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Pontryagin’s Maximum Principle for the
Loewner Equation in Higher Dimensions

Oliver Roth

Abstract. In this paper we develop a variational method for the Loewner equation in higher dimen-
sions. As a result we obtain a version of Pontryagin’s maximum principle from optimal control theory
for the Loewner equation in several complex variables. Based on recent work of Arosio, Bracci, and
Wold, we then apply our version of the Pontryagin maximum principle to obtain first-order necessary
conditions for the extremal mappings for a wide class of extremal problems over the set of normalized
biholomorphic mappings on the unit ball in C".

1 Introduction

Let B” := {z € C" : ||z|]| < 1} denote the unit ball of C" with respect to the euclidean
norm || - || and let Hol(B", C") be the vector space of all holomorphic maps from B"
into C". The set

S, :={f € Hol(B",C") : f(0) = 0,dfy = id, f univalent}

of normalized biholomorphic mappings on B"” was introduced by H. Cartan [9].
One of the main problems when dealing with univalent mappings in the class S, in
dimensions n > 1 is the fact that there is no Riemann mapping theorem available. In
particular, this makes it fairly difficult to construct variations of a given map in the
class S,,.

The aim of this paper is to develop a variational method that works effectively for
univalent mappings that can be obtained as solutions of Loewner-type differential
equations. We present the details only for the class 8% C §, of all mappings that
admit a so-called parametric representation by means of the Loewner equation. This
class was introduced by I. Graham, G. Kohr et al. (see e.g., [18,20]) and is obtained
in a most natural way by generalizing the classical one-dimensional Loewner equa-
tion(see [24]) to higher dimensions. We note that the approach of this paper can also
be used for other more general Loewner-type equations, e.g., for the class of map-
pings that have a so-called A-parametric representation (see [12,18,19]) and also for
the various Loewner equations in the unit disk and complete hyperbolic manifolds,
which have recently been studied intensively (see [1-7]).

We now give a short account of the results of this paper and start by introducing
some notation.
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Definition 1.1 Let
M, = {h € Hol(B",C") : h(0) = 0,dhy = —id, Re(h(z),z) < Oforallz € ]B%“}.

Here, (-, - ) denotes the standard Euclidean inner product of C". Let
Rf:={reR:t>0}.
A Herglotz vector field in the class M, is a mapping G: B" x Rt — C” such that

(i)  G(z, -) is measurable on R for every z € B", and
(i) G(-,t) € M, for almost every r € R*.

It is not difficult to show that a mapping h € Hol(B", C") satistying h(0) = 0
and dhy = — id belongs to M,, if and only if Re(—h(z),z) > 0 for all z € B"\{0};
see [8, Remark 2.1]. In particular, the set M, is exactly the class —M as defined
e.g., in [20, p. 203]. Hence, M, is a compact subset of Hol(B", C") (see [20, Theorem
6.1.39]). This fact will play an important role in this paper.

Definition 1.2 (The Loewner Equation on the unit ball B") Let G(z,t) be a Her-
glotz vector field in the class M,. We denote by ¢ the unique solution ¢; of the
Loewner ODE

(1.1) P1(z) = G(ps(z),t)  forae. t >0,
wolz) =z € B".

For any Herglotz vector field G(z, t) in the class M,;, the limit

exists locally uniformly in B” and belongs to 8,,; see [20, Thm. 8.1.5]. We can there-
fore define

8y :={ f € Hol(B",C") | f =
¢ for some Herglotz vector field G in the class Mn} .

The class 8? is exactly the class of mappings in Hol(B", C") which have a parametric
representation as introduced by Graham, Hamada, and Kohr [17, Definition 1.5]; see
also [20,21]. It is known that the class 8" is compact (see [20, Corollary 8.3.11]) and
that e'¢ € 8 forallt € R{ := {t € R:t > 0} and every Herglotz vector field G
in the class M, (see [32, Lemma 2.6]). Hence one may think of 8 as the “reachable
set” of the Loewner equation (1.1).

Theorem 1.3 (A variational formula in 8%) Let f € 8%. Suppose that G(z,t) is a
Herglotz vector field in the class M, such that f = fC. Then for almost every t > 0 and
any h € M, there exists a family of mappings ¢ € 8° such that

F@) = f(2) +ed(f). - [d0).]  [h(82) = G(£C(2),1)] + 7 (2).

Here, the error term 1© € Hol(B", C") has the property that r° /e — 0 locally uniformly
inB" ase — 0+.
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The variations f* in Theorem 1.3 will be constructed with help of “spike varia-
tions”. This is a well-known method in control theory and the calculus of variations
that goes back at least to Weierstraf3. In proving Theorem 1.3 we shall show that it is
possible to modify this technique in such a way that it can be applied for the infinite-
dimensional Fréchet space Hol(B", C") (endowed with the standard compact-open
topology). We note that a different variational technique in 8% has recently been de-
veloped by Bracci, Graham, Hamada, and Kohr [8]. Theorem 1.3 has the advantage
that it works for any mapping f € 89, while the method of [8] is restricted to those
mappings in 8 which can be embedded in a so-called “geriumig” Loewner chain;
see 8] for details.

One main field of application of the variational formula of Theorem 1.3 is the
study of extremal problems in the class 8. We call a mapping F € 8!, an extremal
mapping for a functional ®: 8% — Cif Re ®(f) < Re ®(F) for every f € 8% Here
and henceforth we assume that the functional ®: 8% — C is complex differentiable
in the sense of R. Hamilton’s Fréchet space calculus as developed in [23] (see Defini-
tion 4.1 for details).

Theorem 1.4 Let F € 8 be an extremal mapping for a functional ®: 8° — C with
complex derivative L at F. Suppose that G(z,t) is a Herglotz vector field in the class
M, such that F = fC. For eacht > 0 let L, be the continuous linear functional on
Hol(B", C") defined by

Lk = L(d(P). - [d(ef).] - h), ke Hol(B", "),

Then for almost every t > 0,

ReL;(h) < ReL(G(-,t)) forallh € M,.

Theorem 1.4 is in fact a version of Pontryagin’s maximum principle for the case of
the Loewner equation in higher dimensions. It generalizes earlier well-known work
on control theory of the Loewner equation in one dimension which has been initiated
by Goodman [16], Popov [27] and Friedland and Schiffer [14, 15], and which has
been developed into a powerful theory by D. Prokhorov [28-30], see also [31].

At first sight it is not clear that Pontryagin’s maximum principle (Theorem 1.4)
carries any useful information about the Herglotz vector field G( -, ¢) at all, simply
because the linear functionals L, in Theorem 1.4 might be constant on the class M,,.
In particular, Theorem 1.4 alone is not sufficient to deduce that G( -, t) is a support
point (see Definition 4.5) in the class M,,. However, referring to a deep result of Doc-
quier and Grauert [10], it has recently been observed by Arosio, Bracci, and Wold [5]
that all domains ¢ (B") are Runge domains. Using this Runge property we will show
in Proposition 4.6 that if L is not constant on 8%, then L, is never constant on M,,. In
combination with Pontryagin’s maximum principle in the form of Theorem 1.4, we
are therefore led to the following necessary condition for extremal problems in the
class 89.

Theorem 1.5 Let F € 8 be an extremal mapping for a functional ®: 8° — C with
complex derivative L at F. Suppose that L is not constant on 8. If G(z,t) is a Herglotz
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vector field in the class M, such that F = fC, then G( - ,t) is a support point in the class
M, for almost every t > 0.

Roughly speaking, Theorem 1.5 says that if a Herglotz vector field G(z, t) generates
an extremal mapping in the class 8° via the Loewner equation, then for almost every
t > 0 the mapping G(-,t) € M, itself has to be extremal in the class M,. As an
illustration of the use of Theorem 1.5, we prove in Corollary 4.9 a generalization of a
recent result due to Bracci, Graham, Hamada, and Kohr [8] about support points in
80,

Finally, we point out another consequence of Theorem 1.3.

Theorem 1.6 Let F € S° be an extremal mapping for a functional ®: 8° — C with
complex derivative L at F. Then

max Re L(d(F),-h) = — Re L(F).
heM,

Theorem 1.6 extends a result of Pommerenke (see [26, p. 185]), which deals with
the case of dimension n = 1 (and functionals of finite degree), to the cases n > 1
and arbitrary complex differentiable functionals. We note that the case n = 1 allows
a fairly elementary proof, which is based on the “lucky accident” (see [11, p. 231])
that the Koebe functions

k(z) :== ¢ € OB,

z
(1+C2)*’
generate the set ext M of extreme points of M; via

*tzce o'} ={ - [dk).] k(@) : e am'},

extMl { z é_
For n > 1, however, the set ext M, of extreme points of M,, is not known (see [33]
for recent results in this direction), so we employ a completely different approach for
the proof of Theorem 1.6.

This paper is organized in the following way. We start in Section 2 by constructing
variations of evolution families for the Loewner equation in higher dimensions. In
Section 3 we generalize this result to produce variations in the class 8% and prove
Theorem 1.3. We also produce variations of normal Loewner chains, which partly
extend the recent results in [8]. In Section 4 we apply the results of Sections 2 and 3
to study extremal problems in the class 8%, and we prove Theorems 1.4, 1.5, and 1.6.

_Z.

2 Variations of Evolution Families

In this section, we construct variations of Loewner evolution families.

Definition 2.1 Let G(z,t) be a Herglotz vector field in the class M,,. For fixeds > 0
denote by ¢, the solution to
(2.1) Psi(2) = Glpss(2),t)  forae. t >,

ss(z) =z € B".

We call (%G,t)ogsgt the evolution family generated by G(z,t).
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Lemma 2.2 Let G(z,t) be a Herglotz vector field in the class M,,. Then there exists a
set EG C R* of zero measure such that for all t € (0, 00)\Eg the condition

t
(2.2) G(z,t) = lim ! / G(z,T)dr
e—0+ £ f—e
holds locally uniformly with respect to z € B".

Proof We fix z € B". Since G(-,t) € M, for almost every t+ > 0 and M, is a
compact subset of Hol(B", C"), the measurable function ¢t — G(z,t) is (essentially)
bounded on the interval (0, c0). Therefore, there exists a set Eg(z) C R* of zero
measure such that condition (2.2) holds for all t € R*\Eg(z). Now choose a dense
countable set A C B" and set Eg := UgcaEg(a). Then Eg has zero measure and (2.2)
holds for every t € R™\Eg and every point z in the dense subset A C B". Since M, is
anormal family and G(-,t) € M, for a.e. t > 0, this implies that (2.2) holds locally
uniformly in B” for every fixed ¢ € R*\ Eg by Vitali’s theorem. ]

Remark 2.3 We call the set Rg := R"\Eg the regular set of the Herglotz vector
field G(z,t), and every T € Rg is called a regular point for G(z,t). Note that if T is a
regular point for G(z,t) and ¢, := %G.p then Lemma 2.2 implies that for any s < T,

1 T
Glour(2),T) = lim © / Gl (2),7) dr
! e—0+ € T—e

locally uniformly with respect to z € B", since ¢, - (z) is absolutely continuous on
compact intervals of Rj locally uniformly with respect to z € B".

We can now state the main result of this section.

Theorem 2.4 Let G(z,t) be a Herglotz vector field in the class M,, with associated
evolution family p,; = cpft and let T € Rg be a regular point. Then for any h € M,
and any € € (0, T) there exists an evolution family (¢, )o<s<: such that

£ _ h £
<ps,t = st t+e as,t + Os,t’

where
o 0 ifs<t<T—corT<s<t,
o d(gy); - [d(er), 17" - [h(er) — Glor, T)]  ifs<T <t

Here, 05, € Hol(B", C") indicates a term such that

()
st

lim — =0 locally uniformly in B"

e—=0+ €

for any fixed s, t such thats < T <t.

In order to prove Theorem 2.4 we are going to adapt the standard method of needle
or spike variations for the particular case of the Loewner equation (2.1).

https://doi.org/10.4153/CJM-2014-027-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-027-6

Pontryagin’s Maximum Principle for the Loewner Equation 947

Definition 2.5 (Needle variations) Let G(z,t) be a Herglotz vector field in the class
M,,he M, and T > 0. Foreache € (0, T) let

G(-,t) ift e R"\(T —¢,T),

GS(' 7t) = GE,h,T( 7t) = {h ift c (Tf e, T)

M

T—¢ T

Figure I: The graphs of G( -, t) (solid) and G.( -, t) (dashed).

We call the Herglotz vector fields G:(z, t) in the class M,, the needle variations of
G(z,t) with data (T, h). We also call the evolution families (¢5,) = (@f{ ) the needle
variations of the evolution family (¢S,) with data (T, h).

Remark 2.6 Let G(z,t) be a Herglotz vector field in the class M,,, h € M,, and let
T > 0. Since G.(-,t) = G(-,t) forany t & (T — ¢, T), we immediately get that

O =5y if s<t<T—¢ or T<s<t

In particular, we have

t t

G.(¢5 (2, 7) dr = por—(2) / h(¢f.(2) dr

T—e

(23) @51 (2) = gir (2)+ /
T—e
fs<T—-—e<t<T.

In what follows we use the notation B, := {z € C" : ||z| < r}.

Lemma 2.7 (Convergence of needle variations) Let G(z,t) be a Herglotz vector
field in the class M,,, h € M, and T > 0. Denote by (©;,) the needle variations of

(ps¢) :== (<pft) with data (T, h). Then for fixed s > 0, we have
lim ¢, (2) = ©s4(2)
e—0+

uniformly for (z,t) € B, x [s,00) foranyr € (0,1).
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Proof In view of Remark 2.6, we may assume s < T. Fix r € (0,1). Since M,
is compact, there is a constant L, > 0 such that ||g(z) — g(2')|| < L;||z — Z/|| for
any ¢ € M, and every z,Z' € E:l, see [20, p. 298]. For every t € [s, T] we have
llos.:(2)|] < ||z||, and therefore we get the following estimate from identity (2.3) and
the fact that ¢, is a solution to the evolution equation (2.1):

l¢5e(2) = sl

t

= er-c@+ [ Mot @i gt - [ Glo@ndr
T—e T—e

- H Tt h(ps,(2)) — G(ps(2), ) dTH

S/ (5, (2)) —G(¢§A7(2)77)||d7+/ 1G(@:,(2), 7) — Glsr(2), 7)|| dT
T

—e T—e
t

<2L|z||(s = T +e) + L,/ o5, (2) — @sr(2)] dr.
T—e

Using the well-known Gronwall lemma (see [13, p. 198]), this implicit estimate for
5.+ (2) — ps.+(2) || leads to the explicit estimate

(2.4) |65, (2) — s (2)|| < 2Lsell2||(1 + L,ce™*)  forevery t € [s, T].

In view of the semigroup property 7, o 91 = 5, we therefore get that for all
t>T,

(2.5) gz (2) = s D = o1 (05 1(2) = s (@5, 7| < Crllgs r(2) — 0512,

where C, > 0 is a constant such that ||¢,,(z) — ¢s(2')|| < C,||]z — Z/|| forall t > s
andallz,z' € @: If we combine (2.5) with (2.4), we finally have

(2.6) 95 (2) = @si(2)|| < e forall |lzf] < randallt > s,

where v, depends only on r. This completes the proof of Lemma 2.7. ]

Lemma 2.7 says that the needle variations (¢5,) of (¢s,) with data (T, h) form a
“continuous deformation” of the evolution family (¢,,). If T € Rg is in addition
a regular point of G(z,t), then this deformation is actually “differentiable” in the
following sense.

Theorem 2.8 Let G(z,t) be a Herglotz vector field in the class M,, let T € Rg and
h € M,. For fixed s € [0, T] denote by ¢, the needle variations of ., := ¢, with
data (T, h). Then

0% = oot Hed(ps), - [dpsr)] T - [h(par) — Gloar, T)] + o,

foranyt > T. Here, o5, indicates a term, which divided by ¢, tends to 0 locally uniformly
in B" for each fixedt > T ase — 0+.
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Proof Using (2.3), we have

Por(@) —ws1(@) (2 —osr—c(2)  pir(2) — pir—c(2)
€ N € €

1 /T 1 (T
_! / bt (2)) dr — / Glper(2),7) dr.
13 T—¢ & ~

—€

Since T € Rg, we see by using Remark 2.3 and Lemma 2.7 that

9" 7(2)
Oe

= tim 2D Tt ) = Glour(2), T),

e—0+ 15

e=0

where the limit exists locally uniformly in B”. This proves the claim for t = T. We
can now handle the general case t > T. By what we have just proved, we know that
5, 1s a solution to

(2.7) ¢, = Ggi,(),1),  fort>T
F1(2) = (@) + e [h(o1(2) — Glpur(2), T)] +1.(2),

where r. € Hol(B",C") such that r./e — 0 locally uniformly in B" as ¢ — 0+.
We now make use of a standard result from ODE-theory about “differentiability with
respect to initial conditions” and differentiate (2.7) with respect to ¢; see [25, Theo-
rem 1A, p. 57]. This way, we find that

)
Pi(2) == R o
is a solution to the initial value problem
; aG
(2.8) Pi(2) = E(@S.t(z)a t) - (2), t>T,

¥r(2) = hps1(2)) — Gl r(2), T).

On the other hand, by differentiating the evolution equation (2.1) with respect to z,
it is easy to see that

—1
t = d(pss)z [d(@s,T)z] : [h((PS,T(Z)) — Glps1(2), T)]
is also a solution to (2.8). By uniqueness, we deduce that for every t > T,

)

S| = dlp): - [dlpan)s] T [hpar(@) - Gleur@), T
We have hence shown that for fixed t > T,

051(2) = 0o (2) + e d(per). - [dlpsr)s] - [Mps(2)) = Glepsr(2), T)] + 05, (2),

where

. 05,(2)
Iim —= =

e—=0+ g

0 for every z € B".

It is not difficult to prove that this limit actually exists locally uniformly with respect
to z € B". In fact, note that for fixed 0 < r < 1, ¢5,(2) € B, for every z € B, and all
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0 < s < t. Again using the compactness of M,,, we see that there is a constant L, > 0
such that ||g(z) — g(2)|| < L||z — Z|| for all g € M, and all z, z € B,. Therefore,

6 = @l = || 2@ = 0@ + [ (6(65,421,7) = Glr(21.) |

t
< (@ — pur@]| + L, / 1651(2) — pur ()] dr.
T

Now, Gronwall’s lemma implies that

H @51 (2) — ps(2) ‘ ©5r(2) — ps1(2) H et=T)

| <]
& 3

= H h(s1(2)) — Glosr(2), T) + ’iiz)H Lt=T)

Hence, og,(2)/¢ is uniformly bounded on B as e — 0+. Since we have already
proved that of,(z)/e — 0 pointwise in B", Vitali’s theorem shows that actually
0;;/€ — 0locally uniformly in B". ]

3 Variations in 8° and Variations of Normal Loewner Chains
By definition, every f € 8% has the form

= lim ¢S
f Jm Po,t

for some Herglotz vector field G(z, t) in the class M,,. Therefore the following result
for s = 0 and t = oo is exactly the statement of Theorem 1.3 and provides us with a
variational formula in the class 8.

Theorem 3.1 Let G(z,t) be a Herglotz vector field in the class M, let T € Rg, and
let h € M,,. For fixed s € [0, T| consider the needle variations (©5,) of (¢s) := (@gt)
with data (T, h). Then

(31) et(pit = etﬁos,t + Ed(et(ps,t)z . [d(eTSD;T)z] - . eT [h(%,T) - G(()DS7T7 T)] + r_f,t

forany t € [T,00]. Here, the error term r;, € Hol(B",C") has the property that
r5:/€ — 0 locally uniformly in B" for every fixed t € [T, 00] ase — 0+.

Remark 3.2 Note that Theorem 3.1 holds in particular for + = 0o, where we have
used the convenient notation

t e . 1 T £ _
€ s, = Thﬁn;}e ¢, fort=o0.

In this case, we define the error term 7, € Hol(B", C") as

This limit clearly exists locally uniformly in B” in view of (3.1).

Proof of Theorem 3.1  Let 17, be defined by (3.1). We need to show that r;, /e — 0
locally uniformly in B" for every fixed t € [T,00] as € — 0+. The cases t < oo
follow directly from Theorem 2.8, so we only need to deal with the case t = co.
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(i) In order to handle the error term r{ , we first derive a convenient expression
for the error term 77, forall0 < s <t < oo. Let vZ,(2) := €'¢{,(2) and v{,(2) :=
€' @s,(z). If we set é(z, t):=z+e'G(e "z, t), then
v, (2) = é(vit(z), t) fort>T,

Vir(2) = v)p(2) + ee’ [h(ps1(2) — Glpsr(2), T)] +151(2),

where 1{/e — 0 locally uniformly in B" as € — 0+ by applying Theorem 2.8 for
t=T.Fort > Tlet

(3.2)

e ~
oG 0G
E.(2) == / a—(vgt(z) + a(vit(z) — vft(z)) ,t) da, E?t(z) = — (Vgt(z), t) ,
. y Oz . ) 9z
so that the difference W5, (2) := 1%, (z) — v2,(2) has the property
\I/it(z) = Efﬁt(z) . Tit(z) fort > T,

Ui 1(2) = ee’ [h(psr(2) — Glosr(2), T)] +151(2).

In order to analyze the behaviour of ¥, as t — oo, we consider the linear matrix-
ODE

(3.3)

Y;t(z) =E;,(2) Y, (z) fort>T,

(34) Yir(z) =1

The motivation for doing so comes from the observation that in view of (3.3) we can
write
(3.5) Wi, (2) = Y, (2) - WS r(2)

= Y;,(2) - { e [h(pr(2)) = Glpur(@), T)] +7ix(2)}

In a similar way, since differentiating (3.2) for € = 0 with respect to z shows that

i 0 _ 875 0 ) 0 _ 70 ) 0
Z1a02] = T2 (4 @,0) - [d0)] = By [d08)], =T
we get
(3.6) d(vgt)z = Yg,(z) . d(ng)Z, fort > T.

Now, formulas (3.5) and (3.6) and the definition of the error term r;, show that

(3.7) 15,(z) = ee’ [Yﬁt(z) — Ygt(Z)] - [hles1(2) = Glpsr(2), T)] + Yi (2)rs7(2).

(i) We now examine Y, with the help of the linear matrix-ODE (3.4) and show
that for any r € (0, 1) there exists a constant M, > 0 such that

(3.8) |IY5,(2) — Y2, (2)|| < Mye and ||V, (2)|| < M, forall ||z| < randallt > T.

In view of (3.7) this then implies that r{ . (z) /& — 0 uniformlyin ||z[| < rase — 0+.
It therefore remains to prove (3.8). We fix r € (0,1). In the following, C, always
denotes a constant, which depends only on r, but the value of C, may be different at
each occurence. We first note || id +d(h),|| < C, - ||z|| for all ||z]] < rand all h €
M,,. This follows from the compactness of M, and the normalization d(h), = — id.
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Moreover, ||¢;(2)|| < Cre 7 forall 7 > T and all ||z|| < r; see [20, Lemma 8.1.4].
Hence, from the definition of EZ (z) we infer that

)
id +£(‘Ps,r(2) +a(95,2) = () 7) || da

1
39 |E,@)] < /
0

1
<c, / | 60r (@) + (5, (2) — 90-(2) || dov
0

<C,e "forall|z|| <randallT > T.
In a similar way, we can deduce
(3.10) |E; - (2) — EL.(2)|| < C/ll¢,(2) — per (2|
= Cillerr(p5r(2) — err (@51 (2)]|
< Cre T |gr(2) — @12l
< Cje"cforall|z]| <randallT > T.
The last estimate comes from (2.6). We are now prepared to prove (3.8). Since ¢ —»
Y, (2) is a solution to (3.4), we get
t
T
t

IES ) - 1Y, (2) = Y, (2) | dr

Y5,(2) — YO, (2)|| = H / E:, (2)YE, (2) dr — / EgT(z)VgT(z)dTH
T

T
t
o [ e 0 - B @I @) dr.
T
Now (3.6) shows

Y0.(2) = ed (), - [dTpor).]

so the inequality ||, - (2)|] < Cre~" holds for all ||z|| < rand all 7 > T, which leads
to [|d(¢.r)|| < Cre™7, therefore implies that ||Y? (z)|| < C, forall 7 > T. Hence,
in combination with (3.9) and (3.10), we get the implicit estimate

t t

HYit(z) — Ygt(z)H < C,/ e_THY;‘:T(z) — Y27(2)||d7' + C,E/ e Tdr,

T T
which is valid for all ||z|| < rand allt > T. Again using Gronwall’s lemma, we obtain
1Y¢,(2) —Ygt(z)H < C,eand thenalso [|YZ,(2)|| < ||YE,(2) =Y, (2)|| + ||Y£t(z)|| <C,
forall ||z|]] < randall# > T. This proves (3.8) and finishes the proof of Theorem 3.1

for the case t = oo. u

Theorem 3.1 enables us to construct variations for a certain class of Loewner
chains. We first recall the basic concepts.

Definition 3.3 A normalized Loewner chain (f;);>o is a family of univalent map-
pings f;: B" — C" such that £;(0) = 0, d(f;)o = €' id for all # > 0 and such that for
every 0 < s < t there exists a holomorphic map ¢,,: B" — B" with f, = f; o ¢5,.
A normalized Loewner chain (f;);>¢ is called a normal Loewner chain if the family
{e~"f,} is normal.
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Remark 3.4 We note the following well-known facts; see [20].

(i) If (f;) is a normalized Loewner chain, then there is a unique Herglotz vector
field G(z, t) in the class M,, such that the Loewner—Kufarev PDE

ofs

(3.11) B

(2) = —d(fi). - G(z,1)
holds.

(ii) If G(z,t) is a Herglotz vector field in the class M,,, we define

£ = Jim ¢

Then (£9);>¢ is a normal Loewner chain. In fact, (f;°);> is the unique normal
Loewner chain such that £C is a solution to (3.11) for the Herglotz vector field
G(z,t). The Loewner chain (£°) is called the canonical solution of the Loewner
PDE (3.11).

(iii) It follows from part (ii) that the class 8% consists precisely of all normalized uni-
valent mappings f € Hol(B", C") for which there is a normal Loewner chain

(f)e>o with fo = f.

We now construct for a given normal Loewner chain ( f;),;> a differentiable family
of deformations ( f*),>¢ that coincide with (f;);>( from a certain time on.

Theorem 3.5 (Variations of normal Loewner chains) Let (f;);>o be a normal Loew-
ner chain with associated Herglotz vector field G(z,t) in the class M,,. Let ((s+)o<s<t
denote the evolution family generated by G(z,t). Then for any T € Rg, any h € M,
and any € € (0, T) there exists a normal Loewner chain (f)¢>o such that

£ fe ift > T,
fi+ed(f), [de o)1 - el [h(pnr) — Glorr, T) +0f  ift <T.

Here, o] indicates a term, which divided by ¢, tends to 0 locally uniformly in B" as
€ — 0+

t

Proof Let G(z,t) denote the Herglotz vector field in the class M, such that the
Loewner PDE (3.11) holds, so f; = lim,_,. €"¢;, for any t > 0 in view of Re-
mark 3.4(ii). Denote by ¢, the needle variations of ¢, with data (T, h). Define
ff =lim, o e ¢}, foranyt > 0. Since ¢} . = ¢, for T <t < 7, we have 7 = f,
foranyt > T. Now let t < T and choose 7 > T. Then Theorem 3.1 shows that

€ T T -1 €
g =€ +ede ), [de o)) el [h(pir) — Glonr, T)] +0f .

Here, 0; . /¢ — 0as & — 0+ locally uniformly in B”. The proof is finished by letting
T = 0Q. u

As we have already pointed out in the introduction, Theorem 3.5 is related to
the recent work [8], where variations of a specific class of Loewner chains (so-called
gerdaumig Loewner chains) have been introduced; see, in particular, [8, Theorem 3.1].
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4 Extremal Problems on 8

In order to apply our variational formulas, we need to consider a suitable class of
“differentiable nonlinear functionals” on the Fréchet space Hol(IB", C"). We use the
Fréchet space calculus as developed by R. Hamilton [23]. This approach is more
general than the one used in the standard monographs [26] or [11].

Definition 4.1 (Complex derivative, [23, p. 73]) Let U C Hol(IB",C") be an open
set and let ®: U — C be continuous. We call ®: U — C differentiable at f € U
along h € Hol(B", C"), if the limit

L B(f o) —B(f)
= dm S0

exists. In this case, A(f; h) is called the directional derivative of @ at f along h. We say

that ®: U — C is complex differentiable at F € U if there is an open neighborhood

V' C U of F such that @ is differentiable at any f € V along any & € Hol(B",C")

and if the map A: V' x Hol(B", C") — C is continuous. In this case, L := A(F, ) is

called the complex derivative of ® at F.

Lemma 4.2 Let U C Hol(B",C") be an open set and let &: U — C be complex

differentiable at F € U with complex derivative L = A(F; - ).

(i) The continuous functional L: Hol(B",C") — C is linear.

(i) Ifh € Hol(B",C") and f¢ = F + ch + r., where ./ — 0 locally uniformly in
B" as e — 0+, then

b 207~ 9 (F)

e—0+ £

= L(h).

Proof (i) See [23, pp. 76-77].
(ii) Let U C Hol(B", C") be an open neighborhood of F such that

A: U x Hol(B",C") — C

is continuous. We may assume that U is convex. Lemma 3.3.1 in [23] shows that
there is a continuous mappingf: U x U x Hol(B",C") — Cso that h — f(fl7 f2, h)
is linear and such that ®(f,)—®(f;) = f(fl, f2, —fi) forall fi, f, € U. Inaddition,
L(fi, fi,h) = A(fi, h) for every f; € U and every h € Hol(B", C"). Therefore,

O(f) — ®(F) LEf°,f°—F) L(f*,Ech+r.)
& - £ o £
ase — 0+. ]

— L(E,F,h) = L(h)

Corollary 4.3 Let G(z,t) be a Herglotz vector field in the class M,,, let T € Rg
and h € M,,. Consider the needle variations (5) of (p;) := (¢C) with data (T, h).
Suppose that @ is a complex functional with complex derivative L at " ., for some fixed
7 € (T,00]. Then

B(epl) — Blep,)
m

T T -1
lim - = 1(de ). [deor)] T e [hipr) — Glor, 7] ).
Proof This follows from Theorem 3.1 for s = 0 and Lemma 4.2(ii). |
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Theorem 4.4  Let ® be a complex functional with complex derivative L at F € 8% and
suppose that F maximizes Re ® over 8%. Let G(z,t) be a Herglotz vector field in the class
M, with (¢;) = (¢C) such that F = " p, for some T € (0,00]. Then the following
hold.

(i) Foreveryt € (0,7) N Rg, the mapping G( - ,t) € M,, maximizes the real part of
the continuous linear functional

Ly(h) == L(d(F), - [d(¢).]"" - h(ey))
over M,,, that is,

max ReL;(h) = ReL;(G(-,t)).
heM,
(ii) The function t — maxueav, Re L¢(h) is constant on [0, T).

Theorem 1.4 is the special case 7 = oo of Theorem 4.4(i). Theorem 4.4(i) for
7 < oo and n = 1is exactly [31, Theorem 4.1].

Proof of Theorem4.4 (i) Let h € M,,, T € (0,7) N R and let (¢f) denote the
needle variations of (;) with data (T, h). Since F maximizes Re ® on 8%, we have
Re ®(F) > Re ®(e" %) for every ¢ > 0. Corollary 4.3 therefore implies

ReL (d(F). - [d(eor).] - [h(er) = Gler, T)] ) <0
(ii) Let H(t, ) := Ly(h) = L (d(F); - [d(g):] " - h(pr)) and
m(t) := max Re H(t, h).
heM,
In order to show that m is constant on [0, 7) we proceed in several steps.

Step 1 We first show that m: [0,7) — R is locally Lipschitz continuous. Since L
is a continuous linear functional on the Fréchet space Hol(B", C"), there are finite
complex Borel measures p1, . . . , i1, that are supported on compact subsets Ey, . . . , E,
of B" such that

(4.1) L(h):Z// h(z) due(z),  h=(h,..., h,) € Hol(B",C");
k=17 7 E

see e.g., [22, p. 65]. Let E be a closed ball in B" centered at the origin such that Ex C E

fork = 1,...,n. Since ||p,(2)|| < ||z|| for every z € B" and every t > 0, it follows
that
(4.2) ¢i(z) € Eforallz € Eandallt > 0.

As M, is a compact subset of Hol(B”, C"), we see as before that there exists a constant
~ > 0 such that

(4.3) ||h(2)|| < 7lzl| and ||h(z) — h(Z")|| < y||z —Z|| forallz,z’ € E, h € My;

https://doi.org/10.4153/CJM-2014-027-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-027-6

956 O. Roth

see e.g., [20, formula (8.1.2)]. Since ¢;(z) is a solution to (1.1) and G( -, t) € M, for
a.e.t > 0, the estimate (4.3) combined with (4.2) implies

B
4 s - el = | | Gl

<v-|8—a| forala,f >0,z€E.

In a similar way, since t — [d(,),] " has the property that

%([d(@t)zlfl) = —[d(p).] 7" gg(@t(Z),t) forae. t >0,
an application of Gronwall’s lemma leads to
(4.5) | [d(pp)] || <€ forall 3 >0,z €E,
and
(4.6) [[[d(p)) ™" = [d(pa)] || <’ — | foralla,f >0,z €E.

We can now prove that m: [0,7) — R is locally Lipschitz continuous. Let o, 8 >
0 be given. Since M, is a compact subset of Hol(I3", C"), there is a mapping hs € M,
such that m(3) = Re H(f3, hg). In view of m(a) > Re H(a, hp) it follows that

m(B) — m(a)
< ReH(f, hs) — ReH(av, hy)

= ReL(d(F), - [d(pp).]7" - hs(pp)) — ReL(d(F). - [d(¢a)]™" - hs(pa))
= Re L(d(F), - [d(pp).]7" - (hs(pp) — hs(pa)))
+Re L(d(F) - ([d(pp)] ™" = [d(pa)e] ™) - hs(pa))

= Re Z // d(F), - [d(3):]7" - (hs(05(2)) = hg(pa(2)))  dp(2)
Ey
#Re S [[ () (117~ dpa) J7) - holoule) o),
k=1JJE
where we have used the representation formula (4.1). In view of the estimates (4.2)—
(4.6), we now see that for every compact subintervall I of [0, 7) there is a constant

C = C; such that m(8) — m(a) < C|B — «f for all a, 8 € I. This shows that
m: [0,7) — Ris locally Lipschitz.

Step 2 We next show that
OH
E(t,Gt) =0 forae t>0.

As above, using the fact that ; is a solution of the Loewner equation (1.1), we first
see that there is a set E C R" of measure 0 such that for any r € R*\E,

¥ ( [d(got)z]fl) = f[d(gat)z]fhg—f(go,(z), t) locally uniformly with respect to z € B".
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Now, for any t,t* € R*, we have

[d(p):1 "' Glpi(2),t7) — [d(pr+)] "' Glr- (2),£7)
t—t*
dtzil_d t*271 7Gt 7*_G t* 7*
[d(1).] t_t[*(cp ):] Glor(2), ) + [d(pr )]~ (pe(2),t i_t*(so (2),1%)
and this expression converges for t — t* € R*\E to

)

0G
— ()17 5, (P (2),1)G(pr-(2),17)
z

0G
+ [d(pe )z]_la((pt* (2),17)G(pp+ (2),t7) =0
locally uniformly with respect to z € B". Hence, by definition of H,

. H(t,G(-,t")) — H(t",G(-,t"))
lim =

t—t* t—t*

for every t* € R*\E.

0.

Step 3 Next note that m(t) = ReH(t, G;) for every t € (0,7) N Rg by part (i).
Therefore, we obtain for all £, t* € (0, 7) N Rg such that t* < ¢,
Re H(t, G;+) — Re H(t*, G;+) < m(t) — m(t*) < Re H(t, G;) — ReH(t*,Gt).
t—t* - t—t* - t—t*
Since m: [0, 7) — R s locally Lipschitz continuous, it is differentiable for a.e. t > 0,
$O

d OReH
Em(t) = T(t7 Gy) forae.t € (0,7).

By what we have proved in (b2), we see that

d
—m(t) =0 fora.e.t € (0,7).

dt
Therefore, the locally Lipschitz continuous function m: [0,7) — R is constant on
[0, 7). [ |
Proof of Theorem 1.6 Since M,, is compact and h(0) = 0, dhy = —id for every

h € M, there exists for every 0 < r < 1 a constant M, > 0 such that

|h(z) +z|| < M,||z|> forall ||z|| < randevery h € M,.
By [20, formula (8.1.11)] this implies
2
_ z
|h(@:(2) + 1 (2)]| < Mr”‘Pt(Z)HZ < M,e 2t(1!||||z||)4

for all ||z|| < r and every h € M,,. Therefore,
eh(pi(2)) = —e'pi(2) + € (h(pi(2)) + i (2)) = —F(z)  (t = o0)

locally uniformly for z € B" and uniformly for h € M,. Since we also have
[d(e'p:)]™! — [d(F),]~! locally uniformly in B" as t — oo, we get

Li(h) = L(d(F), - [d(:):1 " h(r)) = L(d(F), - [d(e'¢r).] " € h(gr)) — —L(F)
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uniformly for h € M, so
m(t) = max ReL;(h) — — Re L(F) (t — 00).
heM,

On the other hand,
m(0) = max ReLy(h) = max ReL(d(F), - h).
heM, heM,

Therefore, Theorem 4.4(ii) completes the proof of Theorem 1.6. ]

We next show that under the condition that L is not constant on Sg, the continu-
ous linear functionals L, in Theorem 4.4 are support points of M,,. First we recall the
following definition.

Definition 4.5 Let A C Hol(B",C"). A mapping G € A is called a support point
of A, if there exists a continuous linear functional L: Hol(B”,C") — C such that
Re L(h) < Re L(G) for every h € A and L is not constant on A. We denote by supp A
the set of all support points of A.

Proposition 4.6  Let ® be a complex functional with complex derivative L at F € 8
and suppose that F maximizes Re ® over 8°. Let G be a Herglotz vector field in the class
M, with (¢;) 1= (¢C) such that F = ", for some T € (0, 00]. Suppose that L is not
constant on 8Y. Then for any t € [0, 7], the continuous linear functional

h Li(h) == L(d(F), - [d(¢'¢r).]"" - b))

is not constant on M,,.

Proof We show that if L, is constant on M,, for some ¢t € [0, 7], then L is constant
on 8%. Hence, let t € [0,7] such that L;(h) is constant on M,. Let P: C" — C"
be a polynomial mapping with P(0) = 0 and d(P), = 0. Then there is a number
d > 0 such that —z + eP(z) € M, for every ¢ € C with || < §, so L,(—z + &P) =
—L;(z)+eL;(P) is constant in €. This implies that L,(P) = 0. Nowlet ¢ € Hol(B", C")
with g(0) = 0 and d(g)o = 0. Since ¢;(B) is Runge (see [5]), g is the locally uniform
limit of (P o ;)i for a sequence of polynomials Py with P¢(0) = 0 and d(Py)o = 0.
Hence

0= lim L(P) = L(d(F): - [d(ép):] " - g)

for all g € Hol(IB", C") with g(0) = 0 and d(g)o = 0. This clearly implies L(g) = 0
for all such g. Since we can take g = f — id for any f € 8%, we get L(f) = L(id),
f € 8% so Lis constant on 8°. [

Definition 4.7 A mapping F € 8° is called extremal if there exists a complex
functional ® with complex derivative L at F such that

(i) Re®(f) < Re®(F)forall f € 8, and
(ii) L is not constant on 8°.

Theorem 4.8 Let G(z,t) be a Herglotz vector field in the class M,. Let e be
extremal for some T € (0, 00]. Then G(-,t) € supp M, for everyt € Rg N (0, 7].
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Proof This follows immediately from Theorem 4.4(i) and Proposition 4.6. [ |

Theorem 1.5 now follows directly from Corollary 4.9 for 7 = oo and Lemma 2.2,
which shows that the set R of regular points of any Herglotz vector field G(z,t) in
the class M, has full measure.

Corollary 4.9 Let G(z,t) be a Herglotz vector field in the class M,, and assume that

sup RE<G(27 T)7Z/||ZH2> <0
zeB\{o}

for some T € Rg. Then '@, € 8° is not extremal for any t € (T, co].

Proof In view of Theorem 4.8, it suffices to show that & := G(-,T) cannot be a
support point of the class M,, on B". By assumption, there is a constant a > 0 such
that Re(G(z, T),z) < —al|z||* for all z € B". This implies that for any polynomial
mapping P: C" — C" with P(0) = 0 and d(P)y = 0, there is a number 6 > 0
such that h + eP € M, for every ¢ € C with || < §. If h € suppM,,, there is a
continuous linear functional L on Hol(B", C") such that max,ex, Re L(g) = Re L(h)
and L is not constant on M,,. We can now argue as in the proof of Proposition 4.6. In
particular, Re L(h + eP) < Re L(h) for any || < §, so L(P) = 0 for every polynomial
mapping P: C* — C" with P(0) = 0 and d(P); = 0. Hence L = 0 on the set of
mappings g € Hol(B", C") with g(0) = 0 and d(g)o = 0, so L is constant on M, a
contradiction. [ ]

We end with a remark that extends [8, Lemma 4.3].

Remark 4.10 Corollary 4.9 shows that if (f;)¢>¢ is a normal Loewner chain such
that

| L,
1
el e 5 O ) >0

for all + € E, where E C R" is a set of positive measure, then f; is not extremal (in
particular, fy & supp 89).
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