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Homogeneous Suslinian Continua

D. Daniel, J. Nikiel, L. B. Treybig, H. M. Tuncali, and E. D. Tymchatyn

Abstract. A continuum is said to be Suslinian if it does not contain uncountably many mutually exclu-
sive non-degenerate subcontinua. Fitzpatrick and Lelek have shown that a metric Suslinian continuum
X has the property that the set of points at which X is connected im kleinen is dense in X. We extend
their result to Hausdorff Suslinian continua and obtain a number of corollaries. In particular, we
prove that a homogeneous, non-degenerate, Suslinian continuum is a simple closed curve and that
each separable, non-degenerate, homogenous, Suslinian continuum is metrizable.

1 Introduction

Suslinian continua were introduced by A. Lelek in [6]. Fitzpatrick and Lelek [4] have
shown that a metric Suslinian continuum is connected im kleinen at each point of a
dense set. If it is also atriodic, then the set of points at which it is locally connected is
dense. They also construct a non-degenerate rational, therefore, Suslinian dendroid
in the plane such that each nonempty, connected, open subset is dense and, hence,
the continuum is nowhere locally connected.

In [3], the authors have shown that Suslinian continua are perfectly normal and
rim-metrizable, and that locally connected Suslinian continua have weight at most
w; and under appropriate set-theoretic conditions are metrizable. In [1], the latter
result was improved by showing that under the Suslin Hypothesis, each Suslinian
continuum is metrizable.

Herein, we continue our study of Suslinian continua by demonstrating the first
result above of Fitzpatrick and Lelek for general continua: the set of points at which
a Suslinian continuum is connected im kleinen is dense. As a corollary, we prove
that non-degenerate, homogeneous, Suslinian continua are simple closed curves. It
follows that each separable, homogeneous, Suslinian continuum is metrizable.

2 Preliminaries

A compactum is a compact Hausdorff space. A continuum is a connected compactum.
A continuum is said to be Suslinian if it does not contain uncountably many mutually
exclusive non-degenerate subcontinua. An arc is a continuum that admits a linear
ordering such that the order topology coincides with the given topology. It is well
known and easy to prove that each ordered compactum is contained in an ordered
continuum. A Suslin line is a linearly ordered continuum that is not separable and
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in which each family of pairwise disjoint open subsets is countable. A Hausdorff
space X is said to be an IOK if it is the continuous image of some compact ordered
space K. If K is also connected, then X is said to be IOC. A simple closed curve is a
non-degenerate continuum which is disconnected by each pair of its distinct points.

A topological space X is said to be homogeneous if for each x, y € X there is a
surjective homeomorphism h: X — X with h(x) = y.

Recall that a space X is locally connected (resp., connected im kleinen) at a point p
provided that it admits a basis of open connected neighbourhoods (resp., connected
neighbourhoods) of p. It is locally connected provided that it is locally connected at
each point. It is well known and easy to see that if a space is connected im kleinen at
each point, then it is locally connected. For other terms and definitions, the reader is
referred to [16].

3 Main Results
The proof of the following lemma utilizes the ideas of [4, Theorem 3.1].

Lemma 3.1 If X is a non-empty Suslinian continuum and U is a non-empty open
subset of X, there exists a continuum C with non-empty interior such thatC C U.

Proof Let U be a non-empty open subset of X, and let O be an open set such that
O C Cl(O) C U. Let K denote the set of components of C/(O) that meet O. By
the Boundary Bumping Theorem, each element of K also meets the boundary of O.
Then K is a collection of mutually exclusive non-degenerate continua and therefore
K is countable. Since K is a closed cover, it follows from the Baire Category Theorem
that there is some element C € K with non-empty interior. ]

Theorem 3.2 If X is a non-degenerate Suslinian continuum, then every non-empty
open set in X contains a Cantor set at every point of which X is connected im kleinen.

Proof Using a standard recursive argument we obtain for every finite sequence s of
0’s and 1’s a non-empty open set U in X and a continuum C; such that for every s
we have (Cl(U;) N Cl(Us,;)) = @ and (Cl(Usp) U Cl(Us1)) C Cs C Us. (Here, if
n is a natural number and s: {1,2,...,n} — {0, 1} is a sequence and i is in {0, 1},
then s,i: {1,2,...,n,n+ 1} — {0,1} is defined by s,i(m) = s(m) if m < n and
s,iln+1) =1.)

Every point x in the Cantor set {0, 1} determines a continuum in X, the inter-
section Cy = N,Cy|, = NyUy,. (Here x|, denotes the first n coordinates of x.) For all
but countably many x the continuum C, consists of one point. Thus, there is a copy
D of the Cantor set in {0, 1}" such that C, is a singleton {d,} for each x € D. The
continuum X is connected im kleinen at each d, as witnessed by the continua Cy,.
The map x — d, is an embedding of D. ]

Proposition 3.3 A Suslinian homogeneous continuum is locally connected.
Proof By Theorem[3.2] it is connected im kleinen at each point. [ ]

Proposition 3.4 A Suslinian, non-separable, homogeneous continuum X is rim-finite
and is, therefore, the continuous image of an arc.
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Proof In [3], it is shown that X contains a hereditarily locally connected subcontin-
uum Y with non-degenerate interior in X such that X is rim-finite at each point of Y.
By homogeneity, X is rim-finite and is, therefore, the image of an arc ([10,15]). ®

In [9], Nikiel and Tymchatyn have shown that if a homogeneous compactum is
an IOK, then either X is zero-dimensional or one of the following holds:

(i) X is metrizable;
(ii) X is a union of finitely many pairwise disjoint simple closed curves.

It follows that a homogeneous continuum that is an IOK is either metrizable or a
simple closed curve. We have the following corollary.

Corollary 3.5 A Suslinian, non-separable, homogeneous continuum is a simple closed
curve.

We note that an example to which the previous corollary applies can be obtained
from a homogeneous Suslin line. For example, see [14].

The proof of the following theorem is necessary because Corollary[3.5lcovers only
the non-separable case.

Theorem 3.6 Let X be a homogeneous Suslinian compactum with dim(X) > 0. Then
X is the pairwise disjoint union of finitely many simple closed curves. If X is also sepa-
rable then it is metrizable.

Proof Let X be a homogeneous Suslinian compactum with dim(X) > 0. Each com-
ponent of X is a non-degenerate homogeneous continuum. Since X is Suslinian,
compact, and homogeneous, it can only have finitely many components. Hence, it
suffices to suppose X is connected. By Proposition[3.3] X is locally connected.

Suppose X has no local separating point. Let Ay and By be disjoint, non-degen-
erate continua in Uy = X. By [13], let Uy and Uy be connected open sets such
that cl(Uy;) C Ug fori = 0,1, cl(Ugy) N cl(Upy) = @ and Uy; N Ay # & and
Uy N By # @ fori = 0,1. Let Ay; C Uy; N Ag and By; C Uy; N By fori = 0,1 be
non-degenerate continua. For i = 0, 1, let Uy;j, j = 0, 1 be connected open sets in
Uy; with disjoint closures that are contained in Uy; such that each Uj;; meets both
Aopi and By;. Continuing recursively, we obtain an uncountable family of pairwise
disjoint continua from Ay to By, which is a contradiction. Hence, X contains a local
separating point. By homogeneity each point of X is a local separating point of X.

If X is metrizable, by [16, I11.8.4.1] some local separating point x of X is a point of
order 2 (i.e., x has a neighbourhood base of open sets with two point boundaries.).
Hence, each point of X is order of 2. It follows that X contains no triod. Since it is
locally connected, it is a 1-manifold. Since it is homogeneous, it is a simple closed
curve. We remark that a separable simple closed curve is metrizable, as each separable
arc is metrizable.

If X is not metrizable, by the remarks preceding Corollary[B.5] it suffices to prove
that X is hereditarily locally connected because hereditarily locally connected con-
tinua are IOC by [8]. We argue by contradiction. By [11], suppose X contains a
continuum of convergence D. Let {D;}°, be pairwise disjoint continua in X \ D
with DN D; = @ for each j and such that some subnet of D;’s converges to D. Let
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D’ be an irreducible continuum from a to b for some distinct pair of points a, b in
D. By [5], there exists 7: D’ — L a continuous map of D’ to an arc L such that the
fibers of 7 are nowhere dense continua. Now, m(a) and m(b) are endpoints of L and
we give L its cutpoint order with initial point 7(a). If ¢ < d in L, we let (¢, d) denote
the open interval from ¢ to d in L. Since X is Suslinian, 7 has at most countably many
non-degenerate fibers. Let F/ = {x € D' : 77! (7(x)) = {x} and x # a,b}. Then
F’ is a dense Gj set in D’. Each point of F’ disconnects D’ between a and b. So F’
is naturally linearly ordered and F’ is homeomorphic to 7(F’). Each point of F’ is
a point of order 2 in D’. Since X is perfectly normal ([3]), let {U;} be a countable
sequence of connected open sets such that c/(U;;;) C U; and (U; = D’. For each
x € F',let D'\ {x} = A, U B,, where A, and B, are disjoint connected open sets in
D' witha € A, and b € B,.

For each x € F’, let U, be a connected open neighborhood of x such that U, \
{x} = P, U Qy, where P, and Q; are disjoint non-empty open sets. Let a,,b, € F’
such that x € 7~ !((n(ay), w(b,))) C U,. Without loss of generality, we may suppose
the connected set 7~ ((7(ay), 7(x))) C Qy. Let

F' = {x e F'[ 77! ((n(x),m(bx))) C Px}.

Forx € F'\ F",let U} C U, be a connected open neighbourhood of x such that
d(U)N D' C m Y(n(ay),m(by))). Let U’y = (P, NUS) UQ, U {x}. ThenU’,
is a connected open neighbourhood of x, and (P, N U) U {x} is connected, locally
connected, and locally compact. The boundary of P, N U} contains x as an isolated
point and D’ N cl(P, NU}) = {x}. Since D’ = (U, there exists i such that the
boundary of P, N U except for x is contained in X \ U;. Let L, be a non-degenerate
continuum withx € L, C cl(P, N U} NU;).

If F’ \ F"/ were uncountable, then there would exist a positive integer i such that
for each of uncountably many x € F' \ F”/, P, N U had boundary except for x in
X\ U;. It would follow that for such x, the collection {L,} would be an uncountable
collection of pairwise disjoint, non-degenerate continua contradicting the Suslinian
condition on X. Thus, F’ \ F’/ is at most countable.

Let x € F” . We prove that for some i, a and b lie in different components of
U; \ U,. Let C; be the component of a in cl(U;) \ U,. Then C;4; C C; and (C;
is a continuum in D’ \ U,. So b ¢ (\Ci. Let j be such that b ¢ C;. Since x
separates U, between 7~ !((m(a,), 7(x))) and 7~ ((7r(x), w(by))) and () cl(U;) = D,
it follows that x separates Uy between a and b for some k > j. Moreover, since F'/
is uncountable, there exists an uncountable subset F* of F’’ and a positive integer i
such that U; \ {x} = K, U L, where K, and L, are disjoint open sets with a € K, and
b € L, for each x € F*. Since X is Suslinian, we may suppose each point of F* is a
limit point of F* from both above and below in the natural order on F*. Note that
for each j, D; ¢ Uj, since each point of F* separates U; between a and b.

Let x < x* < x" in F* and let W be a connected neighborhood of x* in K,» N
L, N U;. Since x* € lim D, there is a continuum in W from x* to D; for some large
j. Since the continuum D; ¢ Uj, there is a continuum in c/(K,/) N cl(Ly) from x
to X \ U;. Since x is a limit point of F* from both above and from below, it follows
that there is a continuum M, from x to X \ U; such that M, N D’ = {x} for each
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x € F* and such that M, N M,, = @ for each distinct pair of points x, y € F*. This is
again a contradiction to the Suslinian hypothesis on X. It follows that X contains no
continuum of convergence. Hence it is hereditarily locally connected. This completes
the proof of Theorem 3.6 ]
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