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INVARIANT VECTORS OF A
NONRECURRENT MARKOV MATRIX

BY
S. R. FOGUEL

ABSTRACT. Let P be an irreducible Markov matrix. Assume:
pij =0if |i —j| > K — 00 <i <oo.
We study conditions for such a matrix to be nonrecurrent. If P is nonre-

current we study the invariant vectors of P (invariant column vectors and
invariant row vectors).

1. Notation. Let P = (p; ;), —00 < i, j < 00, be a Markov matrix, namely:

[e ]
pij 2 0; Z pi,j=1.

j=—00

Let us denote column vectors by f, g, and row vectors by u, v, w. Thus

PrG) =Y pif (D, uP() = Y uli)pi ;-
j:—oo I=—00

If P is non-recurrent then:

o0
ZP"IX € Loy, whenever X is finite;
n=0

[ee]

ZuP" < 00, whenever 0 = u € £,.

n=0
P is called irreducible if given 7, j there exists an n > 0 with p(") > 0. If P is recurrent
and irreducible (ergodic) then:

f20,Pf =f=f = Const.

If P is irreducible then P is either recurrent or nonrecurrent. An elementary discussion
of these notions is given in [2, Chapter II].
Our main results are:
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(1) Changing a finite number of rows does not effect nonrecurrence.

(2) If the changed rows have a finite number of non-zero terms then the two cones
of invariant vectors are isomorphic.

(3) Computations of the cones of invariant vectors for some simple cases.

Put

o

(wf) = uGf

Let 0 = h, h(i)) = 1,0 = w, ) w(@) = 1. Then A @ w is the Markov matrix
(h®@w); ;j = h(Dw()).

Thus: (h @ w)f = (w,f)h;u(th @ w) = (u, h)w; P(h@w) = (Ph) @ w; (hQ@ w)P =
h® (wP).

2. Invariant column vectors. Given a Markov matrix P choose
hi(G) = 6i jiwi() =pijs—r =i =r.

Then ,
P = Z h,‘®w,'+Q

i=—00
where: Q is the matrix defined by
gi;j=0 l|i|=r;5 qij=pijli|>r.
Denote
IP)={f: 0Sf<oo,Pf=f}
1Q)={g: 0=g<o0,Q0g =g}
If f € I(P) then Qf = Pf = f hence:

Oxf = nll{go of = f;0xf €1(0).

On the other hand, if g € I(Q) then Pg = Qg = g hence g = Poog = lim,,0o P"g =
00; If Poog < 00 then Poog € I(P).

LEMMA 2.1. If P is nonrecurrent then
[o.¢]
D Phi € Lo
n=0
If f 2 0 satisfies {w;,f) < 00,—r =i = r then

> PP —Q)f € L.

n=0

https://doi.org/10.4153/CMB-1989-051-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1989-051-4

354 S. R. FOGUEL [September

Proor. Fix i and choose a finite set X with (w;, 1x) # O then:
[e ] [o.¢] [e.¢]
<W,‘, lx>ZPnhi = ZP"(/’I, ®W,’)1X = ZP"HIX (S Eoo
n=0 n=0 n=0

Now (P — Q) = Y_i__ (wirf )h.

THEOREM 2.2. Let P be nonrecurrent. If

f €1(P) then PooQuxf =f-

ProoF. (w;,f) = f(i) since Pf = f. Thus

> PP —Q)f € Ln.

n=0
Now
N N
D 0P -0 =) 0"U—-0f =f—-0"f
n=0 n=0

therefore

f=0uf+) 0"P—0).

n=0

Now P¥Quof < PXf = f thus PouQoof < f. On the other hand

f =P =POf +P* ) 0"(P - Q)

n=0

< PooQof +P* ) P"(P - Q)f

n=0

= PooQuf + I P (P = QY | PouQuf-
n=k k—o00
NoTE. (Wi, Qoo f) S (Wi, f) < 00 .

THEOREM 2.3. Let P be nonrecurrent. If g € 1(Q) and (w;,g) < oo, —r S i < r,
then:
Prg <00;Pog €I(P);QoPoog = ¢-

Proor. By Lemma 2.1 -
D> PP —Q)g € L.

n=0
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Now
N N

SPP—-Q)g =) P'(P—Ig=P'g—g.

n=0 n=0
Therefore -

Pog =g+ P"(P—Q)g <00
n=0

hence Po.g € I(P). Finally

§SPxg =g = 0"Prog = g S QuPos-

On the other hand

o0 o]
0'Posg =g +0* D PP - Qg Sg+ ) PP-0x | g
n=0 n=k k—00
We have established: 1(P) and 1(Q)N{g : (g, w;) < 00, —r =i < r} are isomorphic.
The isomorphism is given by Q, and P.
Let P be nonrecurrent. Then PyoQool = 1 thus Q1 # 0 On the other hand if P
is recurrent and irreducible then PQy1 2 Qo1 = Qo1 = Const, (P — 0)Qo1 = 0.
Therefore Q1 = 0.
Let us summarize:

THEOREM 2.4. Let P be irreducible. P is nonrecurrent if and only if Quol # 0.

NOTE. Qo] € I(Q) N Lo TOS g < 1,00 =g then g = Q"¢ < Q"1 = g <
Ocol 1 Qool # 0 & 1(Q) N Loy # {0}

CoROLLARY: Let P, P, be irreducible. If p;; = p\!),|i| > r, then they are nonre-
current together.

Proor. Q(P) = Q(Py). ]

From Theorems 2.2 and 2.3 we conclude:

THEOREM 2.5. Let P, Py be nonrecurrent. If p; j = p{\), |i| > r; pij = p{}) = 0,]i| =
r and |j| > K. Then I(P) and I(P,) are isomorphic.
Proor. Q(P) = Q(Py) and I(P) ~ I(Q) I(P)) ~I1(Q). a

3. Invariant row vectors. Let P be a Markov matrix, choose

hll(]) = Djis |l| = r;
Wil(]'):(S,”j, Ill <r.

P=>"hi@w+S

i=—r
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where
S,'7j :O,l]| §r;

sij = Ppijs lj] > r.

Denote
JP)={u: 0=u<oo,uP =u}

JS)={v: 0=v<oo,vS =v}.
If u € J(P) then uS = uP = u hence:

USoo = lim uS" = u; uSo € J(S).
n—o0
On the other hand, if v € J(S) then vP 2 v§ = v hence:

v £ vPy = lim vP" = o0.
n—oo

if vP,, < oo then vP,, € J(P).
LemMA 3.1. Let P be nonrecurrent. If u 2 0 and {u,h!) < oo, |i| < r, then

o0

Zu(P — S$P" < 0.

n=0

Proor.

r

uP =Sy =" " (u,hj)w

i=—r
and

[e ]
E w;P" < 0o, since w! € £;.
n=0

THEOREM 3.2. Let P be nonrecurrent. If u € J(P) then (u,h!) < oo, |i| < r, and
USooPoso = u.

PrOOF.
N N

S uP—$)8"=> ul —$)S" = u—us"*!

n=0 n=0

hence

o0
U= uSe +Zu(P —S5)s”.
n=0
Therefore (uSoo)P* < uP* = u hence

USooPoo = u.
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On the other hand

u=uP* = USee)P* + " u(P — $)S")P*
n=0

S uS Py + i u(P — S)P" l USoyPos

n=k k—00

by Lemma 3.1 since
(u,hy = WP)(i) = u(i) < 0.

THEOREM 3.3. Let P be nonrecurrent. If v € J(S) and (v,h}!) < oo,|i| < r, then
VPoo < 00; VPoo € J(P); VPooS0o = V.

ProOF.
N N

V(P —=S)P" =Y v(P—DP"=vPN* —y
D ovP —SHP" = v -1

n=0 n=0
hence, by Lemma 3.1.,

o0
VP, = v+Zv(P — S)P" < 00.
n=0

Clearly vPo, € J(P) also v < vP,, hence

V £ VPooSoo-
Finally
[o¢]
(WPL)SK =v + (Z V(P — S)P") sk
n=0
o0
<v+ S vP —SHP" l v
n=k k—00
by Lemma 3.1. 0O

We have established that J(P) and J(S) N {v : (v,h}) < 0o} are isomorphic.

COROLLARY. Let P be non recurrent. If p; j = 0, |j| = r,|i| > K then J(P) and J(S)
are isomorphic.

Another way of putting this is
TueoreM 3.4. Let P, Py be nonrecurrent. If pij = p{),|j| > r; pij = p}) =0,
lil £ r and |i| > K. Then J(P) and J(P,) are isomorphic.

4. Examples.
(a) 3 diagonals: Let P satisfy p; ; =0 |i —j| > 15 p;ii-1 >0 p;i > 0. Thus:
P is irreducible.
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Let us compute 1(Q): go = 0, g, = 1 (normalization),

8n = Pnn—18n—1t Pnn8n + Pnn+18n+1, 1 > 1.

Thus
8n+l = (gn(] _pn,n) - gnflpn,nAI)
n,n+1
1
=&t M(gn — &n—1)
n,n+l1
n—1 N
egm=g |1+ o Pzt n>1.
im P12 Pii+1

A similar calculation will show that
n—1 o
gn =81 1+Z P-10  P—i—i+l n>1
= P12 P—i—i—1

Thus P is recurrent & both series diverge. (See [1, p. 67-69] for a similar result). If
P is nonrecurrent then I(P) is generated by two non negative invariant vectors. If P
is recurrent then we found g = 0 with Pg 2 g and Pg # g.

Let us compute J(S) : vo = 0; vi = 1 (normalization).

(Vn(1 —'pn,n) - Vn—lpn—l,n)

()Vne1 =
n+l,n

(Vnpn,n—l + VnDPnn+l — vn—IPnAI,n)
Pr+ln

Thus .
Vo = —(p1o+vip12)

’

Let us prove by induction that

1
n>2 v, = P (pl,O + Vn~1pnfl,n) :

n,n—1

VnPnn—1 — Vp—-1Pn—1,n = P10 hence, by (*),

Vnel = (pl,O + Vnpn,n+1)-

n+l,n

Therefore v, > 0.
A similar calculation for n < 0 will show that:

If P is nonrecurrent then J(P) is generated by two non negative invariant vectors.
If P is recurrent we found v 2 0 with vP Z v but vP # v.
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(b) 5 diagonals; Let P satisfy p;,; =0 |i —j| > 2; pij—2 # 0, piji—1 # 0, pijs1 # 0,
pii+2 7 0. Thus P is irreducible.

Let us compute 1(Q): g—1 = go = g1 = 0; g» + g3 = 1 (normalization)

8n+2 = [pn,n—Z(gn — gn-2) +pn,n—l(gn — 8&n—1)

n,n+

+ Puns1(€n — gn+1)] + &n

Thus g, is a linear function of g,, g3. I(Q) is isomorphic to the set

e )

m{gn Z 0}.

n=3

This is a compact convex subset of an interval and is either empty, or a point, or an
interval. Similar calculations apply to n < O:
I(P) is generated by k vectors, | = k = 4 and at least one vector is bounded.

(c) 2k + 1 diagonals: Let P satisfy p; ; =0, |i —j| > k; pij £ 0j# i,|[i —j| S k.
Thus P is irreducible and P1 = 1.

Let us compute 1(Q): g_41 = =80 =" =g-1 =0, gx+--+gu—1 =1
(normalization). Then g, is a linear function of g,..., gx—1. Thus I(P) = aA + bB
a,b 2 0A, B convex compact subsets of

{(gk,m,gzk—l)i 820,y g=1
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