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§ 1. Introduction

Let M = M(D, π) be a (real analytic) fibered manifold of dimension n over

a manifold D of dimension p, with projection n. We denote by M'(Dy a) the

prolonged fibered manifold of M(D, π). Every point of M1 is a ^-dimensional

contact element of M, and a />-dimensional contact element X of M belongs to

Mf if and only if π*X = T^x)(D)t where x is the origin of X. We write x-

β(X) and a = π°β. We also denote by M"{Df a1) the prolonged fibered

manifold of M'(A α:), where a1 = ar ° £' and #' is the projection of each X' e M"

to its origin in M*.

Let 31 be a (homogeneous and ^-closed real analytic) differential system

on the fibered manifold M{D, π). Then, on the fibered manifold M'iD, α), the

prolonged differential system of 31 is well defined. We denote it by 31'. Let

X1 e M" and X&M1 be integral elements of W and 31 respectively. We denote

their characters by s'k(Xf) and Sk(X) k = 0,1, . . . , / > . The following theorem

was first proved by E. Cartan [1] in the special case and later by Matsushima

[33 in the general case.

THEOREM. // X1 is an integral element of 3ί' such that X- β'(X') is an

ordinary integral element of 3t, then X1 is also an ordinary integral element of 3ί'

and the characters satisfy the following relations

(1) s'k{X') = Σsj(X), * = 1,2, . . . ,/>-l.

In this note we investigate the case where it is not assumed that X is

ordinary. In this case we have the inequalities (2) instead of (l). In fact,

we can prove the following theorem.

THEOREM. Let X' be an arbitrary integral element of 31' and let X be its origin.
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Then the following inequaities hold:

(2) i

Further, if the sets of 0-forms of 9F and 91 are regular at X and x- β{X)

respectively, then the element X is an ordinary integral element of 91 if and only

if (l) hold for all k = 0, 1, . . . , p.

In § 2, we state some definitions and lemmas and in § 3 give a proof of

our theorem.

§2. Definitions and Lemmas

Let I G M ' be an integral element of 9ί, and Ek be a ^-dimensional element

in X. We denote by t(Ek) the rank of the polar system for Ek, and by tk(X)

the maximum value of t(Ek) for arbitrary EkaX, Then, as is well known,

there is a flag β{X) = £ ° c E 1 c . « c ^ c l , such that tk(X)=t(Ek) for

* = 0, 1, . . . , / > - 1 . Such a flag {Ek} is called a non-singular flag in X Let

x= £(X), * =τrU) and π*Ek^Έk. Then we have a flag {£*} in T*{D). Con-

versely, for any flag {Ek) in T-X(D), there is a unique flag {£*} in the given

X, which is over the flag {Έk}. An ordered coordinate system (x\ . . . , xp)

at x in Z> is called non-singular for X, if and only if the flag in X, which is

over the flag {(Bi9 . . . , dk)}, is non-singular (We denote by (Sj, . . . , § * ) the

element spanned by vectors §/= (d/dxJ)χ, j= 1, . . . , k).

Let (xι) be a non-singular coordinate system at %-a{X) for an integral

element X, such that xι (x) = 0. Then it is easily seen that there is an open

and dense subset, say G, of GLip), such that any coordinate system (/) at x,

defined by y1 = *Σa)x\ is non-singular for X if (a)) e G. By this remark, we

can easily verify the following lemma.

LEMMA 1. Let Mi(D, 7ci) and M2(Df m) be fibered manifolds over the same

manifold D, and let %ι and 9ί2 be differential systems on MAD, πi) and M2 (D,

7τ2) respectively. If Xλ and X2 are integral elements of %x and ?I2 respectively such

that their origins are over the same point x of D, then there exists a' coordinate

system (x1) at x, which is non singular for both Xι and X%.

For any integral element X of 91, we denote by t-i{X) the rank of d%Vχ)y

where 9l(o) is the set of 0-forms of 91. We define the characters Sk (k = 0,
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1, . . . . , / > ) b y Sk(X) =tk(X) -tk-ι{X), for k~0, . . . ,p-l, a n d b y

P - tp-i(X). Our Sk are the same as the ones in [3] except s0.

Let {/} be a set of (real analytic) functions defined on a neighborhood of

a point a in a manifold and f(α) = 0 for every / e {/}. We say that {/} is

regular at the point α, if there exist a subset {fu . . . , fm) of {/} and a

neighborhood V of α, such that (i) (dfi)α, . . . , (dfm^α are linearly independent,

and (ii) if pe F and /,(/>) = 0 , / = l w, then /(/>) = 0 for any / e {/}.

An integral element X of the differential system % on the fibered manifold

M(D, π) is called ordinary if and only if the following conditions (i) and (ii)

are satisfied:

(i) %{0) and %'(o) are regular at β(X) and X respectively,

(ii) the dimension of the submanifold of M\ defined by the set of equations

W(o) = 0 in a neighborhood of X, is n' - t-ΛX) + *Σksk(X), where n' = dim M'

For later use, we state the following

LEMMA 2. L^ F ^ ^ ./£;«/£ dimensional vector space and V= Fo-f Fi-f- * * *

+ 7 / , H Z>̂  α direct sum decomposition of V. Denote by iku...,kq the identity map

of Vkι -f + Vkq into V and suppose that a family of sets of linear functionals

{Ψ{k) \k = 0, 1, . . . , / > } on V is given and each set of linear functionals Ψ{k) satisfies

the condition it+ι,k+i, ...,/>+i?Pr(^) = {0}. Then there exists a set of non-negative

integers {#0> & , . • . , ^ - i } , such that

. i f c + i . . " . . f ί + i ( U r ( / ) ) ) = Σ / y + Σ ^ , * = 0 , l , . . • , A

tk'i = rank {itΨιk)).

This lemma is easily verified by applying the following Lemma 3 repeatedly.

LEMMA 3. Let V^Vo+Vibea direct sum decomposition of a finite dimensional

vector space V, and ΨQ and Ψι be sets of linear functionals on V such that i*¥o =

{0}, rank (iΪΨo) = U and rank (iΪΨi) = h. Then, for some <5>0, rank {ΨΌ U ̂ i) =

fo+fi+δ.

This lemma is obvious.

§ 3. Proof of Theorem

Let X1 be an integral element of 31', β'(X') = X and β(X) = x. By Lemma
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1, we can find a coordinate system (x1) at π(x) in D, which is non-singular

for both X1 and X. Since Mφ, π) is a fibered manifold, there is a coordinate

system (x'°n,xx), i=l, . . . 9p λ = p + 1 , . . . , n, defined on a neighborhood

U of x&M. We shall use the notation x* instead of x'°π, and adopt such

conventions in the sequel. Let U' = β~\U). The coordinate system (**', xλ)

on U introduces the canonical coordinate system (x\ χλ, ή) on W.

We write a, = d/dx\ 3 λ = a/a*\ al = a/a/f* and put *, = a, + Σ#9λ, eκ = aA.

These are vector fields on t/', and every l e £/' is spanned by j9*(e, )*, ί = 1,

We suppose that {ffi*Mθf e Ak, k = 0,1, . . . tp) is a local expression of 91 on

£/ where {tfi*01 a e il*} is the set of ^-forms and { ^ } 1 a e Afe} c {Λ*+1)|α e ^jfe+1}.

(-4* are sets of indices). For vector fields ejϊt . . . , ejk (l^ju . . . Jk^n)

defined above, ^flί*1, ^ A Λ ^ > is a function on £/'. We denote it by

#$.../*. (In particular, ^ o ) = β*/?io)). We consider a set

of functions on U' and a set of 1-forms <fλ = rf*x - Σ/i rf^', U = ^ + 1, . . n)

on U'. Then

(3) Θ[JdΘϋ{ψx}\J{dφλ}

is a local expression of 91' on t/'.

Now we write, for the given points X and x~β(X), ej(x) = β*(ej)χ and

<Pi= (Λλ),-Σ/ί(-af)(Λ'"),. Then (ei(x), e,{x)) is a basis of the vector space

TX(M), and {(dx%)Xi ψi) is the dual basis. Hence we have

(θ^Me^x) A Ae^ix)) = Σ < ( Λ , ^(jt) Λ Λft^U)

Λβ/ί^Xrf^ + Σ <(»?)„ ^ U ) A Ae/^U) A ^ U ) > ^

= ΣJ?iiUw(-Y)fe.

Therefore

(4) φ'*"1) = { Σ ^ - . ^ x α ) SPi I l ^ f i < - - <iι-i£k - 1, α e Au 1= 1,.. . . , ̂ }

is the polar system for the (^-l)-dimensional element Oi(#), . . . ,ek-i{x))f

for ^ = 1, . . . , p. In addition, putting

(5) r
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we have rankCΦ^"1') = tk-ΛX) for A? = 0, 1, . . . ,p.

We now proceed to examine the characters sf

k(X). We suppose that X1 is

spanned by e[,. . . , e'Py where

Since X1 is the integral element of %' with the origin X, we have t) = /J

φ = /yί and *{(#) = 0 for any H^β. If we set 0 λ = ( t f x λ ) χ - Σ * / V * % and
i

Ψi - (dlϊ)χ—*Σtlj{dxj)χ, we can see that the polar system for the ik-D-
j

dimensional element (e{, . . . , e'k-ι) is given as follows:

(6)

We have (dθ)x= UΨιk) by setting

(7) F ( β >

and

(8) Ψ{k) = {W£Γ&.../,_1*)χ|lίii< < « - ι £ f t - 1, « ε ili, / = 1 *}.

Since {(dx')χ, ψλ, ψ}) is the dual basis of {e\, 0κ)χ, 0'λ)x) in Tχ{M'), we have

f for any Heθ.
Λ λί

Therefore we have

(9) {dH£v..h-ιk)x s Σ t f & . .twUO 0i (mod 0

We consider the direct sum decomposition TX{M') = F o+ Fi+ 4- Vp+1,

where F o = (idp+i)x, . . . , O»)x), F*= (O*+i)z, . . . , (dn)χ), * = 1, . . . , A and

V/>n = X'. We can apply Lemma 2 to our vector space Tx(M') and the family

of sets of linear functionals {ψιk)) defined by (7) and (8). In fact, we can

see iί+i.....*+iSrί*) = {0} for * = 0,1, . . . ,p, by (7), (8) and (9). Further we

have, rank(itΨ{k)) =tk-AX) for & = 1, . . . tp by (4), (8), (9) and for * = 0 by

(5), 17). Therefore, by Lemma 2, there exists a set of non-negative integers

{do, . . . , δp-x} such that

fLxU') = rank ((dΘ)x) = Σ tj{X) + Σ
1J 1 > 0

= rank (#'(*-") = k(n -p) + rank (ij, ...,p+ι{dθ)x)
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= k{n -p) + Σ tj(X) + Σ«y for k = 1 £ - 1

and t'p-.ι(Xl)=p(n-p)+tp-i{X).

S i n c e b y d e f i n i t i o n , s i ( X ' ) = t'^X1) -t'k-ι(Xf) f o r * = 0, 1, . . . , / > - 1 a n d

s'p(X') = n'-p- t'p-!(X1), we obtain

(10)

Since 5*>0, the inequalities (2) in the theorem are verified.

The latter half of the theorem also follows from the above computations.

Since the set of functions Θ is regular at X by the assumption, the submanifold

of M'y defined by Θ = 0 in a neighborhood of the point X, is of dimension n!

- tlAX') =n~ t-χ(X) + j^kskiX) - Σ δ * . Therefore X is ordinary if and only
fc=l fe=0

p-1

i f Σ ^ = 0. We can see by (10) that this condition is equivalent to the

equalities (l) for all k = 0, 1, . . . , p. Thus the proof is complete.
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