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Certain non-algebras in harmonic anal/sis

Lynette M. Butler

Given q € [l, 2) , functions / = / € D AP and
'o p>l

g = g f r are constructed such that fg $ A" for every

<7 € [l, q ] . In particular, if p 6 (l, 2) , 4" is not anq

algebra.

1. Introduction and preliminaries

We consider functions on the circle group T and write

AP = C n HP , 1 £ p < » ,

where C denotes the set of continuous functions on 21 and

FlP = {/ € ̂ ( D : f € lP(Z)} .

In private correspondence with the author, Professor Yitzhak

Katznelson suggested in outline a proof that Ap is not an algebra when

1 < p < 2 , and has since formulated existential proofs of more general

results. Meanwhile the author has concentrated on a more constructive

approach, the details of which are set out below. The author would like

to thank Professor Katznelson for suggesting the use of the polynomials D

and P* introduced below, and the form of Lemma 1.1.

It is known that A" is a Banach space under the norm

*p : h ** IWI. + iMlp = IWL + M p W •
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We define e to be the function e~ **• e t V on T and note tha t , for

h € AP ,

(1.1) Np[eh) = Np(h) ; ' Mp[ej) = Mp(h) .

The spectrum of h t L1(T) i s defined by

sp(fc) = {n € Z : &(n) j£ 0} .

Throughout the following we assume that p € (l, 2) , <; 6 [1, 2) .

<2l, <22> ... will denote positive absolute constants. If <p and ty are

positive functions on {l, 2, ...} , we write tp ̂  ^ iff

0 < infip i|) 5 supcp ty < <° .

If 0 denotes the Dirichlet kernel of degree n ,

(1.2) ll^ll^ = 2n + 1 o, n ; M^Dj = (2n+l)P <\. wP ; A

In [7 ] , p . 33, the Budin-Shapiro polynomials P^ (m = 0, 1, 2, . . . )

are defined by

m niQ m" „ •

where the £ (w) € (-1, l} are chosen in such a way that

w+1 m_

K \ ~2 2 ' Mp(FJ = 2 P ' ™ = 0, 1, 2, ... .

We shall use the polynomials P* (v = 1, 2, ...) , where P* = P for

the unique m such that 2W 5 V < 2 . Then

ttH-1 I m I I

(1.3) liP̂ IÎ  5 2 2 = 2222 5 22v2

and

I m 1 - 1 1
(1.10 V? SM (P^j = 2? > ( # =
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The following lemma wil l be needed.

LEMMA 1.1 (Katznelson). Let s be a positive integer, cp a

trigonometric polynomial of degree less than s , and ip any

trigonometric polynomial. Write \pi2 \ • e >+ ev B . Then

Proof. We can write

9 = '"'(as)

a f in i te sum. Also, e ? <p and e ? (<p have disjoint spectra whenever

m * m' . Thus, by ( l . l ) ,

= I \Um)\P{MU))P

2. Construction

Let f - D P* . „ . and g = D P* . > , where

- \n \ , m2 = \n "~ H I and the choice of Sj, s 2 will be

specified below.

If s1 > n , Lemma 1.1 and (1.2) - (l.U) show that

1 1 1

(2.1)

Similarly, if 82 > n ,

_ 1
(2.2) fl [g ) < a , '
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Again, if s2 > 2n + 2s ̂ i and S\ > 2n ,

Taking si = hn and s2 = hn + Xdrm\ , we have

(2.3) M [f g ) > a^n ,

where

<?(2-p)(2-c?)

From ( 2 . 1 ) , ( 2 . 2 ) and ( 2 . 3 ) ,

, „ MAp3npq)
(2 .U) ——rt rr.—/ ' r *" r 2 a<n ,

ff I f Iff \q I D

pyjn,pJ qyan,p,qJ

where

Q = "^—/^—1 > 0 .

We next estimate the size of sp(/ ) and sp(o ) :

S P ( / ) E [~n> n+2siffli] ,

sv[d ) EE [~M> n+2s2m2] .

Thus, according to the choice of sj and S2 specified above,

(2.6) s P ^ n p̂
 u sp^n ^ - [""' n(1+8wP+32"T)] .

where

P = ?-

Define

fo =
 nn fk(n)Mn)
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where

k(n) = 2nZ , p(n) = 1 + ± , &(n, q) = 2

Then (2.U) gives

1
2

2-q

(2.6)
,oo
9 2 > where

-+ co as >2 ""*•

Since iV is a decreasing function of p , the formula

-2

w \f°\ = PiJ k(n) ,p{n)

shows that to any p > 1 corresponds n (p) such that

(2.7)

Also,

(2.8)

5 n2 for n >

Finally, let fn = e^ /° , where the integers

v = v will be chosen appropriately, and consider

(2.9)

By (1.1) and (2.7),

r-f* = I
Ho n=X

1>% = Jl 9n*
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= I *
n = l f

nQ(p)

~ J l P^'n) n>n"o(p)

< °° f o r a l l p > 1 ,

a n d so / € D / 1 P . S i m i l a r l y , by ( l . l ) and ( 2 . 8 ) ,

N [g ) £ Y N (g

= I » \g°

00

n=l

< °° .

and so 3 (. A^ for 1 5 q < 2 .

By (2 .9) ,

(2.10)

Let

(2.11)

Then, for q < q ,

SP (/" ) u sp [q ) c v +
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and

sp l f f f l e v + F + V + F
y U ^ . f - r,1o r,^ s,q-o s,qQ

Moreover, (2.5) and (2.11) show that F is finite. Supposing the

v to he chosen to satisfy

(2.12)
v +F +v +F n v +F +v +F = 0

m% m% m% m V ' r ^ rq Sq S V
S'q o

whenever (r, s) t {m, m) ,

then, for every q £ q , [fg )~ and [fa )~ will agree on the

support of the latter, and (2.10) will show that

'- (vw
the last step by (1.1). Hence, ty (2.6),

M
qifSq) = °° for U < j 5 ? o .

Reverting to (2.12) it is simple to check that (omitting explicit

reference to q ) it suffices to choose \>i € Z freely, and to make a

choice by recurrence to satisfy

Vl < Z^;K' •••' V
where

u U 2w.-u.+F ,, +F .n -F. -F.
I * J «+l7 n+lq tq J

F"[u , .. . , u ; q ) = U u.+u.+F. +F. -F , -F
f^1<n *• " *^O ^O MO ^O

for every n (. N and every (u , . .., u ) € Z
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REMARK. The preceding simple construction encounters difficulties if

one tries to handle all q < 2 in one move. This is because the sets

F = U<sp j I u sp\g : q < 2> are infinite and it is no longer clear

that integers v can be chosen so that the analogue of (2.12) is

satisfied. On the other hand, in one of the stronger existential results

mentioned in §1, Professor Katznelson indicates that the existence of

f d n AP and g € R P (l 5 q < 2) satisfying fg \ flq ( I 5 i } < 2)

follows on combining (2.U) with convexity and category arguments.
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