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THE NUMBER OF COLLISIONS
FOR THE OCCUPANCY PROBLEM
WITH UNEQUAL PROBABILITIES
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Abstract

In this article we study a number of collisions concerning a simple occupancy problem
with unequal probabilities. Using combinatorial arguments and negative associations of
random variables, we have several limit theorems, namely, a weak law of large numbers
and a Poisson law of small numbers including the Chen—Stein estimate.
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1. Introduction

1.1. Problem and background

Throughout this article, we use the notation R := (—o0, o) and N := {1,2, ...}. Fort € N,
we also use the convenient notation [¢] := {1, 2, ..., t}.

The classical occupancy problem or the classical ball-and-bin problem has been studied
extensively. See [7] and [8] for a survey and [12] for a detailed study of the asymptotic
results. There also exist some variants of the classical occupancy problem. One was studied
by Wendl [20], who considered the following problem.

Letting m, n, t € N, we throw m white balls, denoted by A, and n black balls, denoted by
B, into urns [¢] with probabilities {p;}ic[;) and {g; }ie[s), respectively, where p; > 0 and
qi > 0fori € [t] and Zie[z] pi = Zie[r] gi = 1. For k € [t]U {0} what is the probability
that the number of urns containing both colors, that is, the number of collisions between A
and B, is k?

Prior to WendI’s [20] work, Popova [17] investigated a joint distribution of a number of collision
urns and a number of non-collision urns and Selivanov [19] studied the first collision time for
infinite numbers of colors. Moreover, there also exists some applied research concerning
this problem. From the beginning Wendl [20] pointed out that this problem contained many
applications to practical problems, for example, a clone mapping problem, a collision problem of
airborne planes, etc. In [21] he focused on a DNA fingerprint mapping problem, and gave some
numerical discussions. Motivated by computational learning theory, Boucheron and Gardy [3]
studied a variant of the collision problem. More recently, Bodini ef al. [2] investigated a
Boltzmann sampling algorithm for an Hadamard product of two combinatorial classes. To
evaluate the algorithm, they efficiently used some results of the collision problem. Nishimura
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and Sibuya [15] noted that this problem was applicable to cryptography. They studied several
variants of this problem under the condition that the throwing probabilities { p; };c[s] and {g; }ic[s]
are uniform, namely, p; = ¢; = 1/t fori € [¢]. In virtue of the uniform property the method
of enumerating surjections using Stirling numbers of the second kind (see [9, Section 11.3.1])
is applicable to the problem. Under the uniform condition, Nakata [13] directly studied this
problem, and gave both the exact probability distribution of the number of collisions (see (5))
and its factorial moment (see (12)). These results were also essentially given in [15]. In [13] he
gave several limit theorems, namely, a weak law of large numbers and Poisson approximations
with the Chen—Stein method under some conditions.

1.2. Our contributions

In this article we present a further extension of [13] when both {p;};c[;] and {g;};c[s] are
not necessarily uniform. We denote by X; = X,(m, n) the number of collisions between A,
namely, m white balls, and B, namely, n black balls, into 7 urns. First, we indicate the exact
probability distribution of X; using {p;}ic[s] and {g; }ic[s] instead of the Stirling numbers of the
second kind (see Proposition 1). We also indicate the factorial moment (see Proposition 2). In
the proof of [13, Theorem 2] the factorial moment was directly calculated using combinatorial
arguments. In this article we utilize indicator random variables concerning collisions to obtain
the factorial moment. In many previous works generating functions were often analyzed.
However, in this article we give only the explicit form of the generating function, and we do
not directly investigate it. Instead of analyzing generating functions, we examine indicator
random variables concerning collisions. We show that these indicator random variables are
negatively associated. The negative association of random variables is one qualitative version
of the negative dependence of random variables, which was investigated intensively in [4],
[5, Section 3.1], [11], and [16]. This implies that the variance of X; does not exceed the
expectation of X; (see Proposition 3). In Proposition 5 we provide an upper and a lower
bound on the second moment of X; using the smart arguments given in [10, Section 4]. As a
corollary, we give a simple upper bound of the probability without collisions (see Corollary 2
and compare with [20, Section 3]). Proposition 5 plays a role in giving concrete bounds with
respect to Poisson approximations in Section 4.2.

Moreover, using these results, we argue a weak law of large numbers. In [13, Proposition 1]
the weak law of large numbers was proved under some strong conditions including the uniform
condition. However, we can prove it under a weak condition (see Theorem 1). We also give
some examples satisfying the conditions of Theorem 1 (see Examples 1 and 2).

We investigate Poisson approximations of X, using the moment method (see Theorem 2).
Specifically, we check convergences of all factorial moments using the same method as that
used in [13, Theorem 3]. Although the proof is more complicated, we can overcome this
by estimating terms of a multinomial expansion (see Lemma 3). Using Theorem 2, we give
some examples of Poisson convergences. An application of Theorem 2 is an approximation of
the probability without collisions (see Corollary 3, and compare with [20, Section 3] and [6,
Section 2.6, Example 6.6]). In Example 3.1 we give a numerical verification with respect to
Corollary 3. It turns out that no collision probabilities (see (6)) under suitable conditions are
well approximated by the Gumbel distribution. Finally, we give an error bound for the Poisson
approximation using the Chen—Stein method (see Section 4.2). The estimates are easily given
in virtue of the negative association of the random variables. In Example 4 we concretely show
the Chen—Stein estimate corresponding to Example 3.
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1.3. Plan of the article

In Section 2 we give combinatorial arguments. In Sections 2.1, 2.2, and 2.5 we respectively
give the exact probability distribution, the factorial moment, and the generating function. In
Section 2.3 we discuss negatively associated random variables and in Section 2.4 we give bounds
concerning the second moment of X;. In Section 3 we state the weak law of large numbers.
Finally, in Section 4 we establish the law of small numbers and Poisson approximations,
including the Chen—Stein estimate.

2. Combinatorial arguments

2.1. Exact probability distribution

In this subsection we show the exact probability distribution of X; which is the number of
collisions between m white balls, denoted by A, and n black balls, denoted by B. First, we
need to introduce some notation. For A, let o; € [¢] be a target urn of the ith white ball for
i € [m]. The multiset A, := {a1, ..., oy} is called a path from A. Similarly, let 8; € [¢] be
a target urn of the jth black ball for j € [#]. The multiset B,, := {By, ..., By} is also called
a path from B. Fix k € [t] U {0}. Considering k collisions on [¢], we introduce a family of
pairs (I, J) such that both I and J are subsets of [¢] and |/ N J| = k, where |K| denotes the
cardinality of the set K. Namely, we set

15y =, Dy LTl [ =i, [T =j, INJ| =k} fori,jelt]. (1)

For a subset I C [¢] and a path A,,, the notation A,, 3 [ means that each element of [ is
contained in the path A,,, and each element of the path A,, is contained in /. Namely, the
multiset A,, is equivalent to the ordinary set I, if A,, = I. We similarly define B, 2 J for a
subset J C [t] and B,,.

Using this notation, we state the following proposition.

Proposition 1. Throw m white balls and n black balls into urns [t] with probabilities {p; }ic|s]
and {q; }ie[s), respectively. Then the probability of k collisions is

PX,=k=) > ) <Z ]"[m)(Z qu) fork € [11U {0},

i€lm] jenl (7 pyer@D () AnIl1€AR B,2J IeB,

@)
where )" A,z and 3 B,oJ denote the summations for all paths satisfying Ay, 2 I and
B,, 3 J, respectively.

Proof. We fix two subsets of urns I C [t] and J C [¢]. Let {A = I} be the event that the
target urns from A is /. The event {B = J} is defined similarly. Then we have
P(Aél):l?( U hasapathAm}> => I]r (3)

Ap 3l Ap3lleA,

Similarly, we have

PB==Y []a 4)

B,3J leB,
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If the number of collisions is k then |/ N J| = k. Hence, we have

P(X,:k):ﬂ”( U {A:I}ﬂ{B:J})

(1,7 : |INJ|=k}
= Y  PdA=NNn{B=J)
(1,7 |INJ|=k}
= Z P(A = )P(B = J)
(1,7 |INJ|=k}
XY r (T In)(X I«
i€lm Vel (i) " Am3 1€Am B,3J I€B,

The third equality holds because the events {A = I} and {B = J} are independent. This
completes the proof.

If we assume the uniform condition, namely, p; = ¢; = 1/t fori € [¢], then (2) has a
somewhat simpler form. Indeed, probability (3) is

P(A=I) = |1|'{|1|} -

where LZ} denotes Stirling numbers of the second kind (see [9, Section I1.3.1]). Similarly,
probability (4) is

P(B = J)=|J|! { |'Jl|} £

By (1) and the uniform condition, probability (2) is simplified as

P =b =2 3 Y (RN | [ 13 Ol KT

i€e[m] je[m]
,m+n22{ H }(’)k(])’;{# fork =0, ..., min{m, n,1}, (5)
i=k j=k ’

where (1), denotes (k)k! =t —1)---( —k+ 1) for nonnegative integers t > 0 and k > 0.
Note that (5) was explicitly given as [14, Equation (4)]. In particular, the probability without

collisions,
P(X; =0) = m+nZZ{ }{ }(r),ﬂ, 6)

i=1 j=I

was previously given in [20, Theorem 1] and [15, Equation (3.4)].

2.2. Factorial moment

In this subsection we indicate the factorial moment of X;. We can obtain the expectation of
X; and the variance of X; using the first and second factorial moments.

Proposition 2. Assume that the conditions of Proposition 1 hold. Then, for | > 1, the Ith
factorial moment is

l 1
E(Xon =101 Y {Z > (—U"(l—m)’"”Z > (—l)k(l—qj)”},

Lc[tl, IL|=l Yk=0 ICL,|I|=k k=0 JCL,|J|=k
@)

where py = Zid piandqy = Zje] qj-
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Proof. We fix anurni € [t]. Let A(i) be the event that there exists a white ball from A
in the ith urn when throwing m white balls. Similarly, let B(i) be the event that there exists a
black ball from B in the ith urn when throwing n black balls. Note that the events A(i) and
B(i) are independent because all balls are independently thrown.

Given L C [r], we investigate the joint probability of the events {A(i)};cr. Using E€ to
denote the complement of an event E, we have

P(ﬂ A(i)) =1- IP’(U A(i)C)
ielL ielL

IL]

=1-> > (—D"“P(ﬂ A<j>°>
i=1 ICL,|l|=i jel
L]
= > =HFa—pnn
i=1 ICL,|I|=i
IL| .
=Y ) =ha-pnm ®)
i=0 ICL,|I|=i

The second equality holds due to the inclusion—exclusion principle. Namely, for events {C;},
n n
IP(U c,~> = Z(—Dk“ Z P(ﬂ c,-).
i=1 k=1 Icl|l|=k Yiel

Similarly, for the given L C [¢], we have
IL|

P(ﬂ B(i)) =Y Y =Da—gnn ©)
ieL i=0 JCL,|J|=i
We now define an indicator function as
£ = { 1 if a collision occurs in the ith urn, (10)
0 if a collision does not occur in the ith urn.

By definition, X; = Zf: 1 & holds. Note that the {§;};¢[;] are not independent. More precisely,

they are negatively associated. Indeed, we will show the negative association in Proposition 4

below. If the throwing probabilities are uniform, they are exchangeable (see [7, Section 2.9]).
Since éiz = &;, we obtain, for/ > 1,

E((X)1) = E(ﬁ (i & — J>>
sz e i)

=E<123 Z $i|$i2§nl—[<251_]>>
i1<iy<i3 Jj=3
=i > E(Hé,). (1)
Lcl, L=l NeL
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By (10) and the definitions of A(i) and B(i), we have

E(]‘[ si) = P(ﬂ{a = 1}) = P(D{Am n B(i)}) = P(

ieL

ﬂA(i))P(ﬂ B(i)).

ieL ieL
The last equality holds because the events A(i) and B(i) are independent. Hence, by (8), (9),

and (11), we obtain the desired result.

Under the uniform condition, the factorial moment of X, was given in [13, Equation (1)]
and [15, Equation (3.2)]. Indeed, for a fixed [ > 1,

1

=S -NE(-2)) o

i=0
Using (7) with respect to / = 1 and 2, we have the expectation of X, and the variance of X,.

Corollary 1. Assume that the conditions of Proposition 1 hold. Then we have

t
E(X:) = Z(l —a;))(1 = bi), 13)

i=1
var(Xl) = Z{(] —a; — aj)(b,-j — bibj) + (1 — b,‘ — bj)(a,-j — aiaj) +aijb,-j — aiajb,-bj}

iJj

+ Z{(l —a;i)(bi — bip) + (1 = bi)(ai — aip) — (ai — aii)(bi — i)}, (14)

where
ai =a;(t) = (1 —p)™, bi =bi(t) = (1 —¢q)",

aj = ajj(t) == (1 —pi —pp™, b =bj(t) :== (1 —gq; —q)".
Proof. By (7) with respect tol = 1, we have

(15)

t t
E(X) =Y (1= (1= p)"}{1—(1—g)"} = > (1 —a)(1 = by).

i=1 i=1
Hence, we obtain (13). Moreover, by (7) with respect to / = 2, we have

var(X,) = E((X,)2) + E(X,) — E*(X,)

t
=Y (I—ai —aj+ay)( —b —bj +by) — Y (1 —2a; + ai)(1 — 2b; + bip)
ij i=1

t
+ Y (A —a)(l—b) = > {1 — a1 = b)(1 —ap)(1 - b))}
i=1 i,j
=Y (A —a—aj+ay)(l —bi —bj+by) — (1 —a)(1 —b)(1 —a;)(1 - by)

ij

t
+ ) (L =a)(1 = b)) = (1 = 2a; +ai) (1 = 2b; + byp)

i=1
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= Z(l —a; —a;)(bj —bibj) + (1 —b; —bj)(ajj — a;aj) + ajjb;j — aja;b;b;
i,j
t
+ Y (= ai)(b — big) + (1 = by)(a; — ait) — (a; — aig) (bi — bi).
i=1
Hence, we obtain (14).

2.3. The expectation and the variance via the negative association

To investigate the concentration of X; around [E(X,) we would like to compare the expectation
of X; and the variance of X;. The main result of this subsection is the following.

Proposition 3. Given two probability distributions {p;}ic|s] and {qi}ic[s), we have
E(X;) > var(X;). (16)

To obtain (16), we usually calculate both (13) and (14) directly. However, we would like to
avoid the calculations because they are complicated. Instead of direct calculations we investigate
the dependence among {£; }; <[] defined by (10).

First, we give the definition of negatively associated random variables (see [5, Section 3.1]).
Random variables {Y;};¢[; are negatively associated if, for all disjoint subsets I, J C [¢] and
all nondecreasing functions f: R/ — Rand g: R/ — R, the following inequality holds:

E(f(Yi,i € Dg(Yj, j € ) <E(f(Yi,i € )EgY;,j€J)).
Then we have the following result.

Proposition 4. The random variables {&;};c|s] defined by (10) are negatively associated. In
particular,

Ei&)) < EEDE®G)) fori #j € (1] a7

We will show this later. By virtue of Proposition 4, it is not difficult to prove Proposition 3.
Proof of Proposition 3. 1f we obtain
E((X0)2) < E* (X)), (18)
then we obtain (16) because
var(X;) = E(X7) — E*(X,) = E((X)2) + E(X) — E* (X)) < E(X)),
using (18). Therefore, it is sufficient to show (18):
E((X)2) = Y E&&) < Y EEEE) <Y Y EEEE) =EX(X)).
i#] i#] ielr] jelr]

The first inequality holds by (17). This completes the proof.

To prove Proposition 4, we introduce the following subdividing indicator random variables
with respect to (10). For w € [m], b € [r], and i € [¢], we define

1 if a collision occurs in the ith urn between the white ball w
g0l = and the black ball b,
0 otherwise.
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By definition, we have

: b
£ = Uif 3 epmpem &' > 0,
0 otherwise.

‘We now show that the {Eiw’b},'e[,] are negatively associated for each w € [m] and b € [n].

Lemma 1. For each w € [m] and b € [n], the random variables {Eiw’b}ie[t] are negatively
associated.

Proof. For each I, J C [t] satisfying I N J = &, we consider nondecreasing functions
f: R - Rand g: R/ — R. We can assume that f: R/ — [0, 0), g: R/ — [0, 00),
and f(0,...,0) = g(0,...,0) = 0, because we deal with f(a;,i € I) — f(0,...,0) for all
(a;,i € I) e Rl and g(bj, j € J) — g(0,...,0) forall (bj, j € J) € R’ if necessary. Then
we have

E(fE"". ieDg@E". je)=0<EfE"" i e EQE, je ).
The equality holds since either {Siw’b}ie ] or {S}”’b}je J must be all zero for the fixed w € [m]
and b € [n]. This completes the proof.

To show Proposition 4, we quote the following property from [5].

Closure Under Products. (/5, p. 35].) Suppose that {X;};c[,) are negatively associated,
and {Y} je[m) are also negatively associated. If {X;};e[n) and {Y;}e[m) are independent, then
{Xi, Y}}ien], jelm) are also negatively associated.

Using this property, we show the following lemma.
Lemma 2. All random variables {Siw’b},-e[,], welm], be[n] are negatively associated.

Proof. We make use of the same method at that used in the last part of [5, Example 3.1,
p- 36]. By Lemma 1, for each w € [m] and b € [n], the random variables {Siw’h}ie[,] are

negatively associated. For fixed i € [f] and w € [m] the random variables {Siw’b}he[n] are
independent. Therefore, for a fixed w € [m], applying the closure under products property to

1 2 :
{(&" Yien & Vet - - A& Yien,

it follows that {Eiw’b}ie[;],be[n] are negatively associated. Applying the closure under products
property again to

1.b 2.b b
(& "Yiew, vetn1 (& Yier veints - - - (& Yietn), bein)»

all members of {Sl.w’b},-e[t], welm], be[n] are also negatively associated. This completes the proof.
Using Lemma 2, we can now prove Proposition 4.

Proof of Proposition 4. For any disjoint subsets /, J C [¢] and any nondecreasing functions
f:RI > Randg: R/ — R, set fi: R x R x RI" — Rand g;: R x R x R — R
as

AG Gw by e R =fGE ieD,  a@E” G.wb)eS) =g@.jel),
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where R :=1 x [m] x [n]and S := J x [m] x [n]. Then RN S = G since I N J = &, and,
by definition, both f; and g; are nondecreasing. Therefore, by virtue of Lemma 2, we have
ECAiE", G,w,b) € R)gi1E”, (j,w,b) € 9))
<E(AE"", (,w,b) € RDE@IE", (j,w,b) € 5)).

As a result,

E(f i, i € Dg&j, j€J) =E(f(&, i €D)EgE;, j€ ).
This yields the desired result.

By virtue of negatively associated random variables, we can easily give an upper bound of
P(X; =0).

Corollary 2. We have
P(X, =0) < [ ] (@ +bi —aiby).
i€lt]
Proof. Using (17), wehave P(§; =1, §; = 1) <P(§; = DIP(§; = 1) fori # j € [t]. This

yields
PGEi =0,§=0=1-P{&=11U{§ =1}

=1-PE&E=D-P¢ =D+P¢&=1§=1D
=s1-PE=1D—-P¢ =D+PE=DPE; =1
=P = 0)PE = 0)
fori # j € [t]. Hence,
P(X; = 0) = (ﬂ{a = 0}) [[PGE =0 =[] (@ +bi —aib).
ielt] i€lt] i€lr]
The last equality holds because
P& =0=1-P¢&=D=1-0—-a)(1 —bj)=a; +b; —ab;.
This completes the proof.

2.4. A bound on the second moment

In this subsection we give a bound on the second moment of X; using the properties of
a;, b;, ajj, and b;; defined in (15). Indeed, we estimate the gap between E2(X,) and E((X,)2).

Proposition 5. Assume that the conditions of Proposition 1 hold. Then we have

0 < EX(X,) — E((X1)2) < mn{(m + ")(Z piql> +mn > P2 } (19)

i€t] i€lt]

Proof. The first inequality of (19) holds because of (18). However, we also give a direct
calculation of E2(X,) — E((X,)2) because some facts are needed later. First, we investigate
some properties of a;, b;, a;;, and b;; defined in (15). Namely, we have

0 <ajaj —aj <mp;p;j, (20)
0 <bibj — bjj < ngiq;.
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By symmetry, we only show (20). The first inequality of (20) follows from
aj=0—-pi—p)" <A —=pi—pj+pip)" =U0—-p)"(0 —-p)" =a;a;.
The second inequality of (20) follows from

aiaj —aj=0—-pi—pj+pip)" —A—=pi —p)" <1" =1 = pip))" <mp;p;.
(21)

The first inequality of (21) follows from the convexity of x > x™ form > 1and 0 < x < 1,
an idea used in [10, Section 4]. Hence, (20) holds. Using Proposition 2, we have

E((X1)2) =Y (1 —a; —aj +ag)(1 — b — bj + by). (22)
i#j
Since (1 — 0" — (1 — p)™ = {(1 = p;) — 0" — {(1 — p;) — pi}", we obtain
L= (= p)" = (1= p)" + (1= pi = p)" = 0.
Namely, we have 1 — a; — a; + a;; > 0. Combining (20), we have
0<l—-a —aj+aj<1—a —aj+aaj=~10-a)1—aj). (23)
Similarly, we have
0<1—=b;—bj+bj<1—b —bj+bibj =(1—b;)(1—Dbj). (24)
By (22), (23), and (24), we obtain

E((X)2) <Y (I —a)(1 —aj)(1 —b)(1 — b))
i#]

t
<Y —ap(—ap—b)(1=by) + Y (1 —a)*(l —b)?

i#] i=1
=Y (I —a)(l —aj)(1 = b)(1 — b))
iJ
t t
=Y (l—ap(l b)Y (1 —a)(—b))
i=1 j=1
=E2(X,).

Hence, we have the first inequality of (19).
On the other hand,

E*(X:) — E((X1)2)
=) (I —a)U—ap( =b)(A =bj) = ) (I —ai —aj+ay) (1 = b —bj +by)

ij i#j
=Y A —a)*(1—b)?
ie[t]
+) {0 —a;—aj+aa)( —b —bj+bib))
i#]

— (1 —aq —aj —l—aij)(l —b; —bj +bl']')}
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=Y (A —a)*(1—b)?
ielt]
+ ) {0 —ap( —aybibj —by) + (1 = b) (1 = b)) (aiaj — ay)
i#]
— (aiaj — aj)(bib; — byj)}
<Y (A —a)*(A=b)* + Y {1 —a)(1 —ajngiqj + (1 —b)(1 = bj)mpip;}.
ielt] ]
The last inequality holds because of (20). Since (1 — x)™ > 1 — mx holds for 0 < x < 1 and
m > 1, we obtain
0<l—a=1-1-=p)" <mp;.

This yields

E*(X) —E((X1)2) < ) (mpi)*(ngi)* +mn(m +n) Y pip;qiq;
ielt] itj

=mn{(m+n)<z Pi%) +(mn—m—n) Y plq; }

ielt] ielt]
oo (5 )+ S )
ielt] ielt]
Hence, we have the second inequality of (19), completing the proof.

2.5. Generating function

In this subsection we give a generating function of X,. Indeed, the method of calculation
for the generating function is the same as that given in [15], [17], and [19]. Considering the
probability generating function E (s X)) = Zk>0 sKP(X,(m, n) = k), we set

© 00 ey
(D(f)(s,x, y) = Z Z X1 Om, n)) — > gmtn
=0 n=0 !

Then we have

t
OO (s, x,y) = [ [Is(@™* — 1)(eP™ — 1) + ePH'* 4 P — 1)
k=1

In particular, if the probabilities are uniform, then
(s, x,y) ={se" =@ —1)+e" +e¥ —1}.
By the Cauchy coefficient formula, we obtain (2). Moreover, (7) is also given by differentiating
®D (s, x, y) several times.
3. Weak law of large numbers

In [13, Proposition 1] it was shown that X, /E(X;) converges to 1 in probability as t — oo
under some additional conditions when the thrown probabilities are uniform, namely, p; =
gi = 1/t fori € [t]. Here, we give some generalizations. Namely, we show a weak law of
large numbers under a general condition even if the thrown probabilities are not uniform.
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Note that when we consider limits concerning the number of urns ¢, the numbers of balls m, n
and thrown probabilities {p; }ic[s], {¢i }ic[s] depend on ¢. Moreover, we introduce some notation
concerning the asymptotics along ¢t. Namely, g(¢) = o(f(¢)) means that lim,_, », g(¢)/f (¢) =
0, and g(t) = O(f(¢)) means that limsup,_, ., g(t)/f(t) < oo for positive f(t) > 0 and
g > 0.

By Proposition 3, we see that the variance is not so large. Hence, X; might concentrate
around E(X;). For convenience we use the following notation as the expectation of the number

of collisions.
'

E@t):=EX) =Y {1—-—p)"H{l —(1—-g)")
i=1
We have the following statement under the condition of infinite collisions as ¢ goes to co.

Theorem 1. If the expectation diverges, namely,

lim E(t) = oo, (25)
11— o0

then we have

X
t1—1>IIc;lo F;) =1 in probability.

Proof. By (16) and (25), we have
< var (X ,2) < 1
(E@®)) E(r)
Hence, by [6, Theorem 1.5.4], we have the desired result.

— 0 ast— oo.

We give the following concrete claim for (25) to be satisfied.
Claim 1. Assume that there exist ¢1 > 0 and &, > 0 satisfying
Jim [£(e1, &2)] = o0, (26)
where I; (€1, &) :={1 <i <t: mp; > €1, nq; > &2}. Then (25) holds.

Proof. Fore > 0,m > 1,and 0 < p < 1,if mp > ¢ then

1—(1—p)'"31—(1—3> .

Hence, we have
t

E@®) = {1 —1—p)"Hl—(1—-g)"

i=1

> Y (=0 -p)"HI-(—g)")
ieli(e1,62)

€1 " & "
R N G N G)
ieli(e1,82)

N e e

> (1 —e (1 —e )| (e1, £2)]

— 00 ast — o0.
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The last inequality holds because 1 — (1 — ¢/m)™ is monotone decreasing with respect to m,
and the limit is 1 — e~®. This completes the proof.

Example 1. We give examples which satisfy the condition of Claim 1.

1. Putm =n:=tand p; = ¢q; := 1/t fori € [t]. Then I;(1, 1) = [¢] holds. Hence, we
have (26).

2. Putm =n :=t, pj = i/(Hz'l), and g; :=(t —i + 1)/(”2']) fori € [t]. Since mp; =
2i/(t+1)and ng; =2(t —i + 1)/(t + 1), we have

{i € [t]: mp; > %} D HLJJrl,...,t}, {i € [t]: ng; > z} > {1 L%“
3 3 3 3
Therefore, we obtain
(ol 3]
3°3 3 3

Claim 1 means that if the number of urns satisfying the condition that the collision probability
is strictly positive is large then (25) holds. The condition of Claim 1 above is natural but strong.
In Claim 2 we state that even if the collision probabilities are not so large, (25) may be obtained.

Hence, we have (26).

Claim 2. Assume that

1 1
m,ax {pl} =0<_>’ max {511} =0<_)7 (27)
1<i<t m 1<i<t n
and ,
lim mn Zl pigi = 0. (28)
1=
Then (25) holds.

Proof. We use
n 2.2 1
1—-x)"=1—-nx+0mx") for0<x < —.
n
Since p; = o(1/m) and g; = o(1/n) fori € [t], we have
L= =p)" =mpi+0m*p}), 1= —g)"=ngi + 0@n’q).
Therefore, using (27), we have

t
E(t) =) _{mpi + O’ p)}ngi + O(n*q}))
i=1

1
=mn Z{(l + o) pi{ + o(1))gi}

i=1

t
= +o(l)mny_ pigi
i=1
— 00 ast — oQ.

This completes the proof.
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Example 2. We give an example which satisfies the conditions of Claim2. Putm = n := |#3/4]

and p; = ¢q; := 1/t fori € [t]. Then we have lim;_, |I; (€1, &2)| = O for arbitrary 1 > 0

and &7 > 0, since lim;_, oo mp; = lim;_, oc nqg; = 0. Hence, (26) does not hold. However, (27)

holds by definition. Moreover, (28) also holds since mn Zi: | Pigi = 1112] > ocoast — oo.
4. Poisson approximations and the Chen-Stein method

4.1. Poisson law of small numbers

We investigate Poisson approximations of the number of collisions. Before stating a theorem,
we prove the following lemma needed later.

Lemma 3. Let {c;(t)}ic[s) be a positive sequence fort € N. If

lim max ¢;(r) =0 (29)

t—00 1<i<t

and {Z§=1 ci (1)} is positively bounded, namely, there exists M > O which satisfies

t
Y city=M>0 forallt >0, (30)
i=1

then, for all integer | > 1, we have
lim >orcin =t ! Tliep ci(® B
o0 iy i)

Proof. By the multinomial expansion, we have

1 1
(Za(t)) = Y v]‘[cl(r>+ Z l'[clk(m 31)
i=1

Lcll L=l iel (..., i) k=1

where ‘Zfil iz)’ denotes the summation for iy, ...,i; € [f]and 1 < |{i1,..., 0} < L
Therefore, we have

< z:(11 ,,,,, i) nk 1€ ()
Qoim (@)
< l‘ (2;21 Ci (t))l_l maXISiSt Ci ([)
- Cicy i)
o L maxisize ci(®)
a M
— 0 ast— oo. 32)

The first and second inequalities hold because of the positivity of {c;(¢)}. The last inequality
holds because of (30). The convergence holds because of (29). Hence, by (31) and (32), we
have the desired result.

Theorem 2. Suppose that

lim max mp; =0, lim max ng; =0, (33)
t—0o0 1<i<t t—00 1<i<t
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and that there exists A > 0 satisfying

t
Jim mn 21: pigi = A (34)
1=
Then we have lim;_, 5o E(X;) = A, and
L(X;) — Poi(A) in distribution,

where L(X) is the distribution of the random variable X and Poi(y) denotes a Poisson
distribution with parameter y > 0.

Remark 1. Popova [17, Theorem 2] showed a similar statement using a generating function.
However, it needs the condition that there exist 0 < C, C’ < oo satisfying C < m? Jt < C’
and C < n? /t < C’, which our Theorem 2 does not require.

Proof of Theorem 2. We show that the Ith factorial moment of X, converges to A’ for each
fixed [ > 1. In fact, it is known that the /th factorial moment of a Poisson random variable with
parameter A is

E((V)) =
(see [7, Equation (2.13)]).

Letting L C [¢] be a subset of urns whose cardinality is /, we consider the following term

presented in (7):

l / 2
)OEDDERCHLIEINEED DI DNl (1 -2y 0<mp?))

k=0 ICL,|I|=k k=0 ICL,|I|=k
= (1 +0(1) ]_[(1 — ey,
ieL
The first equality holds because
2
(1—py" = e—’"P(l — % + O(mp3)> for0 < p < 1.

The second equality holds because, for all I C L C [¢],
2
0< mp% < m(|l| max pi) < (12 max pi)<m max pi) —- 0 ast— oo,
1<i<t 1<i<t I<i<t
which follows from (33). Therefore, we have

E((X0) =1 +o(nlt Y [td—e) —e )}

LC[t],|L|=lieL

= +oit > [[tenpi + 0m*p)))(ngi + 0(n*g})))

LC[t],|L|=lieL

= +onlt Y [t +o()mnpig:)

LC[t], |L|=l ieL

1 l
= +o(1))(2 mnpiq,->
i=1

l

— A ast — oQ.
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The third equality holds because of (33). The last equality holds using Lemma 3. In fact,
we put ¢; = mnp;q; for i € [t] in Lemma 3. Then (29) and (30) follow from (33) and (34),
respectively. The last convergence holds because of (34). Therefore, we have the convergence
of all the /th moments. We complete the proof using the same argument as that given in [13,
Equation (14), Theorem 3].

Corollary 3. Let Fy(x) := P(X; = 0) be the probability without collisions when m = n :=
Ve *t] forx €e Rand p; = q; = 1/t fori € [t]. Then we have

lim F,(x) =e® forx € R, (35)
11— 00

which is the Gumbel distribution (see [18, Proposition 0.3]).
Proof. Fix x € R. Since mp; = ng; = [ve=>t]/t = O(t~'/?) fori € [t], we have (33).

Since 5
[Ve 1]

t
ngPiQi =— —>¢€
i=1

—* ast — oo,
t

we have L(X;) — Poi(e™) in distribution as r — oo from Theorem 2. Namely, we have

e (6T

lim P(X; =k) =e fork=0,1,2,...,
—0o0

which yields (35).
Example 3. We give examples which satisfy the conditions of Theorem 2.

1. Putm =n:= |[v/e *t] forx € Rand p; = q; = 1/t fori € [t]. Then, by the proof
of Corollary 3, we have £(X;) — Poi(e™) in distribution as t — oo. In this setup
we perform a numerical verification. Assuming that m = n = 10 and t = [100e* ], we
present values for both F;(x) defined in Corollary 3 and e ¢ " forx e [—3, 3] in Table 1.
It turns out that the probabilities are well approximated even if m, n, and ¢ are not so
large.

TABLE 1: Fy(x) ande™® " if m =n = 10 and t = [100e” |for x € [—3, 3].

—X

X Fi(x) e ¢

—3.0  1.243665 x 107 1.89217869 x 1072
—24  1.6933537 x 1074 1.6319066 x 107>

—1.8 0.004 006 545 0.002358 693

—-1.2 0.03701089 0.036 148 60

—0.6 0.161 8725 0.161 6828
0.0 0.366 8358 0.367 8794
0.6 0.576 5954 0.577 6358
1.2 0.7396319 0.7399340
1.8 0.847 5404 0.847 6403
2.4 0.9132151 0.9132752
3.0 0.951 4309 0.9514319
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2. Putm =n:= ||, pi :=i/("}'),and g; := (t —i + 1)/("3") fori € [1]. Since

2(t + 2) 2
— — ast — oo,

t
mny_ pigi = (1 o3 7 3

i=1

we have lim;_, o £(X;) = Poi(3) in distribution.

3. Putm := |/logt],n = [t//logt], pi == (i Z/ 1/ ! ,and g; := 1/t fori € [t].

Since mn Zl | Pigi — 1 ast — oo, we have lim;_, oc £(X;) = Poi(1) in distribution.

4.2. The Chen-Stein estimate

Finally, we give a simple estimate by the Chen—Stein method. We can give the same argument
asin [13, Theorem 4]. However, we simply utilize [1, Corollary 2.C.2] in virtue of the negative
association among {£; }.

Theorem 3. Throw m white balls and n black balls into urns [t] with probabilities {p;}ic(
and {q; }ies], respectively. Then we have

mn{(m+n>(2 piq,> +mnYy_ pig; } (36)

ielt] ielt]

—X

1—
drv (L(X7), Poi(A)) <

where ) := E(X;) and drv denotes the total variation distance between two distributions,
namely,

1
drv (LX), L) = 5 > IPX = k) = P(Y =),
k=0

Proof. By the negative association among {&; }, we make use of [1, Corollary 2.C.2]. Namely,
we have

1 — —Xx
drv (L(X;), Poi()) < (E*(X1) — E((X1)2)).-

By (19) we have the desired result.
Example 4. To see (36), we illustrate concrete bounds appearing in Example 3.

1. Putm =n := |[v/e*t] forx € R,and p; = g; := 1/t fori € [¢t]. Then we have

2 —x/2 ] —e© x 1
drv (LX), Poie™)) < = (ﬁ ¢ )+0<;>.

2. Putm = n = [Vil, pi = i/("}'), and ¢; :== (t —i + 1)/("3") for i € [r]. Then we

ha\/e
IV(cc(;(l)aIOl(E \/_—+() _t .

3. Putm := [log7], n := |1//logt], pi := (i Y5 1/j)~", and g; := 1/t for i € [1].

Then we have

dry (L(X0), Poi(1) < " 4 0~ (log'/2).

e
Jlogt
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