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ON C*-DIAGONALS
ALEXANDER KUMJIAN

Preface. The impetus for this study arose from the belief that the
structure of a C*-algebra is illuminated by an understanding of the man-
ner in which abelian subalgebras embed in it. Posed in its full generality,
the question concerning abelian subalgebras would seem impossible to
answer. A notion of diagonal subalgebra is, however, proposed which has
the virtue that one can associate a “topological” invariant to the pair
consisting of the diagonal and the ambient algebra, from which these
algebras may be retrieved.

In the setting of von Neumann algebras, the analogous question was
addressed in the seminal work of Feldman and Moore [13]. Their
definition of Cartan subalgebra permits the abstraction of a complete
invariant consisting of a Borel equivalence relation together with a certain
cohomology class on the relation from which the Cartan pair may be
recovered. Our development parallels theirs in spirit; differences in
substance derive from the topological flavor of C*-theory.

The invariant associated to a diagonal pair is called a twist. A twist is
properly viewed as a groupoid extension of a topological equivalence
relation by the unit circle (which in some cases arises from a two-cocycle
on the relation).

Renault has applied the techniques of topological groupoids to the
study of C*-algebras with great success (see [34] ) and, consequently, his
work has had considerable influence on the development of our ideas. A
notion of Cartan subalgebra appears there (ibid. def. 11.4.13), that
anticipates the notion of diagonal given here.

A sketch of this work appeared a year ago in the Tibingen
Semesterbericht (see [22]). Since then Renault has shown that given a
diagonal pair the twist may be constructed using the dual groupoid of the
ambient algebra (the spectrum of the diagonal is identified with a nice
transversal; see [36]). Further, the present work is informed by an
understanding of diagonals in continuous trace algebras (see [23])
acquired by reading a preprint of Raeburn and Taylor [32].

The treatment of Morita equivalence of diagonal pairs appearing in
Section 5 below is based on related notions in [20], the necessary changes
being made to reflect the twisting of the relation. In the last section, we
consider a class of unital diagonal pairs for which it is possible, in
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principle, to compute invariants. These pairs are characterized by the
existence of an ascending chain of continuous trace algebras containing
the diagonal whose union is dense in the ambient algebra.

It gives me great pleasure to record here my debt of gratitude to my
colleagues at the University of New South Wales, in particular to lain
Raeburn and Colin Sutherland, for their support and interest in this
undertaking. Thanks are also due to the Universities of Copenhagen and
Tiibingen where preliminary versions of this work were prepared (I wish to
acknowledge the support of Alexander-von-Humboldt Stiftung during this
period). I am indebted to Jean Renault for many stimulating conversa-
tions on the subject at hand and for his hospitality during a visit at
Université Paris VI last year.

1. First notions. In the following it is tacitly assumed that C*-algebras
are separable and that topological spaces are second countable, locally
compact, and Hausdorff (hence paracompact). If 4 is a C*-algebra, let 4
denote the C*-algebra obtained by adjoining a unit.

1° Definition. Suppose that B is a C*-subalgebra of a C*-algebra 4. An
element a € A is said to normalize B if

i: a*Ba C B
ii: aBa* C B.

The collection of all such normalizers is denoted N(B). Evidently
B C N(B); further, N(B) is closed under multiplication and taking
adjoints. A normalizer, a € N(B), is said to be free if @ = 0. The
collection of free normalizers is denoted Nf(B).

2° Example. Let A = M, (C), the algebra of complex n X n matrices.
Choose a set of matrix units, {e;:1 = i,j = n} (one has e, = e;e; and
e;f = e;), and let B denote the diagonal subalgebra (viz. B is spanned by
the e;’s). Then a = Z A;e; normalizes B if and only if for each i, A; # 0
for at most one j, and for each j, Aij # 0 for at most one i (i.e., at most
one entry is non-zero in each row or column). If i # j, e; € Np(B). Let

P:A — B be given by:
P(a) = Z e,ae;;.

This defines a faithful conditional expectation for which:
ker P = span Nf(B).

We introduce the notion of diagonal in the setting of C*-algebras by
abstracting the essential ingredients from the example above. A closely
related notion appears in [34] (cf. def. 11.4.13) under the name Cartan
subalgebra (the definition is modelled on the analogous notion for von
Neumann algebras found in [13]).
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3° Definition. Let B be an abelian subalgebra of a C*-algebra 4. If 4 is
unital, then B is said to be diagonal in A if 1 € B and

i: there is a faithful conditional expectation P:4 — B

ii: ker P = (span Ny(B)) . _ _
If A is non-unital, B is said to be diagonal in A if B is diagonal in 4. We
shall refer to (4, B) as a diagonal pair.

For the remainder of this section we assume that A4 is unital; the loss of
generality is only apparent. If B is diagonal in 4, we show below that B
has the extension property relative to 4 (the extension property was
introduced in [2] and studied in [3], [4] ), that is, each pure state of B
extends uniquely to a (necessarily pure) state of 4.

4° PrRoPOSITION. If B is diagonal in A, then B has the extension property
relative to A and B is consequently maximal abelian.

Proof. By 2.7 of [4], it suffices to show that
A =B + [4, B]
where
[4, B] = span{ab — ba:a € A, b € B}.
By condition (ii) of the definition, we need only show
Ny(B) € [4, B].
Leta € Nf(B) and note that a*a, aa* € B; since a* = 0 one has
(a*a)(aa*) = 0.
Hence
a(@*a)'’" — (a*a)""a = a(a*a)'’" > a asn — co.

5° Remarks. Let X = B denote the collection of pure states of B
equipped with the weak* topology (B = C(X) and X is compact). For
X € X, its unique extension to 4 is x o P (in fact, the extension property
alone ensures the existence of such a conditional expectation; see [3]
Theorem 3.4.) Henceforth, X is to be identified with its image in the pure
states of A.

The nature of the normalization condition will be illuminated in the
following proposition. Some notation is required: for a € N(B), put

s(a) = {x € X:x(a*a) > 0},
I(a) = {f € Bx(f) # 0=>x € s(a) }.

Note that s(a) is open in X and I(a) is an ideal in B. Obviously,
a*a € I(a), in fact, it is strictly positive in I(a).
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6° PrROPOSITION. For each a € N(B), there is a homeomorphism
o,5(a) = s(a*)
such that
x(a*fa) = o, (x)(faa*) forallf € B, x € s(a).
Proof. Let a = v|a| be the polar decomposition of a in A** (where
la| = (a*a)™). It follows that vla| = |a*|v (observe that aa* = va*av*).
Claim: i° If f € I(a), then vv* € I(a*).
ii° If f € I(a*), then v*fv € I(a).
To verify the claim it suffices to show that i° holds (since a* = v*|a*|).
Suppose f = l|algla] with g € B; then
vfv* = v|alglalv* = aga* € B (since a is a normalizer).
If g = 0, then
aga* = |\gllaa* € I(a*).
Since any f € I(a) may be approximated by linear combinations of such
elements (recall that a is strictly positive in I(a) ), the claim is established.

It follows that v determines an isomorphism between I(a) and I(a*).
Let :

o,:5(a) — s(a*)
be the unique partial homeomorphism for which
0,(X)(f) = x(v*fv) for all f € I(a*), x € s(a).
7° CorROLLARY. For f € B C N(B), one has
I(f) = I(f*) and o; = idl, .

If a,b € N(B), then ab € N(B) and o,, = o, o 6, where this composition
makes sense.

Let (%, 7., £) denote the GNS triple associated to the pure state
x € X. The unique extension of 7, to a normal representation of 4** will
be denoted by the same symbol. Observe that

7 (), = x(f)é forall f € B.

8° COROLLARY. Let a € N(B) with a = v|a| as above and x € s(a).
Then

0,x) = (m,()m (v)§,, 7m(v)E);
Surther, m ()¢, L &, if and only if 0, (x) # x.

Proof. By scaling a appropriately, we may assume that x(a*a) = 1. By
the proposition,
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o,(x)aa*) =1
and for all f € B one obtains
x(a*fa) = o (x)(faa*) = [0,(x)(f) llo(x)(aa*) ] = o ,(x)(f)-
Thus
o (x)f) = (m(a*fa)g,, &,)
= (7 (la*fvlal ), §)
= (7 ()7 o)m(lal )¢, 7. ()7 (lal )§,)
= (7 ()7, (), 7,.(V)E,)

since 7 (la] )¢, = &, By the extension property one infers that this
formula holds for arbitrary elements of 4. If 0,(x) # x, it is evident that
these are orthogonal pure states; hence, the vectors giving rise to them
must be orthogonal.

Since the irreducible representations associated to the pure states, x and
o,(x), are equivalent (they occur on the “same” Hilbert space), the states
themselves are unitarily equivalent.

A further technical result is required for later use.

9° LEMMA. Given a € N(B) and x € s(a), the following conditions are
equivalent:
1° x(a) # 0
ii° g,(x) = x
iii° there is f € B with x(f) # 0 such that af € B.

Proof. As above, we may assume that x(a*a) = 1. As a first step, we
demonstrate the equivalence of the first two conditions. Let a = v|a| be
the polar decomposition of a. Realizing x as a vector state, one obtains:

x(a) = (m(a),, §) = (7,7 (lal )E,. &)
= (1 (v)§,, &) (since m (la| )§, = &)
By the preceding corollary, o,(x) = x if and only if
(m (V)& £) # 0.

iii = ii: This follows immediately from Corollary 7.

i = iii: By continuity, there is an open set U, with x € U C s(a), such
that y(a) # 0 for ally € U; hence, 0,(y) = y forally € U. Choose f € B
so that x(f) = 1 and s(f) C U, and set b = af; by Corollary 7,

0, = 0,0 or = idl;).
Thus by Proposition 6
b*hb = hb*b for allh € B.
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A routine calculation verifies that [h, b]*[h, b] = 0 (where [h, b] =
hb — bh) for all h € B. Hence, b = af € B.

10° Remark. The definition of a diagonal subalgebra may be
reformulated in a way that does not refer to the presence of an identity.
An abelian subalgebra is said to be diagonal if it contains a positive
element which is strictly positive in the ambient algebra and if conditions
i, il in the original definition are satisfied.

11° Example. In a recent article, [32], Raeburn and Taylor construct a
continuous trace algebra from a Cech two-cocycle (with values in %, the
sheaf of germs of continuous circle-valued functions), the class of which
corresponds to the Dixmier-Douady class of the algebra constructed
(under the isomorphism:

HY(. %) = H(. 2)).
This algebra has a natural diagonal isomorphic to @,C,(U;), where {U,} is

the covering with respect to which the two-cocycle is given. A systematic
study of diagonals in continuous trace algebras may be found in [23].

12° Example. Let G be a discrete abelian group and let x be a symplectic
bicharacter on G; that is, x:G A G — T, is a character of the
skew-symmetric tensor product. Let 4, denote the universal C*-algebra
spanned by unitaries, {u,:g € G}, satisfying the relations,

Ugyy uguy € C-1 and
) uu, = x(g N\ h)uhug forg, h € G

(see [12], [26], [41] ). Such algebras are characterized by Olesen, Pedersen,
and Takesaki (see [26] ) as those admitting ergodic actions by compact
abelian groups. Indeed

a:G — Aut(4,)
by
as(ug) = (s, g)ug for s € é, g € G,

yields such an action.

Let H C G be maximal with the property that H A\ H C ker x.
Let By C A, be the abelian subalgebra generated by {u,:h € H} and
Py;:A — By be the faithful conditional expectation given by

Py(a) = /I;l aa)dt
where

H* = {t € G:(t,h) = 1 forall h € H}.
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We claim that B, = C(ﬁ) is diagonal in A4,. It follows from the
commutation relations (f) that u, normalizes By for all g € G. Observe
that the bicharacter induces a map

XyG— H

such that
(xn(®).hy = x(g A'h) forg € G, h € H.

Since H is maximal with the property x(H /\ H) = 1, it follows that
H = ker xy.

Moreover, Ad ugl p 1s simply translation by x(g) (clearly, s(u,) = o=
s(u,*) and o, (x) = xxy(g) for all x € H). If g & H, there are a finite
number of positive elements f, € By, with = f, = 1, so that

Jiugfye = 0 for each k,
since the collection of open sets

(U c Hixy(g)U N U = B}

A

covers H.

It follows that u,f; € N;(Bp) (each k) and that Ny(By) is total in
ker Py. Thus, By is diagonal in A, as claimed. We shall return to this
example in later sections.

2. Twists. We draw upon the theory of continuous groupoids to provide
us with a machine for producing diagonal pairs. That all such pairs arise in
this fashion will be shown to be the case in the next section. The reader
unfamiliar with the theory of locally compact groupoids is urged to
consult [34] for details. As our notation differs slightly from his, a few
comments concerning terminology will aid intelligibility.

1° Notation. If T is a topological groupoid with unit space X (Renault
uses the symbol I'° for the unit space), we denote the range and source
maps by r, s:I' = X; the collection of composible pairs is denoted T’ 2
(recall that

2 — {(Yl’ Y,) € I X FIS(Yl) = r(Yz)}

with composition (y;, v,) > v,Y,); the involution is written y — y*
(so y*y = s(y) and yy* = r(y)). The isotropy group bundle,
{vy € Tr(y) = s(y) }, is written Is(I'); evidently, X C Is(I'). The groupoid
I' will be called a relation if X = Is(I') and s:I' — X is a local
homeomorphism; the letter “R” is to reserved for relations (Renault terms
relations principal r-discrete groupoids). We collect some elementary
properties of a relation R (cf [38], Proposition 1.2.8).
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1° X C R is open.
11° r:R — X is a local homeomorphism.
iii® Q(R) = {U < R open:r|y, sl are injective} covers R.
iv® The quotient map X — X/R is open. It will often be convenient to
identify R with its image in X X X (under (r, s)) though the relative
topology is often coarser. If V' C X, set

V1 =ri""(V))

[V]is called the saturation of V; if [V] = X, then V is said to be full. We
shall say I is a groupoid on X when we mean that X is the unit space.

2° Definition. Let T be a groupoid on X and let G be a locally compact
abelian group. Then I is said to be a G-groupoid if T is a free G-space, with
I'/G Hausdorff, for which the following holds: (¢) For all g, g, € G, and
(v;» v2) € 1“2, one has

(8171, &Y2) € I? and
(&1 Y)(&Y) = (£18)(V172)-

Further, I is said to be a proper G-groupoid if it is a locally trivial principal
G-bundle over I'/G, and if every y € Is(I') can be written as gx for some
g€ Gand x € X.

3° Facts. With G and T as above, it is immediate that s(gy) = s(y) and
r(gy) = r(y); indeed, if y € " and x € X, then (v, x) € I? if and only if
x = s(y) and by (?) one has (gy, x) € I'%; moreover, (gy)* = g_'y*.
If T is proper (as a G-groupoid), then Is(I') = G X X. Observe that
I'/G is a groupoid on X with groupoid structure inherited from I'. The
groupoid I'/G will be referred to as the subjacent groupoid.

4° Definition. A proper T-groupoid T on X is said to be a twist if T'/T is
a relation.

Let I' be a twist over R (i.e., R =~ I'/T); let E(I') denote the collection of
compactly supported equivariant continuous functions on I', that is

ET) ={fe CD)f(y) =f(alreTyeTl}

It will be convenient to regard elements of E(I') as sections of the
conjugate complex line-bundle F(I') associated to the principal T-bundle
T (ie., F(I') = C X T/~ where (zt,y) ~ (z, ty) forallt € T,y € T,
z € O). If f € E(T), the corresponding section is given by

v (f(y),y) wherey € R.

Note that equivariance ensures that this assignment is well defined. Our
purpose is to endow E(I') with the structure of a *-algebra. We require yet
more notation; put
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NT) ={f € ET)ysuppf c U € QR) },
note that N(I') spans E(T'); finally, put

D) = {f € ED):supp f € X}.
Since F(I') is trivial over X, one has that D(I') = C.(X).
A partially defined product is now introduced on F(I'):
(21, Y220 Y2) = (2123, v1Y2) Wwhere (v, v2) € I’ 2,z € C

Define the product of two elements f, g € E(I') according to the
formula

(fe)p) = > f(a)g(B) where (o, B) € R* p € R.

af=p

Note that for each p € R the sum is finite, since supp f X supp g is
compact in R If g € D(I'), then the above formula yields

(fe)p) = f(p)g(s(p)) forp € R.
Involution is defined in the usual manner, namely: f*(y) = f(v*).

5° PROPOSITION. With product and involution as above, E(T') is a
*-algebra which contains a distinguished abelian subalgebra, D(I') =
C.(X).

Proof. The tedious verification is left to the reader. We remark that the
product above agrees with the usual groupoid convolution in C.(T')
restricted to the equivariant functions.

Viewing E(T') as a right D(T')-module, the map
P:E(T') — D(IN)

given by restricting sections (to X) is clearly a D(I')-module morphism.
We shall require further properties.

6° LEMMA. The map P:E(I') — D(T) satisfies the following conditions for
allf € ET),g € NI
i° P(f*) = P(f)
ii° P(f*f) = 0 and P(f*f) = 0 if and only if f = 0
iii® P(g*g) = g*P(f)g.
Proof.
i° This is obvious.
ii° If f € E(I') and x € X (note that if (s, p) € R*> with x = op, then
o = p*), the product formula yields

Hx) = 2 [*eHfe) = 2 IfelF =0

s(p)=x s(p)=x
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if (f*f)(x) = 0 for all x € X, then f(p) = 0 for all p € R.

iii° If g € N(T') and f € D(T), it follows immediately that g*fg € D(I).
For g € N(I') and x € X, there is at most one p € R for which s(p) = x
and g(p) # 0. Now let f € E(T); if there is such a p, then

(8*/2)(x) = 1g(p) I’/ (r(p) );

otherwise the left side of the equation is zero. In either case the assertion
follows.

We view E(I') as a C_(X)-module (on the right) in the obvious way, and
use P to define a C_(X)-valued sesquilinear form on E(I') along the lines
of Rieffel’s treatment in [37] (see also [18], [27]). For f, g € E(T) put

(f. & = P(f*g);

note that

(f, ghy = P(f*gh) = P(f*e)h = (f, gHh
forall h € C(X) andf, g € EQ).

7° PROPOSITION. With the inner product defined above, E(T) is a (right)
pre-Hilbert C(X)-module. The completion of E(I') with respect to the
norm

Il = 1 <A1
is a Hilbert C (X)-module.

Proof. That E(T) is a pre-Hilbert module follows directly from the
definition (cf [18] Definition 2.1) and the above lemma. The second
assertion follows from Remark 2.5 of [27].

Let »2(I') denote the completion of E(I') with the above norm.

8° ProOPOSITION. There is a *-homomorphism, m:E(I') = L(A(T)), such
that

7(f)g = fg forallf, g € E().

Proof. We must first show that left multiplication by elements in E(T)
is bounded with respect to ||'||[,. This is clear for elements in D(I).
Since E(T') is spanned by N(I'), it suffices to show that left multi-
plication is bounded for elements in N(T). Let f € N(T') and note that
f*f € D(T); now, putting h = (f*f)”, one obtains

(fe. f3) = P(g*f*fz) = P(g*h’g) = (hg, hg),

for any g € E(T), and it follows that left multiplication by f is bounded.
Let 7(f) denote the unique extension to a bounded operator on S#(T),
where f € E(T) is arbitrary. That #(f) has an adjoint is clear from
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(fg hy = P(g*f*h) = (g f*h);
in fact, m(f*) = @(f)* for all f € E(T). Hence the desired *-homo-
morphism.

Let A(T) (resp. B(I')) denote the completion of «(E(I)) (resp.
a(D(T))) in LEA(T)); it is well known that L)) is a C*-algebra
(though generally not separable). Henceforth, we suppress « and regard
B(I') as an abelian subalgebra of the C*-algebra A(I'). Note that
B(I') = C(X).

9° THEOREM. With the situation as above, B(T') is diagonal in A(T).

The proof proceeds through a sequence of lemmas. In showing that P
extends to a conditional expectation on A(I'), we invoke Tomiyama’s
characterization of such maps as projections of norm one onto a sub-
algebra. The following elementary fact concerning operators on a Hilbert
space will be required:

(1) Let ay, ..., a, € B(¥) be such that

2 ata; = 1,
for any b € B(s5#) one has
‘2 atba,
10° LeMMA. For all f € ED), |IP(H) 1 = IIf]l.
Proof. Given f € E(T), it will suffice to find g, ..., g, € B(I') with

2&*&' =1,
1

= [[ll.

such that

P(f) = 2 gifs.

Let j:R — X X X be the embedding defined by
J() = (r(p), s(p) ).

If K € Ris compact and K N X = @, then the collection of open subsets
of X,

UK) = {U C Xij(K) N UX U = 8},

covers X (indeed, j(K) is compact and its complement, which contains
Jj(X), is open). Choose a partition of unity, {hy,...,h,} < B(),
subordinate to the cover %(supp f\X), for supp(P(f)). Set g, = h* and
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observe that

P(f) = X gfe

4

Let P also denote its unique extension to A(I'); by Tomiyama’s
criterion

P:A(T) — B(D)
is a conditional expectation (see [43]).
11° LEMMA. P is faithful.

Proof. Let a be a non-zero element in A(T'); there exists f € N(T') such
that af # 0 (since N(T) is total in #(T') ). One obtains

f¥*P(a*a)f = P(f*a*af) = (af, af ) # O,

where the first equality follows from Lemma 6(iii) by continuity. Hence
P(a*a) # 0 and P is faithful.

12° LEMMA. The free normalizers are total in ker P.

Proof. Evidently, E(I') N ker P is dense in ker P. It will, therefore,
suffice to verify that for any /' € E(T') with P(f) = 0, there exist g, ...,
g, € N(I') with gZ = 0 such that

f=28i-

Given such an f; there are a finite number of open sets, V], ..., V, € Q(R),
such that

s(V)) n r(V;)) =0 foreachi, and supp f C U V.
1

1

Let h), ..., h, € C(R) be a partition of unity for supp f subordinate to
{V;} and set

&(Y) = f(nh(¥).

The adjunction of a unit (if necessary) does not change the fact that P is
faithful; further, the free normalizers remain total in its kernel. Thus B(T)
is diagonal in A(T"), and the theorem is proved.

13° Remarks. The correspondence between 1-cocyles on a groupoid and
automorphisms of the associated *-algebra is well known (see [34] Section
I1.5 and [13] Section 11.4). A continuous map c:R — T is called a T-valued
1-cocycle if

c(po) = c(p)c(o) for all (p, 0) € R%;
the collection of all such is denoted Zl(R, T).
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Returning to the situation above with I' a twist over a relation R, let
c € Zl(R, T), and define an element u, € L(#(I') ) by

() = cfly) forallf e ET),yeT

(this is clearly bounded so one extends to all of 5#(I") by continuity). That
u, 1s unitary follows from the observation that it preserves the inner
product (note that u* = u__, where —c is the inverse of ¢ € Zl(R, T)).

One checks that
Ad u(AT)) = A(T)

and we denote this automorphism of A(T') by a. If f € B(T'), then
a(f) = f In fact, this condition will be seen to characterize
automorphisms arising from 1-cocycles (see Section 3 below). Note that «,
is inner if and only if there is a continuous function 4:X — T such that

c(p) = h(r(p) Yh(s(p)) forall p € R,
that is, ¢ € B'(R, T) (cf [34] Proposition I1.5.3).

—

3. The twist of a diagonal. In this section, the twist is shown to be a
complete invariant of a diagonal pair. This is done by associating a twist
to a given diagonal pair and then verifying that the pair constructed from
the twist (as in the preceding section) is canonically isomorphic to the
given pair.

Let A be a C*-algebra. The extremal points of the unit ball of A* may be
viewed as a topological groupoid (with respect to the weak* topology) on
the collection of pure states. The dual groupoid, as it is called, has been
studied in [1] and [36]. In the latter, Renault shows that the spectrum of a
diagonal, as a subset of the pure state space is a “nice” transversal, in the
sense that the desired twist is the reduction of the dual groupoid to
the spectrum of the diagonal. '

For the sake of completeness we provide an independent construction
which follows the lines indicated in our original note (cf. [22]).
Nevertheless, the reader would do well to keep the dual groupoid
perspective in mind.

1° THEOREM. Given a diagonal pair, (A, B), there is (up to isomorphism) a
unique twist I' and an isomorphism

¢:A(T) — A
such that ¢(B(T') ) = B.

Proof. We may assume without loss of generality that 4 is unital. For, if
A is not unital, one adjoins a unit to both 4 and B, obtains the desired
twist for the pair (4, B), and then deletes the point at infinity from the unit
space (together with the copy of T above it). Let X = B C 4* (where
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the injection is given by the extension property of B relative to 4).
Set

D = {(d, x) € N(B) X X:x(d*d) > 0};
for each (d, x) € D, let [d, x] be the linear functional on 4 defined by
[d, x)(a) = x(d*a)x(a’*a’)_l/2 foralla € A.

Observe that if f € B with x(f) > 0, then x = [f, x]. If (¢, x), (d, x) € D,
then by Lemma 1.9 the following conditions are equivalent:
1° [¢, x] = [d, x] :
i1° x(c*d) > 0
iii® there exist f, g € B with x(f), x(g) > 0 such that ¢f = dg.
Let

I = {[d x]:d x) € D} C A*.

I is to be endowed with the structure of a twist. The T-action is given by
scalar multiplication (that is, f[d, x] = [td, x] ). The groupoid structure is
given by the following formulas

s[d, x] = x

[d, x]* = [d*, 0,(x)]

([e, ¥, [d, x]) € T'?if and only if y = a,(x), in which case,

[c, ¥lld, x] = [cd, x].

We define the topology on I' by giving a neighbourhood system at a
point [d, x] € . Let U € X, VV C T be open sets such that x € U C s(d)
and 1 € V; set

WU, V)= {dd, yly € U, t € V}.

One checks that this topology is the same as the relative weak* topology
and that the above operations are continuous with respect to it. Since
scalar multiplication commutes with multiplication in any algebra, it is
clear that I' is a T-groupoid. Let R denote the subjacent groupoid and
let

q T — R

denote the quotient map. If r[d, x] = x, then [d, x] = tx for some t € T,
whence Is(R) = X, and R is a relation (as g(W(U, V)) = U). Further,
each normalizer determines a local section for the circle-bundle map g¢.
Indeed, if p € R, then p = ¢[d, x] for some (d, x) € D and the map

(od(y)’ y) = [d’ y]

trivializes the circle-bundle over the open set,

Ud) = {(6;,00), )y € s(d) }.

Thus, T is a twist.
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We claim that, for every f € N(T'), there is a unique ¢(f) € N(B) such
that

() fv) = v(@(f)), forally € T.
By compactness, there exist d,, ..., d, € N(B) such that

qGsupp f) < ) Uldy).
Choose a partition of unity, {h,}, for s(supp /) C X, subordinate to the
cover {s(d,) }. Define g, € Bfor1 = k = n by
f([dk, x) Y (x)x(did) " for x € s(d})
x(g) =

elsewhere

and set

o(f) = % a8y

Then, (f) holds by construction. Now, ¢ extends linearly to a
*.isomorphism from E(T") onto a dense subalgebra of 4 (one checks that

&(fg) = o(f)d(g) for f, g € N(I') and ¢(f*) = ¢(f)*). It remains to show

that ¢ is isometric. Since P is faithful, one has
llall = sup{ ||P(b*a*ab) II*:P(b*b) = 1} foralla € 4,
but this is how the C*-norm was defined on E(I'). Hence,
¢:EI) > 4
extends to an isomorphism of C*-algebras.
Suppose I is a twist on X.

2° Definition. Let Aut(T') denote the group of homeomorphisms,
8:T — T, satisfying:
i° for all (a, B) € I?,

(8(a), 8(B)) € T? and 8(aB) = d(a)d(B)

ii° t8(y) = 6(¢y) forallr € T,y € I.
Set

Auty(I') = {8 € Aut(I):8(x) = x, for all x € X}.

3° Remarks. Condition i° implies that §(X) = X. One sees immediately
that Auty(I') 1s a normal subgroup of Aut(I'). Further, Aut,(I') is
isomorphic to Z! (R, T), where R is the subjacent relation, via the map

ce Z (R, T) > 8, € Auty(D),

where §.(y) = c(y)y. For analogous results concerning standard Borel
equivalence relations consult [13] (Section I1.4).
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4° COROLLARY. For each a € Aut(A) with « o P = P o a, there is
a* € Aut(I') such that:

y(a(a)) = (a*y)a) foralla € A,y € T.
Further, a* € Auty(T) if and only if e o P = P.

Proof. This follows directly from the construction of ' C A* in
Theorem 1.

5° Example. Let G be a discrete abelian group with symplectic
bicharacter x, and let H C G be maximal with the property that
x(H N\ H) = 1, as in example 1.12. Let R denote the relation on H as-
sociated to the diagonal pair, (4,, By). One sees that

R = GHXH

where the unit space is identified with {0} X f (note that s([g], x) = x,
and r( [g], x) = xx;(g)). The associated twist is seen to be tAopologically
trivial as each u, defines a continuous section on { [g] } X H.

Suppose H,,, H, are abelian groups and

0:H,— IAII

. . . . . . A - )
is an injective homomorphism. We view Ry = H,, X H, as a relation on H,
via the maps

sth, x) = x
(h, x)* = (—h, x0(h)).

We wish to characterize those twists over R, which arise as above for some
bicharacter x on H, @ H, for which H, is maximal with the property that
x(Hy N Hp) = 1. .

Let I be a twist over Ry = H, X H;, and suppose there is a
homomorphism

a:H, — Auy(I)

satisfying the conditions
i° oz:I-AIl X T' = T' is continuous
ii° a,(y) = xy forallx,y € ﬁl.

Consider the Hj-valued cocycle on Ry defined by p(h, x) = h and the
associated homomorphism (cf [34] Section I1.5)

S:ﬁo — Auty(I")
given by
8.(v) = <z, p(¥) )v;
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since p(a(y)) = p(¥) for all x € H 1» Y € T, one obtains
S.a(y) = a8,(y) forallx € ﬁ], z € I:AIO, yel.
Consequently, there is an ergodic action
B:H, X H, — Aut(A(T))
such that

Y(B(z, x)(a)) = (8.a,(v) Na),

for all (z, x) € }AIO X ﬁl, vy € T, a € A(T'). Let x denote the associated
bicharacter on Hy, © H, (see [26] ); it follows that

(Ay By) = (A(T), C(H)).

4. Twists and cohomology. The collection of twists over a given relation
is to be endowed with the structure of an abelian group. The usual second
cohomology of a relation (with coefficients in T) is canonically isomorphic
to the subgroup of twists which are topologically trivial (i.e., the quotient
map; ¢:I' — R, admits a continuous section). The connection between
second cohomology and extensions, familiar from group theory, is
considered in the setting of groupoids by Renault (see [34] Proposition
1.1.14). Viewing twists as extensions which need not admit continuous
sections, it is appropriate to consider the group of twists as a replacement
for the usual second cohomology of a relation.

Let R be a relation on X, and let Tw(R) denote the collection of
isomorphism classes of twists over R.

1° Fact. There is a bijective correspondence between H*(R, T) and the
subset of Tw(R) consisting of twists admitting a continuous section.

Proof. Suppose ¢:I' = R admits a continuous section o:R — I'. Let
¢ R*—T
be the unique continuous function satisfying the condition
co(p1: P2)0(p1py) = o(p)o(py) for all (o), py) € R’.

For all (p,, p,, p;) € R’ (that is, s(p,) = r(p,), s(py) = r(p3) ), one obtains
the following by associativity of groupoid composition

0(p1)o(p)o(p3) = c4(P1, P2)Co(P102: P3)0(P102P3)

= ¢,(P1> P2P3)C6(P2: P3)O(P1P203);

hence, ¢, € Zz(R, T). Another choice of section yields a cocycle in the
same class. That every class in H*(R, T) arises from some topologically
trivial twist is clear.
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2° Remark. Let T be a twist over R. If there is a continuous section
o:R—T,

which is a groupoid morphism, then T is said to be a trivial twist. The
map

T X R—T,

defined by 6(z, p) = to(p) is an isomorphism of twists. Let R_ denote the
trivial twist T X R.

Given two twists, ¢;:I; = R, i = 1, 2, we define the product twist
I = I, as the quotient of

{(viv) € I} X Ligi(v) = (1) }
by the equivalence relation
(Y1, ) ~ (ty), tyy) fort € T.

Note that this is the usual product of circle-bundles over a common
base space. The groupoid structure is prescribed by the following
formulas:

s(v1> Y2) = s(vy) = s(v,)
1> Y)* = (M* v2*)

((a1, @), (By, By) € (T * I’
if and only if (a, B) € T}, i = 1,2

(o, a)(By, By) = (a1 By, ay3y).
One verifies that I * I is a twist over R.

3° PROPOSITION. When endowed with the above product Tw(R) is an
abelian group with neutral element [R_], and the injection

H*(R, T) — Tw(R)
is a homomorphism.
Proof. For any twist T, the isomorphism R, * I' = T is given by
(@ 1), v) = 1.

It remains to show that inverses exist; let [ be the twist obtained from I’
by inverting the T-action. That is, there is a groupoid isomorphism

yel—yt ert
for which ty* = (ty)". There is a trivializing section,

o:R—>T T,
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given by o(y) = (v, y*); since o is a groupoid morphism, it follows that
1= -[I.A straightforward calculation reveals that multiplication of
cocycles corresponds to the above defined product of twists.

Let #denote the sheaf of germs of continuous circle-valued functions.

We construct a natural homomorphism (cf. [22, 23] )

CH\(X, %) — Tw(R),
where H l(X, &) is viewed as the group of (equivalence classes of)
circle-bundles over X.

We view the Cartesian product, X X X, as a topological groupoid on X
(here the unit space is identified with the diagonal A = { (x, x):x € X})
with respect to the following operations:

s(x, ) =y, (x, »)* = (p, x),
((x, ), (w, 2)) is composible if and only if y = w, and then
(6, )y, 2) = (%, 2).

4° PROPOSITION. There is a bijective correspondence between isomorphism
classes of proper T-groupoids with subjacent groupoid X X X (cf. definition
2.2) and isomorphism classes of circle-bundles over X.

Proof. Let A be a circle-bundle over X with bundle map p:A — X. Let
AT denote the conjugate circle-bundle obtained by inverting the T-action
(so there is a homeomorphism A € A At e AT such that (A" = 7}\+);
note [AT] = —[A] in H'(X, %). Let ¥(A) denote the quotient of A X A"
by the equivalence relation

AL A) ~ (A, 1A,") forallz € T.
Observe that ¥(A) is a circle-bundle over X X X, in fact
W(A) = r*(A) * s¥(AT) (product of pull-back circle-bundles).

We claim that W(A) is a proper T-groupoid on X with unit space
inclusion

PN € X— (A AN € ¥(A).

The source map is given by s(A|, )\2+ ) = p(A\,), involution by (A, >\2+ )* =
Ay A{). Now

(M ADL A ) € ()
if and only if
P(Ay) = p(Ay);
in this case, there is a unique ¢+ € T such that A; = rA, and one writes

A MDA AN = 1AL A)).

https://doi.org/10.4153/CJM-1986-048-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-048-0

988 ALEXANDER KUMIIAN

Composition commutes with the T-action by construction and ¥(A) is
thus a proper T-groupoid. Conversely, suppose we are given a proper
T-groupoid ¥ over X X X. For x € X, put A, = s~ '(x) and note that
r:A, — X is a circle-bundle map where the T-action is inherited from W¥.
We claim that ¥ = ¥(A,); indeed,

A = Ar =)
Further the composite
A X A¥Cc ¥ > ¥

is surjective by the transitivity of ¥. Hence, ¥ is the quotient of A X A
by the equivalence relation

A ") ~ (@A, 1ph),
as desired. This does not depend on the specific choice of x, since for any
y € X, there exists y € ¥ with r(y) = x and s(y) = y; hence, the map
ANE A P Ay €A
is a circle-bundle isomorphism.

With the situation as above, let ¢:¥(A) — X X X denote the quotient
map.

5° CoROLLARY. Let R be a relation on X and A a circle-bundle over X.
The groupoid )

(r, )*(¥(A)) = {(p, v) € R X ¥(A):(r, s)p) = q(v) }
is a twist over R. Further, the map

CH'(X, &) — Tw(R),
given by

SIA] = [(r, 9*(¥(N)) ]

is a group homomorphism.

5. Morita equivalence. Rieffel’s theory of strong Morita equivalence of
C*-algebras (developed in [37] ) is here adapted to the setting of diagonal
pairs. A criterion for strong Morita equivalence of diagonal pairs will be
given in terms of the associated twists (via the linking algebra
characterization appearing in [6] ). We introduce the notion of I'-structure
(patterned on the notion of £-manifold appearing in [20] ), which enables
one to transplant twist structure from one space to another in a manner
that ensures the strong Morita equivalence of the associated C*-algebras.
A related but more general notion is that of equivalence of groupoids (cf
(36], [35]).
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1° Definition. Two diagonal pairs, (4,, B,) i = 1, 2, are said to be
Morita equivalent (write (4, B,) = (4,, B,)), if there is a C*-algebra A
and two projections, p,, p, € M(A), with p; + p, = 1, such that p; Ap, is
not contained in any proper ideal (i = 1, 2), as well as isomorphisms
oA, > p;Ap, fori =1,2
such that B = ¢,(B;) © ¢,(B,) is diagonal in 4.
2° Remarks. This definition is a modification of the linking algebra
characterization of strong Morita equivalence (see [6] Theorem 1.1). In
particular, if (4,, B;) = (4,, B,), then 4, and A, are strongly Morita
equivalent, where the A4,-4,-equivalence bimodule is p;4p, (with the
obvious inner products). One should check that this defines an
equivalence relation on diagonal pairs. The requirement that B = ¢,(B))
@ ¢,(B,) be diagonal ensures that:
Nf(B) N pAp, is total in p,Ap,.

Suppose (4;, B;) are diagonal pairs for i = 1, 2, 3. If J, is an
A;-A,-equivalence bimodule and J, is an A,-A;-equivalence bimodule,
then J, ®A2 J, (as defined in [37]) is an A4,-4;-equivalence bimodule. If
both J, and J, arise, as above, in diagonal preserving linking algebras (i.e.,
Ny N J;is total in J;), then the same can be said of J, ®A2 J5.

3° Definition. Let T be a twist on X and U C X an open set; the
twist

Iy ={y € Tir(y). s(v) € U},

is called the reduction of T to U. If U is full (i.e., [U] = X) the reduction is
said to be full.

Note that A(I})) embeds naturally in A(I') as an hereditary subalgebra,
which is full, that is, not contained in any proper ideal, exactly when the
reduction I}, is full. When this is the case, the associated pairs are Morita
equivalent, that is

(AT), B(I)) = (A(Iy), B(Iy) ).

The smallest hereditary subalgebra of M,(A4) containing e;; ® A(I') and
ey, ® A(I) is the desired linking algebra.

4° PROPOSITION. Suppose I is a twist on X, for i = 1, 2; one has
(AT, B(1Y) ) = (A(T3), B(I))

if and only if there is a twist T on the disjoint union X, L1 X, such that
I = Iy and X, is full fori = 1, 2.

Proof. This follows immediately from the definition of Morita
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equivalence for diagonal pairs and the characterization of the twist as a
complete invariant of a diagonal pair (see Theorem 3.1 above).

5° Definition. With I} and I, as in the above proposition, we say the
twists are Morita equivalent and write

I = LviaT;
the twist I' is referred to as a linking twist (note that this need not be
unique).

6° Definition. A continuous open map ¢:Z — X is called a quasilocal
homeomorphism (qlh), if it is locally injective (that is, the collection of
open sets UY) = {U C Z:|, is injective} covers Z), and a local
homeomorphism, if, in addition, it is surjective.

Such maps are useful in inducing Morita equivalent twists to other
spaces, as is seen in the next proposition.

7° PrROPOSITION. Let T" be a twist on X and y:Z — X be a quasilocal
homeomorphism for which \(Z) is full. Let T ¥ denote the space

ZxT*Z ={(z,7 )Wz = Hy), ¥(z5) = 5(7) }
cZXTXZ.

Then I’ j may be endowed with the structure of a twist on Z in such a way that
'=T"

Proof. One checks first that TV is a T-groupoid on Z (where the unit
space is identified with { (z, Y(z), z):z € Z} ) under the operations

S(Z], Y 22) = 2y, (219 Y, 22)* = (227 7*7 Zl)
1 Y1 2029, Y2 23) = (2, Y12, 23)

and the T-action is given by
Hzy, ¥, 2p) = (21, 1Y, 2,);

the subjacent relation is denoted RY where R is the subjacent relation
for I':

RY = {(21. 0. 2)(z) = r(p). ¥(zp) = s(P)} € Z X R X Z.

The local triviality of the circle-bundle T over RY follows from that of T
over R and the fact that ¢ is locally injective (so there exist local sections).
We proceed now to the construction of the linking twist. Let

»:Z1llX—>X
denote the local homeomorphism given by

_ Wy ifyeZz
qb(y)—{y ify € X.
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Then I'V = T via I'* (note that (I'¥), = I and (I*), = I).
Observe that there is a distinguished copy of R(Y) in T¥, where
RW) = {(21,2) € Z X Z:l(z)) = Uz }-

The following proposition provides a converse of sorts to the preceding
one:

8° PROPOSITION. Let T' be a twist on Z, and let Y:Z — X be a local
homeomorphism. If there is a groupoid morphism j:R(y) — T which identifies
unit spaces (i.e., j(z) = z), then there is a unique (up to isomorphism) twist A
on X and a surjective twist morphism m:T — A satisfying the following
conditions:

1° 7T|Z =y
ii° Im(j) = = '(X)
iiic I = AY.

Proof. The twist A is constructed as the quotient of T by the equivalence
relation

a ~ B if there exist p, 0 € R(Y) such that aj(p) = j(o)B.

This is clearly reflexive and symmetric; transitivity remains to be checked.
With a« ~ B as above, suppose B ~ y with Bj(A) = j(n)y. One sees that

aj(pA) = j(0)B(N) = j(om)y.

The quotient A is then a twist on X (note that the quotient map =:I' = A
is itself a local homeomorphism). Conditions i° and ii°® hold by
construction. Let ¢:I' = Z * A = Z be given by

oY) = (r(V), 7(v), s(¥) ).

One checks that ¢ defines the isomorphism indicated in iii°.

Viewing A as the quotient of I by j:R(y) — T, one writes A = T'/j. Itis
perhaps worth noting that the isomorphism class of A depends on the
choice of j. It is shown below that any twist Morita equivalent to a given
one can be obtained via the constructions delineated in the two preceding
propositions. Towards this end, we require the notion of I'-cocycle.

9° Definition. Let T be a twist on X with quotient map ¢:I' — R and let
% = {U:i € 1} be a countable locally finite cover of a space Z. A
collection of continuous maps

0,:U; =T (where U = U, N U))

1s called a T'-cocycle on Z relative to U if

i°qo BU:UU- — R is a homeomorphism onto some w; € Q(R)
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1i° for each z € Uy,
(6,(z). 0,(z)) € T* and

0,/(2)0(z) = 0,(2).

Observe that Im(f,;) C X by ii® and Im(f,,) is open by i°. We say that §
is true if U; Im(0;) is full.

10° ProPOSITION. With notation as above, let 8 be a true I'-cocycle on Z
relative to U. There is a twist I'(0) on Z which is Morita equivalent to I via a
linking twist T over Q for which there exist sections ,; defined on W, C Q
satisfying the conditions:

i°rW=U

ii° Ifb € W, 0 € Wwithz = r(p) = r(o), then

0,(z) = p(p)*u;(0).

Proof. The twist I'(8) is constructed directly from the T'-cocycle 8 using
the methods of Propositions 7 and 8. Let

and define
Y:U— Xby(z) = 0,(z)if z € U, and
¢:U— Z by inclusion (z € Utz € Z).

Note that ¢ and ¢ are quasilocal homeomorphisms and that ¢(U) is full
(because 8 is true), while ¢ is surjective. Define a groupoid morphism

t:R(¢p) — rv (identifying the unit spaces),
where

R(¢) = LL

ij i i

Uy and IV =Llu«Tx+Lly

as follows. If z € U, put
(z) = (2, 0,(2),2) € U X T X U N rv.

That ¢ 1s a groupoid morphism follows directly from the cocycle property.
Set I'(8) = I'¥/¢ and note that T'(#) is Morita equivalent to I'. The linking
twist T is constructed, in like manner, as the twist induced by a I'-cocycle
on Z 1|l X. The collection Z = % U {X} constitutes an open covering
of Z 1L X; let @ denote the T-cocycle defined relative to % which restricts
to 6, on each U; and for which 0.(x) = x for each x € X (note that
X N U = 0 for each i). Let U = U LL X and define, by analogy with the
above,
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U —> X

6:U—>2z1l x

TR — I,
It follows that T = T'(8) is the linking twist, that is, ['(#) =~ T via ['().
Now, for each i, define a continuous map »;:U, — I'V by

1(2) = (2, 9,(), 8,(z)) € (U X T X X) N TY
put ¥, = 7o v, where 7T’ VTV 7 (cf. Proposition 8 above). Observe
that

W = Im(g7) € Q)

(where Q is the subjacent relation for T). Define sections y;: W, — T by

p(p) = 7:(r(p)).

It is a routine matter to verify that conditions i° and ii® hold for these
sections.

11° Remark. The linking twist T = T'(§) in the above proposition is
unique subject to the requirement that there exist sections {u,} which
implement the cocycle (see Theorem 13 below).

We introduce an equivalence relation on the collection of I'-cocycles on
a given space Z (by analogy with the usual notion of equivalence of Cech
cocycles). An equivalence class of I'-cocycles will be termed a I'-structure
on Z.

12° Definition. Suppose 8' and ¢ are T-cocycles on Z relative to the
same covering % = {U:i € I}. Then 6' and ¢’ are said to be equivalent
(write ' ~ @°), if there exist continuous functions h:U — T such that
for each z € U

(h(2). 0,(2) ). (65(2). h(z)) € T* and
hi(2)8)(z) = 6;(2)h;(2).

If they are given relative to different covers, then they are said to be
equivalent if their restrictions to some common refinement are equivalent
(in the above sense). An equivalence class of I'-cocycles on a space is
termed a I'-structure on that space. If © is a I'-structure on Z, then § € ©
will be construed as a I'-cocycle representative (relative to some
covering).

In the following result we establish that the twist structure induced by a
I'-cocycle only depends on its equivalence class; furthermore, every
Morita equivalent twist arises in this fashion.

https://doi.org/10.4153/CJM-1986-048-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-048-0

994 ALEXANDER KUMIJIAN

13° THEOREM. Suppose A and T are twists on Z and X, respectively, which
are Morita equivalent via a linking twist . There is, then, a unique
I-structure © on Z such that if 8 € © is any T-cocycle in this class, one has a
twist isomorphism T{0) = T.

Proof. Let Q be the subjacent relation for the linking twist T. For each
z € Z, thereis p, € Q with r(p,) = z and V, € Q(Q) with p, € V, such
that 7(V,) C Z and s(V.) C X. By the paracompactness of Z, we may
assume there to be a countable family of open sets {};:i > 0} C Q(Q)
with s(V)) € X and r(})) C Z for each i > 0, such that the collection

@ = {r(¥)):i > 0}

covers Z. We may further assume there to be a family of continuous
sections

o :V,—=>T fori>0.

We define a I'-cocycle 6 relative to % using these sections as follows. For
each z € r(V)) N r(¥), there are unique p; € V; and p; € ¥/ such that

z =r(p) = rpy;
put
‘9,'/'(2) = oi(P,')*Uj(Pj)-

This is to be the desired I'-cocycle. Set V; = X, and note that there is a
canonical section o defined on X (recall that X is identified with the unit
space of ' € T). Put

= 1l

iz0 Y
and define two local homeomorphisms
¢V — X
o:V—Z 1l X,

by Y(p;) = s(p;) and ¢(p;) = r(p,) for p, € V. C V. We define a groupoid
morphism

LR(¢) = TY,
by
wpis 0) = (P 5(p)*0(p)), ),

for p, € V, p; € V. r(p) = r(p). The hnkmg twist associated to the
I'-cocycle 0 is then glven as the quotient of v by this embedding, that
is,

@y = /..
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Consider the map ®:T¥ — T given by

D(p;, v, p)) = op)volp)* where s(p;) = r(v), s(p) = s(y).

The map ® factors through I'(#) in the evident way (N.B. (R(¢)) =
(3 1(Z 11 X)), and one obtains the isomorphism I'(§) = T. To complete
the proof, it remains to show that if ' is a I'-cocycle on Z equivalent to 6,
then there exist implementing sections as above. It suffices to consider two
cases. First, if 8’ is obtained from @ by restriction to some refining cover,
then the implementing sections are obtained from those of § by restriction.
We may therefore assume that ¢’ is given relative to {r(}) } and that there
exist continuous functions

hir(V))—T
satisfying the condition (as in definition 12)
@) h,-(z)0ij(z) = Hl-j(z)hj(z) for all z € r(¥) N r(¥),

where it is implicit that the compositions make sense. There exist open sets
U; € Q(Q) with r(U;) = r(¥}), and continuous sections a;:U; — T such that
for each i > 0, and p] € U

oi(0)) = oip)h{(r(p;)), where r(p) = r(p)).
It follows from (f) that if p! € U, pj’- SR with r(p)) = r(p)) = z, then
6,(2) = ol(p)*a/(s).
14° Remark. Let 6 be a I'-cocycle on X (where X is the unit space of I')

given relative to some cover % = {U;:i € I}. Suppose that there are open
sets V. € Q(R) with s(V)) = U, for each i € I, such that

0.(s(p)) = r(p) foreachi € I'andp € V.

]

Then I'(#) is a twist over R; moreover, [I'(§) ] — [I'] € Im { (cf. Section
4.4). Conversely, if A is a twist over R with [A] — [I'] € Im ¢, there is a
I'-cocycle 8 as above such that [A] = [I'(8)]. Let M(R) denote the
quotient Tw(R)/Im {; we view M(R) as the group of Morita classes of
twists over R.

6. Hyperfinite relations. In this section the group of twists is computed
for a certain class of relations on compact spaces. A characterization of
the associated diagonal pairs is presented together with a number of
examples. An analogous discussion of relations on locally compact spaces
is possible, but in the interests of brevity and smoothness of exposition, we
defer the imperative towards greatest generality. In contrast to the
situation considered in [13], where the second cohomology of hyperfinite
Borel relations is shown to be trivial, the group of twists (read second
cohomology) of the hyperfinite relations considered here need not
vanish.
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1° Definition. Let R be a relation on X; then R is said to be finite if it is
compact (as a topological space).

N.B. If R is finite then X is necessarily compact and X/R is Hausdorff
(see [19] Theorem 3.11).

2° PROPOSITION. If R is a finite relation on X, then the quotient map
Y:X — X/R is a covering map and R = R(Y).

Proof. That ¢ is an open map is immediate (see 2.1.iv). We show that ¢
is locally injective; that is, for each x € X, we produce an open
neighbourhood U of x such that y|; is injective (i.e., U € U(®Y), cf.
Definition 5.6). Since the unit space X is open in R, and R is
homeomorphic to its image under the embedding

(r,s):R—> X X X,
there is an open set V' C X X X such that
(rns) (V) = X.

Hence, given x € X, there is an open neighbourhood U of x such that
U X U c V; it follows that {|; is injective. By compactness, X may be
covered by a finite number of open sets in U(¢); therefore, each element of
X/R has a finite preimage.

Claim. For any z € X/R, there is an open neighbourhood W of z such
that ¢ ](W) is homeomorphic to the disjoint union of a finite number of
copies of W. Suppose that this is not the case for some z € X/R. Let

YD) = {xox)
and choose disjoint open sets U, with x; € U, € U(¥), for each i. Set

U= 0wy,

and note that if V is an open set with z € V C U, then

V~y \V)n U foreachi.

1
Thus, by supposition, x,b_l(V) is not contained in U; U,. There is, then, a
sequence {yj} C X for which y; € U; U; and Y(y;) — z. Let x;, be a limit
point of the sequence {y;}; by continuity ¥(x;) = z, but this is impossible
as
¢ () © Y.

The claim is hereby established. It is evident that R ~ R(Y).

3° Remarks. Suppose that Q C R are finite relations on X; then the

quotient map of R factors through that of Q (cf. [23] Section 4). More
precisely, if ¢;:X — X/Q and {,:X — X/R are the associated quotient
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maps, then there is a covering map ¢:X/Q — X/R such that, = ¢ o .
Note further that Q is (topologically) a compact-open subset of R. To
avoid cumbersome notation, we shall often identify a relation R with its
image in X X X.

4° Definition. Let R be a relation on a compact space X. Then R is
said to be hyperfinite if there is an increasing sequence of finite relations
R, C R,n = 1, such that R = U,R,.

5° Remarks. With R as in the definition, set X, = X and X, = X/R,. By
the above remark, one obtains a sequence of covering maps

XOH"‘_>Xn_)Xn+l—-)"'
¢0 ¢n

Note that i, = ¢, 0 ... o¢y, where , is the quotient map associated to
R,. If y:X — Z is a covering map, write

Tw(y) = TW(R()) and H'()) = H'(R@). T).
Recall the six-term exact sequence associated to ¢ (see [23] ):

0— H'() - HY(Z, %) 7 H'(X, %) 2 TWE)
~ HX(Z, %) 7 H (X, &).

As the restriction of twists to subrelations (on the same unit space) defines
a homomorphism between the associated groups of twists, it is of some
interest to consider how the sequences associated to a pair of covering
maps intertwine.

6° LEMMA. Suppose one has a commuting triangle of covering maps:

X———»Y
o

‘”\ / ¢
z

Then one has the following commutative diagram with exact rows:
0—H'(y)—=H'(Z, ¥) —H(X, (S/’)—>Tw(¢)—6>llz(2, F)—>=H X, &)

N

O—»H'(a)—n>Hl( Y, y)?ﬂl(x, LV)—E’TW(G)—(S*Hz( Y, y)THl(X, %)
where v is the map given by restriction of twists and X is given by restriction of

cocycles.
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Proof. That the rows are exact follows from [23]; that § intertwines » and
¢* follows from Proposition 4.1 (ibid.). That n intertwines A and ¢* results
from the fact that a cocycle on R(o) extends if and only if its class maps
into Im ¢*.

We shall require some standard facts relating to the inverse limit
functor for abelian groups (cf [16] Section 2, [17] Section 1). By inverse
system of groups, we shall mean a sequence indexed by the positive
integers

G0$G<7G<f—....
Jo J1 J2

7° Facts. The functor lim defined on inverse systems of abelian groups

«—

is left exact. The right derived functor, denoted lim' has an explicit

description. Let { (G,, f,,):n = 0} be an inverse system of abelian groups;
put

¢ =1Ig,
n

and define an endomorphism f of G as follows

f(go, 81, 8 ---) = (& —fogp 81 — flgza S
Then

lim G, ~ ker f,

while

lim' G, ~ coker f.

If each f, is surjective, then so is f, whence
lim' G, = 0.

If, in addition, there exist morphisms, s,:G, — G, |, such that f, o s, =
id;; , then one has:

lim G, = G, ® I] kerf,.

To say that lim' is the right derived functor of lim means that given an

«—

inverse system of short exact sequences:

! ) !
0—>H,—G —K,—0, n=0,
1 l 1
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one obtains a six-term exact sequence involving the two functors:

0= lim H, > lim G, — lim K, — lim' H,

- lim' G, - lim' K, — 0.
— —
Finally, if G, = G, for all n, the sequence simplifies:

0 — lim H, » G — lim K, — lim' H, — 0.

«— «— «—

8° COROLLARY. With notation as in the remarks above, consider the
inverse system of restriction maps:

Twd) & Twi) & Twidy) ..

One obtains the following short exact sequence:

0 — lim Im(§,) — lim Tw(y,) — lim ker(y;¥) — 0,

where
Im(¢,) =~ coker(y}) = H'(X, &)/Im(y¥), and
ker(W¥ C HX(X,, %).
Proof. 1t follows from the above lemma that
{0 = Im({,) — Tw(¥,) — ker(yy) — 0:n = 0}

is an inverse system of short exact sequences. To complete the proof it
suffices to show that the maps

Im(¢, 1) = Im(¢,)
are surjective; but this follows from the fact that
Im@, ) © Im@).
Thus,
lim' Im(¢,) = 0.
Our object is to determine the group of twists over a hyperfinite relation
in terms of the groups associated to the approximating finite relations.
9° LEMMA. There is a surjective homomorphism

wTw(R) — lim Tw({,)

which maps the class of a twist to the classes of its restrictions.
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Proof. Let
1, TWR) = Tw(y,)
denote the map given by restriction. Since the order in which restrictions
are taken is irrelevant, one has:
My =V, O Myyy-

Hence, there is a homomorphism

pw:Tw(R) — lim Tw(y,)

through which each p, factors. The surjectivity of u remains to be verified.
Let I, be a twist over R(y,) for each n, so that

Vn[I;z-H] = [Fn]

Choose twist morphisms a,:I, — I ., which identify T, with the

restriction of I, | to R(y,)). Let I denote the quotient of the disjoint union
1L, T, by the smallest equivalence relation which respects the above
identifications. Then I' is a twist over R; further, p [I] = [[], by

construction.

The kernel of p consists of twists for which each restriction is trivial.
Such twists may be obtained by pasting trivial twists together in
non-trivial ways. Recall (Section 3.3) that unit space preserving automor-
phisms of a twist are in bijective correspondence with circle-valued
I-cocycles on the subjacent relation. Write

Z'¢Y) = Z'R@), T)

if ¢ is a local homeomorphism. Suppose R(y;) € R(y,) and let ¢ €
Z l(xpl); define an embedding of trivial twists

CRY) X T— R XT
by
a(p, 1) = (p, c(p)1).

Evidently, any embedding which respects the inclusion of relations must
be of this form.

10° Fact. If R is a hyperfinite relation with covering maps {y,,}, there is
a homomorphism '

&1 Z'w,) — Tw(R)

such that Im £ = ker p.
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Proof. Given ¢, € Zl(\,bn), n > 0, consider the sequence of twist
embeddings:

R(tl/l)XT;I)R(%)XT;;R(%)XT;;-..,

and form the inductive limit twist as above (by taking the appropriate
quotient of the disjoint union). The twist so obtained is denoted I'(c,);
set

§(c,) = [I(c,) 1.

It is evident that a twist is isomorphic to one of this form if and only if its
restrictions are all trivial, that is, Im £ = ker p.

It remains to determine when two such twists are isomorphic. This will
enable us to express Tw(R) as an extension of certain related groups.

11° THEOREM. Let R be a hyperfinite relation with covering maps ,.
There is a short exact sequence:

0 — lim' H'(y,) 7 Tw(R) — lim Tw(y,) — 0.
«— b

Proof. Two sequences (c,), (d,) € II Zl(gbn) give rise to isomorphic
twists if and only if there is a third sequence (e,) which makes the
following diagram commute:

Ry) X T R, X T R@) X T— ...
3 2

e € 2

RW) X T—R@E) X T R@{Y3) X T ...
d, d,

Thus, I'(c,) is isomorphic to the trivial twist if and only if there are
e, € Z'(zpn) such that

c,(p)e, . (p) = e, (p) forallm > 0,p € R®,).

As the existence of such depends solely on the class of the cocycles
involved, the twist I'(c,) is trivial if and only if there are h, € H ](\,l/") such
that

[c,] = h, — A(h,,) foralln>0.

It follows from the explicit description of lim' given in fact 7 that
ker p =~ lim' H'(y,).

12° Remarks. An analogous result holds for H 1(R, T). Let U(X) denote
the unitary group of C(X) (i.e., U(X) is the group of all circle-valued
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continuous functions on X ). The sequence:

0 — lim' U(X,) > H'(R, T) = lim H'(y,) = 0

is exact. This follows by formal manipulation (see fact 7) from the fact
that ker « is isomorphic to the cokernel of the map

U(X) = lim U(X)/ U(X,).

If
ker H'(Y,, &) = ker HX(y,, &) = 0,

that is, ¥ is injective on H'(, %) and H*(-, %) for all n, then
Tw(R) =~ lim coker .

Moreover, by fact 7,
M(R) =~ lim' H'(X,, %) (see 5.14).

We characterize those diagonals which arise from hyperfinite relations.
Note that if A is a twist over R(y) with y:X — Z a covering map and X
compact, then 4(A) is a unital continuous trace algebra with diagonal
C(X). Thus if R is a hyperfinite relation on a space X and I is a twist
over R, there is an ascending sequence of unital continuous trace algebras
B, ¢ A(T') with B, ~ C(X ), whose union is dense. Such a diagonal will be
sa1d to be hyperfinite (that is, a diagonal B, in a C*-algebra 4 with unit is
hyperfinite if there is such an approximating sequence of continuous trace
algebras).

13° PROPOSITION. Let B, be a hyperfinite diagonal in a unital C*-algebra
A with approximating continuous trace subalgebras B,. Then the subjacent
relation of the associated twist is hyperfinite, where the covering maps are
given as the spectral maps of the pairs (B,, B) (see [23] Theorem 2.2).

Proof. Since B, has the extension property relative to A4, it has the
extension property relative to B, for each n; hence, B, is diagonal in B,
(each n) by Theorem 2.2 of [23] Let ¢, Bo — B denote the assoaated
spectral maps; by Section 4 of [23] we may conclude that ¢, ., factors
through ¢, for each n. The subjacent relation

R = U R(Y,)

is consequently hyperfinite.

14° Remarks. With the situation as in the above proposition, let
C, = B, be the relative commutant of B, in A. Write B = X,, and note
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that C, (=~ C(X,) ) is the center of B, (B, C B, = B;,, C B, = B, C B,).
We show below that B, = C;, = B;. Observe that a C*-algebra containing
a hyperfinite diagonal is ultraliminary (as defined in Section 4 of [23] ).

15° PrROPOSITION. With notation as above, there is a (unique) conditional
expectation P,:A — B,, for each n = 0, such that:
iP,=PoP,ifm>n
ii° @ = lim P,(a), for alla € A
h

1ii°® For eacha € A, ¢ > 0, n = 0, there are hy, h,, ..., h, € C, such
that

1B, (a) — = htahl < e
Furthermore, B, = Bj,.

Proof. Let T be the twist on X, associated to the pair (4, B) with
subjacent relation

R = U RW,),

where {,: Xy — X,, n = 0, are the associated covering maps. We define P,
on the dense subalgebra E(T") by

otherwise

where f € E(T) is viewed as a compactly supported continuous section of
the associated complex line bundle (thus, P,(f) is simply the restriction
of the section f to the compact open subset R({,) ).

Claim. ||IP,(f) || = IIfl, for all f € E(T).

Given f € E(T), there is m = 0 such that supp f C R(Y,,) (by
compactness). If m = n, then P,(f) = f, and there is nothing to prove.
If m > n, let ¢:X, — X,, be the unique map for which ¢,, = ¢ o ¢,.
Choose a finite subcover {U), ..., U} C U(¢) (of X,) and h; € C, =~
C(X,) with h, = 0, supp h, < U, for each j, so that = hj2 = 1. One
obtains '

() Pn(f) =2 hjfhj

(if g © E(T') with supp g C R(,,)\R(Y,), then high; = 0 for each j). By
fact (), the claim is established and P, extends uniquely to a conditional
expectation. Conditions i°, ii® are trivial to verify. We verify iii®; given
a€ A, e>0,n =0, choose f € E(T) such that

If — all < e/2.

Now, supp f € R(y,,) for some m > n. Choose hj € C, as above so that
() holds. It follows that
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IB,(a) = = hahll = |IB,(a) — BN + IS hi(f — a)hl < e.

Since C,, is the center of B,, one has B, € C, = B,. Given a € B;, we
wish to show that a = P,(a), and we will be done as P,(a) € B,. But P, (a)
may be approximated by sums of the form 2 hah; with h; € C,. Therefore,
P,(a) = a, as desired (since X hjahj = a2 hjz) = a).

16° Remarks. The foregoing treatment of hyperfinite diagonals owes
much to the diagonalization of AF algebras appearing in [42] (see Section
1.1). Briefly, given an ascending sequence of finite-dimensional subalge-
bras A, which generate an AF algebra 4 (with 1 € 4, C A), one
constructs an increasing sequence of masas B, C A, inductively. Given
B,, let B, | be generated by B, and a masa in the relative commutant of
A,in A, . Let B be the closure of U, B,; that B is a hyperfinite diagonal
is immediate (take the approximating continuous trace subalgebras to be
those generated by B and 4,).

The associated relation is treated in detail in [34] (see Chapter III),
where it is shown to be a complete isomorphism invariant of the algebra.
Note that the group of twists is trivial as the spectrum of the diagonal is
totally disconnected (ibid. II1.1.3). A finite relation on a totally
disconnected space is necessarily an elementary groupoid in Renault’s
sense (ibid. p. 123).

17° Example. We consider an example arising from Blackadar’s twisted
double embedding for which the relation in question may be viewed as a
skew product of relations (cf [5]). Let

(e o]
E={e2">17)~]]12,
be the Cantor set and ¢:E — FE be the continuous map defined by

(¢p(e)), = e,4, for each n.

Let F be the hyperfinite relation on E generated by ¢ and its iterates (note
that ¢ is a covering map), that is,

F = U R($");

note that the associated C*-algebra A(F,) (where F_ denotes the trivial
twist over F) is the Fermion algebra, that is, UHF of type 2.

Now, let 0 be a homeomorphism on a compact space Z and consider the
two-fold covering map ¢ :E X Z — E X Z defined by

_J(e(e), 2) ife, =0
ole, 2) _{(q)(e), o(z)) ifey = 1.

Let F, denote the hyperfinite relation on E X Z generated by ¢, and its
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iterates, that is,

k= U R(¢,)

(observe that F, may be viewed as a skew product of F and the trivial
relation Z with respect to an appropriate cocycle; see [5] for details). Since
¢, admits a continuous section, one has that ¢} is injective on all
cohomology groups (the same holds for (¢,)*). Hence,

Tw(¢,) = Im {, =~ coker(¢pp)* = HYE X Z, %)/ Im(e!)*;
furthermore

Tw(F) ~ lim Im .

The existence of a continuous section for ¢, entails the existence of
sections for the bonding maps in the inverse system {Im {,}. By fact 7 one
may infer (note that the bonding maps are surjective):

T™wWE) ~ I H(E x z, 9).

N.B. H(E X Z, %) ~ H%E, H\(Z, %)).

18° Example. Fix k > 0, and consider the following inverse system of
monomorphisms (of abelian groups):
ARl AR AR
}‘0 >‘l A2
Let p,:ZF — Z* denote the composite A o ... o A,_,; note that p, is a
monomorphism as well. By dualizing, one obtains a direct system of
compact groups:

™" > T > T > .
Y AY A2

.

where each map is surjective. As the kernel of each map is finite, they are,
in fact, covering maps when viewed as maps of topological spaces. We
wish to compute the group of twists for the associated hyperfinite
relation

R = U R(u,) wherep, = A, _j0...0A.
n
N.B. Let G, = ker p,, and G = U, G,; then G is a torsional subgroup of

Tk, as G, is finite for each n. Let i:G — TX be the inclusion map and note
that

R =~ R, = G X T' (cf. Section 3.5).

The long exact sequence of sheaf theory yields natural isomorphisms
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H'(, %)~ H'""'(,Z) forn >0,

which we shall, for computational reasons, avail ourselves of implicitly.
It is known that the cohomology ring of T may be identified (in a way
that preserves grading) with the exterior algebra on Z¥, that is

HX(TK, Z) ~ AZF.

Viewing Z¥ as the dual group, the identification ZF ~ H\(T, Z) arises by
identifying a character with its homotopy class (as a continuous function
from TX to T). Under this identification one has for each n

AD* =\, (on H(T, 2));

n

moreover, by the functoriality of the cup-product (cf. [14] Proposition
24.4)

A)*:H*(TX, Z) —> HX(T*, Z)

is a graded ring homomorphism. Hence, it is prescribed by its values on
the first cohomology group. Viewing the cohomology ring as the exterior
algebra on Z*, the above ring homomorphism may be written

AN, :AZF — AZF,
where V
AV, W CIWANN Ne;) = A ... /\An(ej).
It follows that AX, and, hence, Ap, is injective for each n. Hence

Tw(R) ~ lim coker(y, A p,), and
M(R) =~ Lim'(Z¥ A\ ZK, X, A A),
by Remark 12 above.
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