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Let H= (Hi, ;) {1 <i,j < n) be an nk xnk matrix with com-
plex coefficients, where each Hi,j is itself a k X k matrix
(n, k> 2). Let |[H| denote the determinant of H and let
=] = I(IHi,jl)l (1 £i, j£n). The purpose of this note is to
prove the following theorem.

THEOREM. If H is positive definite Hermitian then
|H| < |H||. Moreover, |H| =|H| if and only if Hj j=0
whenever i # j.

The case n =2 of this theorem is contained in [1].

Before proceeding to the proof, we introduce some notation.
Suppose 2 < p<m andlet z; =(2zi,4, 2i,2, ---, Zi, m)have
complex coefficients for 41 < i< p. Then define .

(24, 2z2) =Z724 24,y 22, and define zg Az A ... A zp tobe a
vector with ;Cp coordinates as follows: the coordinates of

zy AzZ2 A ... A zp are the p X p minors of the matrix Z =(zi,5)
(1£igp, 1 £j<m) where the ordering of the coordinates is
lexicographic based upon the columns of Z. For example, if
Pp=2 and m =3,

20,1 21,2 1%1,1%1,3] |*1,2%4,3
z AN z_= ) E] .
22,1 22,2 |%2,1 %2,3] |%2,2%2,3

The proof of our theorem rests on the known fact [2] that if also
Yi =(y-1’1, Vi, 20 - Yi,m) for 1 < i< p, then

eee , . e = , . <i, j<p.
(ziAZZA Azp Yy AT, A Ayp) l(zi yj)l 1<i, jEp
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We now turn to the proof of our theorem. If

W =diag(W,, Wy, ..., W) is the direct sum of n non- smgular
k x k matrices W,, W,, ..., W then |WHW¥| = |WW*|

and [|[WHW*|| = [(|w;H; ;Wi = W] [H] [[w*] =] ww HHH~
(W* is the conjugate transpose of W.) Thus, if

[WHW*| < | WHW*|| then |H| < [|H]|, and if |H| = |H| then

| WHW*| = || WHW*|.

Since H is positive definite, H = VV* for some triangular
V. We write V =(V; J) (1 £1i, j £ n) where each V;y i is kx k_
and V; J_0 if 1> j. LetW (V1 ;)-1 for 1<1<n Then
WHW* = (WV)(WV)* = XX* where

WV =X=

./

Here each X; ; is kx k and Iy denotes the k Xk identity mat-
rix. Since IXX*I =1, to prove that [H| < [|HJ| it suffices to
prove that || XX*|| > 1. Moreover, if IH] |H||, then || XX*|=1.
If we can show that this implies that X =1 nk then V =W-1 and
hence H =VV* satisfies H; j =0 for all i # j.

Let Xqs X2, <oy Xpl be the row vectors of the matrix X.
Then

(x,. Ax A...AXx

(i-1)k+1 (i-1)k+2 A x

. X, A A...
ik’ “(j-1)k+1” F(G-1)k+2 jk)

=1y Fotped testsk

so that
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x| = ey )l 124, 52k,

:l(x(i- Ok + MEREE AX x(j_ Dk + 1/\... /\xjk)],
| 124, jgn,
= (%, x)
where
x:(x1A xZA"'A)ﬁ()A(xk+1Axk+2A”' Aka)
A, A(x(n_ 1)k+1A"' l\xnk).

Then || XX*| is of the form Z|u;|? where the u; are the co-
ordinates of the vector x and are polynomials inthe elements of
the matrix X. We complete the proof by showing that among

the u; we find 41 and all of the non-zero off-diagonal coefficients
of X. Let X= (xi,j)‘

The first coordinate of Xy Axp Ao A x is 1, and the
first coordinate of X - 1)k + 1A - A Xk is zero for 2<j<n
since each such coordinate is the determinant of a matrix of
zeros. Similarly, the coordinate of x;; _ Nk + 1A AXx
constructed from columns (i - 1)k + 1, (i -1)k+ 2, ..., ik of
the matrix

- k+1
A - i-1)k+2
i
*ik
whose rows are the vectors Xi-1)k+ 1 Xi-1)k+2 - Xk
is 4; and for all j > i this coordinate in X(j - 1)k+ 1N AXx

is the determinant of the zero matrix. This means that if we
form the matrix A whose rows are the vectors
X(i - 1)k + 4N .- A x5 for 1 1< n, then
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is one of the minors of A. (Here, the asterisk indicates
elements whose precise values do not matter.) Thus one u; is
i.

For fixed i (1 £i<n-1) let s, t be integers such that
1 < s<k and ik <t < nk. The minor of the matrix A; con-
structed from columns (i - 1)k + 1, ..., (i-1)k+ s -1,
(i-1)k+s+1, ..., ik, t has value X5 - )k + s, t Hence
one of the coordinates of x(j . 1)k + 1 A --- A Xjk is
* X(i - 1)k + s, t In X(J_ 1)k + 4N A Xjk for j > i this
same coordinate is a determinant with at least k - 1 columns
of zeros and hence is zero. Consequently, one of the minors ot
A is (after, possibly, a permutation of its columns)

TXE- )k+os, t

1

Thus it follows that + Xi-4)k+ s, t is one of the coordinates
of x.

It is now clear that

Ixx*| =1+ 3, 1%+ =lu ®

s,t'x(i - 1)k% s, t

where the last sum is over the remaining u;. Hence " XX* “ >1
and || XX*| =1 implies that all X(i - 1)k + s,t vanish so that
X = Ink.

The proof of the theorem is now complete.
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Everitt' s proof of the case n =2 depended on the fact that
if A and B are positive definite k X k Hermitian matrices then
|A+B|>|A| + |B|. We are now able to reverse the logic and
deduce this inequality from our theorem. For let

A+B A%
C-_- 1

2

A I

1 1
2
where A’ is Hermitian and satisfies (AT) =A. Let

L -A%
rr =
0 I
k

Then TCT* =diag(B,Iy) is positive definite so that C is also.

Moreover, |[C| = tB[ Applying our theorem to C, we find

|Cl<|A+B| - |[&] or [A+B]| > |A] + |B|. We cannot have
1

equality here since A? # 0.
As another application of the case n =2 we deduce an
inequality due to Fischer [3]. Let

A B
H=
C D

be an (m + n) X (m + n) positive definite Hermitian matrix where
A is mXm and D is nx n. Suppose m >n and let

H, =diag(H, I _ n). (H1 =H if m =n.) Write H, =(Hi j)
for 1<1i, j<2 where Hy 4 =A and Hp , =diag(D,Ly 'p).
Applying our theorem we find that

i =15, < 15, s, ] - 11, 1 15, | < 1a] D]

with equality if and only if B = 0.

Since Fischer's inequality implies Hadamard's inequality,
it follows that the case n =2 of our theorem also implies
Hadamard's inequality.
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By a standard continuity argument, we may extend our
result to non-negative Hermitian matrices. '

COROLLARY. If H is non-negative Hermitian then
5] < 5]
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