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Abstract  The singular boundary-value problem (g(z’(t))) = pf(t, z(t),z'(t)), z(0) = z(T) = 0 and
max{z(t) : 0 <t < T} = A is considered. Here p is the parameter and the negative function f(t,u,v)
satisfying local Carathéodory conditions on [0, 7] X (0, 00) X (R\{0}) may be singular at the values u = 0
and v = 0 of the phase variables u and v. The paper presents conditions which guarantee that for any
A > 0 there exists pa > 0 such that the above problem with u = p4 has a positive solution on (0, 7).
The proofs are based on the regularization and sequential techniques and use the Leray—Schauder degree
and Vitali’s convergence theorem.
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1. Introduction

Let T be a positive constant, J = [0,T], Ry = (0,00) and Ry = R\ {0}. We will consider
the singular boundary-value problem (BVP)

(9(z'(1))" = pf(t, x(t),2' (1)), (1.1
z(0) =0, z(T) =0, (1.2
max{xz(t): t € J} = A, (1.3)

where g € C°(R;R) is an increasing and odd function, f satisfies local Carathéodory
conditions on J xRy xRy (f € Car(J xRy xRg;R)), p € R is a parameter and A € R,
The function f(¢,u,v) may be singular at the value u = 0 and v = 0 of the phase variables
u and v, respectively.
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Let A € Ry. We say that z is a solution of BVP (1.1)—(1.3) if

(i) z € CH(J;R), g(2') € AC(J;R) (that is, g(z') is absolutely continuous on .J), z > 0
on (0,7);

(ii) z satisfies the boundary conditions (1.2), (1.3); and
(iii) there exists 4 € R such that x satisfies (1.1) with u = pa for a.e. t € J.

We recall that any solution of BVP (1.1)—(1.3) starts and finishes at the singular point
of f in the first phase variable and at an inner point of the interval J ‘passes through’
the singular point of f in the second phase variable.

The purpose of this paper is to give conditions on the functions g and f in (1.1) which
guarantee the solvability of BVP (1.1)—(1.3) for each A € R;. Problems of the above
form have received very little attention in the literature (see [3] and references therein).
In [3] the authors discussed the Lidstone BVP

(1) 2z (t) = ph(z(t), 2/ (1), ..,z 2(1),
#2(0) =2®N(T) =0, 1<j<n—1,

together with the condition (1.3) and where h may be singular at the zero value of all
its phase variables.

We note that problem (1.1), (1.2) is a singular Dirichlet BVP depending on the param-
eter p, and so we are looking for a value of u for which problem (1.1), (1.2) has a positive
solution on (0,T) satisfying (1.3). Under the assumption that problem (1.1), (1.2) has
a unique positive solution for each p from a subset of R, the shooting method can be
applied for solving the BVP (1.1)—(1.3). This procedure was used, for example, in [16]
for a special form of the function f and when g(u) = u, and the authors consider sign-
changing solutions. In this paper the uniqueness of solutions to problem (1.1), (1.2) is
not assumed. Another method, based on the implementation of parameters to differential
equations, functional differential equations and their systems with additional conditions,
has been employed, for instance, in [6,9,11,13,17-21].

We observe that the singular Dirichlet problem (1.1), (1.2) with g =1 and g(u) = u
in (1.1) and non-positive f(¢,u,v) which may be singular at the zero value of the phase
variable u and having positive solution on (0,7") has been considered in the literature
(see, for example, [1,2,8,12,14,15,22-27], and references therein). Here solutions were
considered in the class C°(J)NC?((0,T)) or C1(J)NC?((0,T)) or C°(J) N ACL_((0,T)).

To prove existence results for BVP (1.1)-(1.3), we use the following procedure. First,
we define a set of regular differential equations depending on n € N and, using the Leray—
Schauder topological degree and the Borsuk antipodal theorem (see, for example, [7]),
we show that a sequence of auxiliary regular BVPs of the type (1.1)—(1.3) has a sequence
{zn} of solutions. Then, applying the Arzela—Ascoli theorem we verify that a convergent
subsequence can be selected from {z, }. Finally, by Vitali’s convergence theorem (see, for
example, [5,10]), we prove that its limit is a solution of BVP (1.1)—(1.3).
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From now on,

lz]| = max{|z(¢)|: t € J} and |z|ec = essmax{|z(¢)

teJ}

stand for the norms in C°(J;R) and Lo (J;R), respectively. For a measurable set M C R,
(M) denotes the Lebesgue measure of M.
In this paper we use the following assumptions.

(Hy) g € C°(R;R) is increasing, g(—u) = —g(u) for u € R, lim,_, », g(u) = 0o, and there
exists B € Ry such that
g(u) <uP forueR,.

(Hg) f € Car(J x Ry x Rg;R) and there exists a € Ry such that
a < —f(t,u,v) fora.e.t e Jand each (u,v) € Ry X Ry.
(H3) For a.e. t € J and each (u,v) € Ry x Ry,

—f(tu,v) < ()b () + ha(uw)][wi(g(v]) +w2(g([v])], (1.4)

where ¢ € Loo(J;R,), hi,wy € C°0,00);R;) are non-decreasing, hz,ws €
C°(Ry;R,) are non-increasing, and

/01 ha(s)ds < o0, /01 wa(s)ds < o0, (1.5)
/Ooo Vs ds = 0. (1.6)

w1(s)

Remark 1.1. Since hy,ws : Ry — Ry are non-increasing, (1.5) implies that

v %
/ ha(s)ds < oo, / wa(s)ds < oo foreach V € Ry.
0 0

2. Auxiliary regular BVPs

Throughout this section we assume that assumptions (H;)—(Hjs) are satisfied. For each
n € N, define x,, € C°(R;R;) and f,, € Car(J x R%;R) by

1
u foru > —,
n
Xn(u) =

1
for u < —,
n

and

F(txn(w),v) for (t,u,0) € J x R x ((—oo,—1> U (l,oo)),

o) = 4 gl (00, ) (0 2 ) = £ (ot =2 ) (v 1)

11
for (t,u,v) € J x R x [—7}
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Then the inequalities
a < 7fn(taua U) (21)
and
—fn(t,u,v) < (t)[ha(w) + ha(1) + ha(u)][wi(g(Jv]) + g(1)) + wa(g(|v]))] (2.2)

are satisfied for a.e. t € J and each (u,v) € Ry x Ry.
Consider the family of regular differential equations

(9(2'(1)))" = wfult,x(t),2'(t)) (2.3)
depending on the parameters 4 € R and n € N.
Lemma 2.1. Let A € R} and let x be a solution of BVP (2.3), (1.2), (1.3) with some
= p, andn € N in (2.3). Then u, > 0, 2’ is decreasing on J,
o'(t) > g7 apa(§ = 1)) fort €[0,€],
(1) < —g ot —€) forte (&T},} 24

where g~! : R — R denotes the inverse function to g and & € (0,T) is the (unique) zero

of x,
4 for t € [0,¢],
CERE (2.5)
ﬁ(T—t) fortE(f,T],
and

S EoN

Proof. If p, <0, then (g(z')) > —ap, > 0 a.e. on J and so g(2’) is non-decreasing
on J, which implies that 2’ is non-decreasing on J as well. Since, by (1.3), 2’(to) = 0 for
aty € (0,T), we have 2’ < 0 on [0,¢9] and &’ > 0 on [tg, T] and then (1.2) yields < 0 on
J, contrary to (1.3). Hence p, > 0. Consequently, (g(z’)) < —ap, < 0 a.e. on J, from
which we deduce that 2’ is decreasing on J and 2’ has the unique zero £ € (0,7).

Using ¢g(0) = 0, 2'(§) = 0 and integrating (g(z’)) < —ap, over [t,€] C [0,£] and
[€,1] C [, T], we obtain (2.4).

Since 2(0) = z(T') = 0, z(¢) = A and z is concave on J, which follows from the fact
that z’ is decreasing on J, x satisfies (2.5).

It remains to prove (2.6). Since g(u) < u” for u € R, by (Hy), we have

gfl(u) > % for u € R+. (27)
Therefore (see (2.4)),

A

B 13 , § o B 1 apz§ .
w6 = [ w0 o e —ma-—— [Ty ma

Ay

1 ape§ &) - 1+(1//8)

> / Yiap = YT
Ay 0 1 + (1/5)
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and
13 T 1 apy (T—E€)
A=x© = [ W@ [ g ame-gar——— [ gl dt
T 13 aptz Jo
apy (T—E) 8 _ \14+(1/8)
> 1 / %dt: \/a:U'z(T f) )
apiz Jo 1+ (1/B)
Hence

_Vaka 1H(1/8) (7 _ oY1+ (/B 5 _ VW 1omi4(1/8)

and then from the inequality

1 9 1+(1/8)
Yap, <A1+ =) 5
a <a(1+5)(2)

we deduce (2.6). O

Lemma 2.2. Let A € Ry. Then there exists a positive constant P independent of
n € N and X € (0, 1] such that for any solution x of BVP (2.3), (1.2) with some pu = p,
and n € N in (2.3) satisfying

max{xz(t):t € J} =AA, Xe(0,1], (2.8)

the inequalities
o/l < P (2.9)
and
B 1+
1 1 2
s <A1+ = = 2.1

o<m<i(10+3)) (7) 21

are valid.

Proof. Let x be a solution of BVP (2.3), (1.2) with some y = p, and n € N in (2.3)
satisfying (2.8). Then, by Lemma 2.1 (with AA instead of A),

& 148 Ié; 143
1 1 2 1 1 2
s < — M1 — — < - Al1l _ - ,
ocusg(a(ieg) ) (7)) <i(a(+5)) (7)
x>0on (0,T), «’ is decreasing on J and has the unique zero £ € (0,T"). Hence
[[2']] = max{a'(0), —2'(T)} (2.11)

and

2(€) = M. (2.12)
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In addition, by (2.2),

(90" (1)) > —ap(®)[ha ((8)) + ha(1) + ha(a(®)]len (91" (B)]) + (1)) + w2<g<|:c’((t>|>>1)
2.13
for a.e. t € J. Consequently,
(9= (£)))'2'(t) B ) s
Sl + o)+l © PO Rl
(2.14)
for a.e. ¢t € [0,&], and
(9’ (1)) (1 B ) o
(g + 9(0) + gy - PepOIE) ) el
(2.15)
for a.e. t € [£, T]. Integrating (2.14) over [0,&] and (2.15) over [£,T], we get
/g(z (0)) g 1(s) ds
o wi1(s+g(1)) + wa(s)
o /5 (90’ (1)) (1 N
0 wig@ @)+ 9() + w2 (g@ D))
13
< fia / ()P ((8)) + P (1) + ha(2()]2 (£) dt
z(§)
< pellollo (hlmx(o [+ h2<t>>dt)
A
< plloloe (mmA + [+ ) dt) (2.16)
and
g(—a'(T)) g_l(s) 1
/o w1(s + g(1) + wals)
_ /T (9('(£)))'2'(2) N
e o(—g(@ D) + g(1) + wr(—g(@ (D)
T
< e /E (&) (@ () + ha (1) + ha(a())]2 () dt
z(§)
< —ttalllle ( @@ - [ o)+ h2<t>>dt)
A
< ol (mu)A + [ )+ nato) dt). (2.17)
Since ~ o
/0 () du = o0
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by (Hs), from the properties of w; and using (2.7) we have

> g (w) v oo
/o or(atg) M=

and then from the fact that we : R; — R is non-increasing we deduce that

/00 g l(u) du = 0
o wi(u+g(1)) +wa(u) '

Hence there exists a positive constant () such that

N g~ (u) .
| ot 0 bl (@A [ + () du).

Then (2.16) and (2.17) give
max{g(z'(0)), g(=2"(T))} < Q,
and from (2.11) we see that (2.9) is satisfied with P = g=1(Q). O

Lemma 2.3. Let A € Ry. Then there exists a positive constant p, independent of

n € N such that for any solution x of BVP (2.3), (1.2), (1.3) with some j = pi; and
n € N in (2.3), the inequality

HA < U (2'18)

is satisfied.

Proof. Let z be a solution of BVP (2.3), (1.2), (1.3) with some y = p, and n € N
in (2.3). Then z(§) = A, where £ € (0,T) is the unique zero of 2’ (see Lemma 2.1).
Whence

A=x(§) —2(0)=2"(m)s,  A=a(8) —2(T) = —2'(n)(T - &),

where 0 < mp < & < m2 < T, and so a/'(m) = A/E, —a'(n2) = A/(T — &). Since
min{{, T — &} < T/2, we have max{z'(m), —2'(n2)} = 2A/T and then |z'|| > 2A4/T.
Now arguing as in the proof of Lemma 2.2 (see (2.16) and (2.17)),

g(2A/T) g_l(S) g(llz’|) g_l(s)
/o (5 1 9(D) + (o) d“/o o5 1 9(D) +an(s)

A
< allll (hlmA [ (hals) + has)) ds>.

0

Thus (2.18) holds with

= ([ s )/ (s (moas [ aatonas))

O
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Lemma 2.4. Let A € R;. Then BVP (2.3), (1.2), (1.3) has a solution for each n € N.

Proof. Fix n € N and let P € R, be given by Lemma 2.2. Set

= {(x,,u) Sz, p) € CHT;R) xR, |jz|| < A+ 1, ||2/|| < P,

& 1+8
1 1 2
A1+ = — 1p.
g (ae3) (7)1}
Then {2 is an open, bounded and symmetric with respect to (0,0) subset of the Banach

space C1(J;R) x R. Define H : [0,1] x 2 — C*(J;R) x R by

HO\ ) = {/Otgl <B + u<(>\ st a [ fulrale), 2 () dr>> ds,

0
AMmax{z(t) : t € J} + min{z(t) : t € J}] + (1 = Nz (37T) + u},
where the constant B = B(\, z, u) is the unique solution of the equation
ple; Az, pu) =0 (2.19)
with

ple; N,z p) = /OT g ! (c + u(()\ — 1)t + A/Ot fn(s,2(s),2'(s)) ds>) dt. (2.20)

The existence and uniqueness of a solution for (2.19) follows from the fact that p(-; A, x, )
is continuous and increasing on R and

lim p(C, A7x7/“’t) = =00, lim p(C, A7x7/“’t) =0
c——00 c—00

for each (A, x, ) € [0,1] x £2.
Since

t
H(0, 2, 1) = {/ 97 (B — ps)ds,x(5T) + u}7
0
where B is the unique solution of the equation p(c; 0, z, 1) = 0, that is the equation
T
/ g (e —pt)dt =0,
0
the mean-value theorem for integrals gives B = utg for a to € (0,7). Hence
t
H(0,z, 1) = {/ g N(ulto — s))ds, z(3T) + ,u},
0

and we see that H (0, —x, —pu) = —H(0,z, u) for (z,u) € £2. Consequently, H(0,-,-) is an
odd operator.
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We are going to show that H is a compact operator. Let

{(Am, s ) } C [0, 1] % 2 and n}iLI})O(Amvxm?ﬂTn) = (Ao, To, H1o)

in [0, 1]xCY(J; R)xR. Let By, be the (unique) solution of the equation p(c; A, T, fm) =
0, where the function p is given by (2.20). Since | f,, (¢, zm (t), 2, (¢))| < q(¢) for ae. t € J
and each m € Nwith a g € L;(J;R), we see that {B,,} is bounded. If { B,,, } is not conver-
} and {B;,, } such that lim,,, - By, = c1,
lim,,, o0 Bi,, = c2 and ¢; # co. Then applying the Lebesgue dominated convergence the-

gent, there exist convergent subsequences {Bk

m

orem, we have

0= mlijnooP(Bkm Ak s Tk s Mk ) = P(C15 Ao To, H0)

and

0= lim p(Bi,,;\,., T, t,,) = p(c2; Ao, Zo, Ho),

m— 00

which contradicts p(c1; Ao, Zo, o) 7# p(c2; Ao, To, o). Hence {B,,} is convergent and let
lim,,,— oo By, = Bg. Then

lim gt (Bm + Lo <()\m —1Ds+ A\ /8 (T T (7), 20, (7)) d7'>) ds
0 0

= / gt (BO + pp ((/\0 —1)s+ /\0/ In(T,zo(7),25(T)) dT)) ds
0 0
in C1(J), and since

im (A [max{z, (1) : ¢ € J} + minfa, (t) : ¢ € T} + (1 - M) T (BT) + pm)
= Mo[max{zo(t) : t € J} +min{zo(t) : t € J} + (1 — No)wo(5T) + o,
H is a continuous operator. Let {()\;,x;, 1;)} C [0,1 x £2]. Then the sequence
{0y mascl (6) < ¢ € T} 4+ minfa; (0) ¢ € T} + (1= A, (A1) + 4y}

is bounded and there exists r € L1(J;R) such that |f,(¢,z;(t), 2} (t))| < r(t) for ae.
t € J and each j € N, and so {B,} is bounded where B; is the unique solution of the
equation p(c; Aj, z;, ;) = 0. Hence

{/Otg‘1 (Bj + 1 ((/\j —1Ds+A; /0 falT, xj(T),x;(T))dT» ds}

is bounded in C1(J;R) and

(Bt (0=t [ st as) )
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is equicontinuous on J. So {H(\j, z;, 1)} is relatively compact in C*(J;R) x R by the
Arzela—Ascoli theorem and the Bolzano—Weierstrass theorem. Finally, let

H()‘Oa X, MO) = (an MO)

for some (Ao, Zo, po) € [0, 1] x 2. Then from the definition of the operator H we deduce

that
(9(xh (1)) = polAo — 1+ Aofnlt, zo(t), 2h(¢))] for ae. t € J, (2.21)
20(0) =0,  xo(T) =0 (2.22)

and
Molmax{zo(t) : t € J} +min{zo(t) : t € J} + (1 — Ao)zo(3T) = 0. (2.23)

If po > 0, then (2.21) gives (g(z()) < 0 a.e. on J, and using (2.22) we get xo > 0 on
(0,T), contrary to (see (2.23))

0 = Mo[max{zo(t) : t € J} +min{ao(t) : t € J} + (1 — Ao)zo(57T)
= Aomax{zo(t) : t € J} + (1 = Ao)wo(37) > 0.

Let pg < 0. Then from (2.21) it follows that (g(z())’ > 0 a.e. on J which, together with
(2.22), yields zg < 0 on (0,7, contrary to (see (2.23))

0 = N[max{zo(t) : t € J} + min{zo(t) : t € J} + (1 — )\O)xo(%T)
= Ao min{xo(t) it e J} + (1 — )\0).’)30(%11) < 0.

Hence pg = 0 and then from (g(z()) = 0 a.e. on J and (2.22) we see that xo = 0,
contrary to (0,0) = (g, o) € 912. We have proved that H(\, x, u) # (x, p) for X € [0,1]
and (z,p) € 012. Therefore, by the Borsuk antipodal theorem, D(Z — H(0, -,-), £2,0) #
0, where ‘D’ stands for the Leray—Schauder degree and 7 is the identity operator on
CY(J;R) x R. In addition,

D(I - H(17 ) ')7 "(270) = D(I - H(Oy ) ')7 'Qa O)
by the homotopy invariance property. Consequently,
DT - H(1,-,-),$2,0) #0. (2.24)

Finally, define the operator K : [0,1] x 2 — C'(J;R) x R by

ko) ={ [ o (04 u [ futratratear ) as

max{z(t):t € J} + min{z(t) : t € J} — AA + u},
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where the constant C' = C(A, z, 1) is the unique solution of the equation
r(e A z,u) =0 (2.25)

with
r(e\ @, 1) = /OT gl<c+u/0t fn(s,x(s),x’(s))ds> at. (2.26)

The existence and uniqueness of a solution of (2.25) can be verified in the same way as
that for (2.19). Arguing as in the case of the operator H, it may be proved that K is a
compact operator. Assume that K(As, Ty, pts) = (@4, s) for a (Ay, 4, ps) € [0,1] x OL2.

Then
(g(2, (1)) = pafr(t, (), 2 () for ae. t € J, (2.27)
x.(0) =0, 2.(T)=0 (2.28)
and
max{x.(t) : t € J} + min{x.(t) : t € J} = A A. (2.29)

If e <0, then (g(z)) = 0 a.e. on J by (2.27), and using (2.28) we deduce that x, <0

*

on J. Hence max{x,(t) : t € J} =0 and (see (2.29))
0 < MA =max{z.(t):t € J} + min{z.(t) : t € J} = min{z.(¢) : t € J}

leads to z, = 0. Then p, = 0, which follows from (2.1) and (2.27), contrary to (0,0) =
(@, pis) € O£2. Whence p, > 0, and then, from (g(z,)) < 0 a.e. on J and (2.28), we
conclude that x, > 0 on (0,7) and (2.29) yields max{z.(t) : t € J} = A.A. So z,
is a solution of BVP (2.3), (1.2), (2.8) (with g = p. in (2.3) and A = A, in (2.8)).

Consequently,
P H <A1+ = =
ll<r < (a(1+5)) (3)

by Lemma 2.2, and ||z«]] = A\A < A. Hence (x4, puy) € 02 and we have proved that
KAz, 1) # (x,p) for A € [0,1] and (z,u) € 92. Now, by the homotopy invariance
property,

D(Z - K(0,-,-)2,0) = D(T — K(1,-,-)2,0),

and since H(1,-,-) = K(0,-,-), (2.24) gives
D(T -K(1,-,-),$,0) #0.

Then there exists a fixed point (&, i) of the operator (1, -, ) and it is easy to check that
Z is a solution of BVP (2.3), (1.2), (1.3) with g = & in (2.3). O

Lemma 2.5. Let A € R, and let z,, be a solution of BVP (2.3), (1.2), (1.3) withn € N
in (2.3) and let &, € (0,T) be the (unique) zero of x},. Then there exist 0 < ¢; < ca < T
such that

c1 <&, <cg forneN., (2.30)
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| < P for

Proof. By Lemma 2.2, there exists a positive constant P such that |7 |

n € N. Since z,(&,) = A, we have
A=1z,(6n) —2n(0) = f%(Tn)Snv A=z,(6n) —2n(T) = x;(gn)(gn -T),

where 0 < 7, < &, < 0, <T. Then

A
P> (m)=—, P> -2 (0,) = ,
and so 4 4
p<§n<T—F for n € N.
Hence (2.30) holds with ¢; = A/P and ¢o =T — A/P. O

Lemma 2.6. Let A € R,. For each n € N, let x,, be a solution of BVP (2.3), (1.2),
(1.3) with n € N and p = u,, in (2.3). Then the sequence

{fu(t,zn(t), 2,,(1)} C La(J)

is uniformly absolutely continuous (UAC) on J, that is, for each € > 0 there exists § > 0
such that

[ 1atta, o)l de < 2
M
for n € N whenever M C J is a measurable set and (M) < 0.

Proof. By Lemma 2.2 (for n € N),

?t for t € [0,&,],
Tn(t) = A
Tffn(T_t) for t € (&,,T],

where &, € (0,T) is the unique zero of z, and

wn(&n —t) for t €[0,&,],
,un(t - €n) fort e (§7L7T]-

Next, by Lemmas 2.2, 2.3 and 2.5, there exist positive constants P, uq and 0 < ¢; <
¢y < T such that (for n € N)

]l < P,
3 1443
1 1 2
Spn <A1+ = 2.31
e (4045)) (7) e
and
1 <&n < ca. (2.32)
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A= min{A, qu,a;m}.

C2

Set

Then (for n € N)

(t) > {At for t € [0,&,], (2.33)
A(T —t) fort e (&,,T),
and
g(mn(t)) 2 (gn - t) fOI‘ t S [O’gn]’ } (234)
g(lzn(®)]) = At — &) for t € (&, T).

Next (2.2) gives

| fu(t, 2 (), 27, (8))] < [llloo[S1 + ha(2n(1))][S2 + w2 (g(|z7 (1)]))]
for a.e. t € J and each n € N, where
Sy = h1(A), Sy = wi(g(P)).
Hence to prove our lemma it suffices to verify that the sequences

{ha(zn ()}, Awa(g(zn (O} {ha(zn(®)w2(g(l27,(B)))} (2.35)

are UAC on J. From the structure of measurable sets in R we deduce that the sequences
(2.35) are UAC on J if for each ¢ > 0 there exists § > 0 such that for any at-most-
countable set {(a;,b;)};ey of mutually disjoint intervals (a;,b;) C J, 32, c5(b; — aj) <9,
we have

Z/ ho(z, (1)) dt < ¢, Z/ ) dt < e,

JEI 2

> hm wag(lz, (1)) dt < e

jET Y

for each n € N.
For this, let {(aj,b;)}jey be an at-most-countable set of mutually disjoint intervals
(aj,b;) C J. We first show that {ha(z,(t))} is UAC on J. Set

Jn=A{j:7 €, (a,0) C (0.&n)},  Tn={j:j€l, (aj.b;) C (&, T)}

for n € N. Then for j € J. and i € J2 we have (see (2.33))

b b; 1 A
/ ha(n () dt < / matydr=+ [ haryar, (2.36)
a; Aaj

b; 1 A(T—a;)
/ ha (@ () / ha(A(T — 1)) dt = ho(t)dt.  (2.37)
as A Jam-b)
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IfJ#J, U2 and {jo} = I\ (J, UJ?), that is a;, < &, < bj,, then

/bjo ho(2n (1)) df < /5" ha(At) dt + /% ha(A(T — 1)) dt

30 Jo n

1 Agn A(ngn)
=X {/ ha(t) dt +/ ha(t) dt]. (2.38)
Since ho € L1([0, AT]) and

Aajo A(Tibj())
YA —a)+ D AT —a) = (T =b)] + En =AY (b —ay),

jeIt €2 JEJ
where
_jo ifJ=JL,ul?
" A(bjo _a’j0> if {.70}’ :J\(J’Il’LUJ?l)7

we conclude from (2.36)—(2.38) that {ha(x,(t))} is UAC on J.
We are going to show that {wa(g(|2,(¢)]))} is UAC on J. For j € J! and i € J2, it
follows from (2.34) that

bj bj A(gn*ai

[ watatlan@mat< [ e - 1 / AU TRCED
Jbi ;)1 1 (n —&n)

/. wz(g(lx;(t)p)dtg/ w2 (At = &p)) dt = < e wg(t)dt, (2.40)

and if {jo} = J\ (JL UJ?), then

bjg &n bjg
/ walg(l, () dt < / (DG, — )t + / (At~ €,)) dt

3o 30 n
1 A(&n—ajy) A(bjo—En)
= — [/ wo(t) dt + / wa(t) dt] . (2.41)
A 0 0

Since wy € L1([0, AT]) and
S Al — ;) = (60— b)] + S Al — &) — (5 — £0)] + B = A (b — ay),
JETL i€J? JEJ

we see from (2.39)—(2.41) that {wa2(g(|z,,(¢)]))} is UAC on J.
Finally, we consider the third sequence in (2.35). Let

A =min{lc;, H(T — ¢c2)}
and suppose that b; —a; < A for each j € J. Set
le{j:j€J7aj A}7
Io={j:jel, b >T— A},
X, ={i:j €I\, (a;,b)) € (0,€a)},
X’IQ’L = {] ] EJ\]IQ? (aja ) (fna )}

\\/ N
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for n € N. Then for each j € I, i € Iy, k € X! and | € X2, we have (see (2.33) and
(2.34))

bj bj
[ halen(®)a(a((e) (D) de < wal248) [ a(re) e

_ w(244) / ha(t) dt, (2.42)
A Aaj

| halan(®)eaaller @) dt < wa242) [ ha(AT - 1)t

_ wy(244) AT
_ 2l /A L, el (2.43)
by b
/ ha(a (8))w(g(|2 (1)) dt < ha(AA) / wa( A€ — 1)) dt
B hg(/lA) A(ﬁn—ak)w
==X /A(ﬁn—bk) 5 (t) dt, (2.44)
by by
| hafen®halolian D) de < ha(42) [ wa(A(e -~ g) a
A(bi—&r)
= hQ(ﬁA) /A e wo(t) dt, (2.45)

and if ag, < &, < by, for some ky € J, then

brg
/ (0 (1) w2 (g (|, (8)])) dt

Ak

< hafasy)| " (A — 1)t + / " (Al 6) ]

ko n

A(gnf‘lko) A(bkoffn)
_ ha(44) { / wo(t) dt + / wa(t) dt} (2.46)
0 0

A

Since

STAW; —a) + Y AT —ai) = (T =)+ Y Al(n — ar) — (&n — b))

je€h i€ly kexy
+ Y Al &) = (@ — &)+ Hy = A (b —ay),
lex2 JEI
where
g o]0 ifJ=T UL UX,UXZ,
" A(br, — ag,) if {ko} =TI\ (I, UL UXL UX2),
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it follows from (2.42)—(2.46) that

S [ hateati)eatole @) ar
jey v
1

< Amax{hQ(AA),wQQAA)}[ /M (ha(t) + wa(t)) dt + / (ha(t) + wa(t)) dt |,

M2

(2.47)
where M}, C (0,AT) are measurable sets, u(M},) <A, 1(bj —aj), for i = 1,2 and
each n € N. We know that g2, w2 € L1([0, AT]), and consequently (2.47) shows that the
sequence {ga(x, (t))w2(g(|z,,(¢)])} is UAC on J. O

3. Existence results and an example

Theorem 3.1. Let assumptions (Hy)—(Hj3) be satisfied. Then for each A € R, there
exists a solution of BVP (1.1)—(1.3).

Proof. Fix A € R;. By Lemma 2.6, for each n € N, there exists a solution x, of
BVP (2.3), (1.2), (1.3) with g = p, in (2.3). Consider the sequence {z,}. Applying
Lemmas 2.1-2.3 and 2.5 and arguing as in the proof of Lemma 2.6, there exist positive
constants P, A, pua and 0 < ¢1 < ¢o < T such that the inequalities (2.31)—(2.34) are
satisfied for each n € N, where &, € (0,T) denotes the unique zero of z/,. In addition, the
sequence { f,, (¢, zn(t),2,,(t))} is UAC on J by Lemma 2.6, which implies that {g(z/,(t))}
is equicontinuous on J and now the uniform continuity of g~ on [—g(P), g(P)] and

|27, (t1) — @y, (t2)] = |9~ (g, (1)) — 97 (g(an(22))], tr,t2 € J, n €N,

show that {«] (¢)} is equicontinuous on J. The Arzela—Ascoli theorem and the Bolzano—
Weierstrass theorem, going if necessary to subsequences, imply that we can assume
that {x,} is convergent in C'(J;R) and {pu,} and {&,} are convergent in R. Let
limy, oo Tn = T, liMy, 00 fhn = p and lim, o0 &, = €. Then @ € C1(J;R), 2(0) = 2(T) =
0, max{z(t) : t € J} = A and

c1 < § < e, NA<#<G<A(1+B)> <T> .

Taking the limit as n — oo in (2.33) and (2.34), we get

o) > {At for t € [0,€],
A(T —t) forte (&T],

and
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It follows from the construction of the functions f,, € Car(J x R?;R) that there exists
V C J, u(V) =0, such that f,(t,-,) is continuous on R? for t € J\ V and n € N. Then

im f,(t, 2, (t), 2, (t)) = f(t,z(t),2'(t)) forte J\(VU{0,£T}).

n—oo
Consequently, f(t,z(t),z'(t)) € L1(J) and
t

lim [ fu(s,xn(s),z)(s))ds = /0 f(s,z(s),2'(s))ds forteJ

n— oo 0

by Vitali’s convergence theorem. Finally, letting n — oo in the equalities

g((1)) = 9((0)) + un / fu(s,2(s), 20y(s)) ds, t€J, neN,

we have
o(a'(£)) = gz (0)) + / fs,2(s),2(s))ds,  te .

Hence g(z') € AC(J;R) and z is a solution of (1.1). We have proved that x is a solution
of BVP (1.1)—(1.3). O

For the continuous function f in (1.1) the following corollary immediately follows from
Theorem 3.1 and the above considerations.

Corollary 3.2. Let f € C°(J x Ry x Rg;R) and assume that (Hy)—(Hs) are satisfied.
Then for each A € R, there exists a solution x of BVP (1.1)-(1.3). If £ € (0,T)
denotes the (unique) zero of x’, then g(x’) € C*(J\ {0,&,T};R) and (1.1) is satisfied for
te J\{0,¢T}.

Example 3.3. Consider the differential equation

q3(t) qa(t) qs(t)
72 T3 |1;’|771 |$/ |7]2

(|2'|P sgn ') + M<Q1 (t) + g2(t)2" + + qa(t)x'|"3) =0, (3.1)
where p € Ry, ¢1 € Lq1(J;[a,00)) with an @ € Ry, ¢; € Loo(J;[0,00)) (2 < j < 6),
7 € [0,00), 2,73 € (0,1), m1,m2 € (0,p) and n3 € (0,1+p). Equation (3.1) is the special
case of (1.1) with

g(u) = |uf’sgnu, u€R,
and

) | ) | g)
uv2? u’Y3"U|"71 "Ul”h

F(tuw) = —((h(t) L+ T q6<t>|v|"3)
for (¢t,u,v) € J x Ry x Rg. Let M = max{]|¢;|loc : 1 < j < 6}. Then
0 < — (.0, 0) < 2M [y (u) + ha()] s (g(Je])) + w2(g(fe]))]

for a.e. t € J and each (u,v) € Ry x Ry, where

1 1 1
hi(u) =140, ha(u) = ot 0 wi(u) = 14u™77, wa(u) = 14+ —r .
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Hence g satisfies assumption (Hy) with 8 = p and f satisfies assumptions (Hs) and
(H3) with ¢(t) = 2M. By Theorem 3.1, for each A € R, there exists a solution of
BVP (3.1), (1.2), (1.3).
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