus, since 1 —r(n)? = (cosh (p(n) /2))"% < e=P(") | we get (as already observed in 1

(4.3) Py(n) < e=Q0(n) Yn € N.
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Let n, be in B, . By the triangle inequality, we have, for every ng in N,
p(no) — p1 < p(no) — p(m1) < p(ny ne) < p(na) + p(no) < p(no) + p1.

Thus
-1
e~P1 g=P(no) ¢ e=P(n7 " no) < eP1 g—Pmo),

Relation (4.2) follows by (4.3). 1]

Finally, we show that when N A is a rank-one symmetric space, our results repro-
duce the theory of Helgason [8].

Let G be a connected noncompact semisimple Lie group with finite centre and
real rank one, X a maximal compact subgroup thereof, and X = G/K the associated
rank-one symmetric space. Fix an Iwasawa decomposition G = NAK = KAN, and
for g in G write g = k(g) exp{H (g9)] n(g), where k(g) € K, H(g) € a (the Lie algebra
of A), and n(g) € N. Let {a,2a} or {a} be the set of positive restricted roots, with
multiplicities m, = 2m and my, = k. Let g4, 82a be the corresponding root spaces;
then n = g, ® g2, is a nilpotent H-type subalgebra of g (the Lie algebra of G), with
centre z = gz, and inner product given by

1

(XY) = - ik

B(X,0Y), VX,Yéen,

where B is the Killing form and 6 is the Cartan involution (see Koranyi [10]). The
solvable subgroup N A of G is diffeomorphic to X under the identification X = G/K ~
NAK/K ~ NA. Therefore our results can be applied to the VA model of X.

In Helgason’s theory one has the boundary B = K/M of G/K, where M is the
centraliser of A in K. The Poisson kernel on G/K is

Q(z,b) = A=) e G/K,be B,

where p is half the sum of the positive restricted roots and A(z,b) is the function on
G/K x B defined by A(gK,kM) = —H (g~ k) (see [8, p.118 and p.122]). Notice that
Q is normalised so that Q(eK,b) =1 for every b in B.

In our model the boundary is seen as the group N and the Poisson kernel is
normalised so that [, P(a,n)dn =1 for any e in A. One can easily check that

P(a=t,n)

Q(aK, k(n)M) = Plen)

a€ A,neN

(see [8, p.180]). More generally one can show that the kernel on G/K x B given by
Qi (z,b) = e(-2+2)(A(Z.0)) 5 related to the kernel Py by

Ox(0z K, k(6n)M) = %, Vz € NA.
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It can easily be checked that the normalised transform #f(A,n), defined in for-
mula (3.6), equals the Helgason Fourier transform of the function fo#, evaluated at
(A k(fn)M).

Finally, the inversion formula of Theorem 4.4 on NA can be rewritten as

f@ = [ :° [ Qa0 K, K@nM) s ) Pon) i NI

and is equivalent to Helgason’s inversion formula in the rank-one case {8, Theorem 1.3,
p.225] for the function fof evaluated at 6z. Indeed, the integral over B in Helgason’s
inversion formula can be shifted to an integral over 8N ~ N and the invariant measure
db on B satisfies db = Py{n)dn.

5. THE PLANCHEREL THEOREM

The purpose of this section is to prove the following theorem.

THEOREM 5.1. The Fourier transform extends to an isometry from L?(N A)
onto the space L? (R+ x N, %"ﬂ—k c(N)]"% dr dn) .

The proof of Theorem 5.1 is divided in two steps. First we prove the Plancherel
formula for the Fourier transform, which follows from Theorem 4.4 by a standard ar-
gument; then we prove that the Fourier transform is onto.

Let f; and f, be in D(NA); using the invariance property (4.1) for ¥ = fi, we
have

Cm.k +o0 R - .
?/o /Nfl(*’")fz(&n)lc(/\)| dn.dA

+o0 - -
- %/0 /Nf‘(A’") /NA 12(2) P_x(,n) dz |c(X)|™* dndX

+oo - R
= %/_w </NA fz(.'lr)/Nfl(z\,n)'P_,\(x,n)dndz le(A)| 2 dA
+o0

— /N ) [C;L: /_ ) /N O m)P_x(z,n) le(V)| 2 dnd,\] F2(@) dz

- / f1(2) Fal@) dz,
NA

which is the desired formula.
Note that if f; and f, are both in D¥(N A), the Plancherel formula for the Fourier
transform reduces to the spherical Plancherel formula [11]. Indeed, using Proposition
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3.1 and observing that Py(e,n)P-r(e,n) = Pi(n), we get
e Cmp [T £ (N 2
/N @R e = 2 / [ /N Pale,n) ’P_A(e,n)dn] FLO) T2 le()[™? d
0

+oo —_
=22 [T RWE® M)

To prove that the Fourier transform is surjective, we need one more definition and
a couple of lemmas. Let £(N) be the space of bounded smooth functions on the group
N.

DEFINITION: We say that a complex number A is simple if the map
E(N) — C(NA)

Fw /NPA(-,n) F(n)dn

is injective.
LEMMA 5.2. Suppose A is a real number. Then X is simple.

PRrOOF: By contradiction, suppose that A is not simple, that is, there exists F in
E(N), F # 0, such that

/ Pi(z,n) F(n)dn =0, Vz € NA.
N

Notice that we may assume F(0,0) # 0. In particular, for any a in A, we have the
equation

/ PY/2=@Q(n) F(n)dn = 0,
N
which, by property (3.2), we can also write as
/ p/A-iMQ (a~'na) F(n)dn =0.
N
Therefore for any a in Rt we have
/ p/2=MQ (al/zX, az) F(X,Z)dX dZ =0,
N

that is

Ix-Q/2
} F(X,Z)dX dZ = 0.

/N [(a+ |X|2/4)2 +12°
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By differentiating under the integral sign with respect to a, we obtain

/N [(a+ X2 /4)” + 12

since, for any a > 0, the integral in the previous equation is absolutely convergent, the
interchange between the integral sign and the differentiation is justified.
Now we change variables, putting X’ = (a~%/2/2)X and Z’ = a~'Z, so that

/N [(1 + |X’|2)2 + |Z’|2]

Since A is real, by dominated convergence, letting a go to 0, we obtain the equation

iIA—-Q/2-1
] (a+1xP /4) F(X, Z)dX dZ = 0;

iA-Q/2-1 (1+1x'7?) F (2a%/2X,02) dx'az’ = 0.

] iA—Q/2-1

F(0,0)/ [(1+ |X’|2)2+ 12" (1+ |X’|2) dX'dZ' = 0.
N

Since we have supposed F(0,0) # 0, we shall prove the lemma by showing that the
last integral is nonzero for real A. Indeed, passing to polar coordinates (r,6) in v and
(s, ) in z and by the change of variables p = r2, o = s%, the last integral is a constant
multiple of

too  ptoo iA—Q/2-1
/ / ((1 +p)? +a) (14 p) p™ to*/ 2 1 do dp.
0 0

Now again change coordinates, letting o = (1 + p)z‘r; then the last integral equals

+oo k/2-1 IA-Q/2-1 Hoo m—1 2iA-1-m
T (1+7) dr p 1+p) dp
0 0

_T(k/2)T(m/2+1—i)) T'(m)T (1 — 2A)
T T(Q/2+1-1i)) T(m+1-2iA)°

which is different from 0 for all real A. 0

LEMMA 5.3. Suppose X is simple. Then the space of functions on N of the form
f(),"), as f runs in D(NA), is dense in L%(N).
PROOF: Let F in L?(N) be such that

/ FOnFmdn=0, VfeD(NA).
N

This means that

/N @ ( /N ’P,\(z,n)mdn) dz=0, VfeD(NA),
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hence for every x we have
/ Pir(z,n)F(n)dn=0
N

Therefore, for any smooth, compactly supported function G on N, we have
/ G(ny) / Pa(nra, n)F(m) dndny = 0,
N N
that is
/ G(nl)/ Pa(a,ny'n)F(n) dndn, = / Pala, ns / G(nn3')F(n)dndn,
/ Pa(a,n2) (G * F)(n2) dng = 0,

where G(n) = G(n~!). Since the function G+ F is in £(N), by the simplicity of A,
we get G+ F = 0.
Since G is arbitrary, we conclude that F' = 0 almost everywhere. 1]

We are now ready to prove our result.

PROOF OF THEOREM 5.1: All we need to prove is that the Fourier transform is
surjective. Suppose that the function F in L2 (R"“ X N, (Cm k/27) |c(A)] ™2 dA dn) is
orthogonal to the range, that is,

/ " / FAn)F(\n) [c()| 2 drdn=0, VfeDNNA).
0 N

By Proposition 3.2, for every ¢ in DY(NA), we can rewrite the previous equation as

/0+°° @A) (/N f(/\,n)F(/\, n) dn) |c(,\)|‘2 d\ = 0.

By the Stone-Weierstrass Theorem, the algebra of functions of the form @, as ¢ runs
through DY(INA), is dense in the space of even continuous functions on R vanishing at
infinity. Hence, for every f in D(INA), there exists a set Ey of measure zero in R*
such that

/ FfO,n)F(A\n)dn=0, VieR*%\E,
N

and we may suppose also that the function n+— F()\,n) is in LZ(N) for any such \.
For every j in N, let ¢; be a smooth function with the following properties:
(1) ¢j(z) = 1 for every z in the ball of radius j — (1/5) (centred at the
identity);
(2) the support of ¢; is contained in the ball of radius § + (1/5);
(3) for every z in NA, we have 0 < p;(z) <
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Now fix a global coordinate system on NA and let M be the set of all functions
g on NA of the form g = ¢; p, for some j, where p is a polynomial in the coordinates
with rational coefficients. Since the set M is countable, the set

E=|JE,

gEM

has measure zero; moreover we have
/ §(0\n)F(An)dn=0, VAeR*\E,Vge M.
N

Since any function f in D(INA) has compact support, there exists j such that f = f ¢;
and we can uniformly approximate f with a sequence (g¢) of functions in M.
Therefore we have

/ FOn)F(\n)dn=0, VAeR*\E,VfecDNNA),
N

and, by Lemma 5.3, we deduce F = 0 almost everywhere. a
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