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Abstract  We show that the complexity of the Lie module Lie(n) in characteristic p is bounded above
by m, where p" is the largest p-power dividing n, and, if n is not a p-power, is equal to the maximum
of the complexities of Lie(p?) for 1 < i < m.
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1. Introduction

The Lie module of the symmetric group &,, appears in many contexts; in particular, it
is closely related to the free Lie algebra. Here, we take it to be the left ideal of F&,,
generated by the Dynkin—Specht—Wever element

wn=1—=do)(1=d3) - (1—dp),

where d; is the i-cycle (i,4 — 1,...,1) and we compose the elements of &,, from right
to left. We write that Lie(n) = F&,w, for this module, and we assume that F is an
algebraically closed field of characteristic p.

One motivation comes from the work of Selick and Wu [13]. They reduce the problem of
finding natural homotopy decompositions of the loop suspension of a p-torsion suspension
to an algebraic question, and in this context it is important to know a maximal projective
submodule of Lie(n) when the field has characteristic p. The Lie module also occurs
naturally as the homology of configuration spaces, and in other contexts. Moreover, the
representation theory of symmetric groups over prime characteristic is difficult and many
basic questions are open; naturally occurring representations are therefore of interest and
may give new understanding.

In this paper we study homological invariants. More precisely, we provide upper bounds
for the complexity of Lie(n). The complexity of a module may be defined to be the rate
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of growth of dimensions in its minimal projective resolution. A module for the group
algebra of a finite group has a cohomological variety defined via group cohomology, now
known as the support variety. Its dimension equals the complexity of the module. The
computation of this variety can be reduced to the case of maximal elementary abelian
p-subgroups. A module for an elementary abelian p-group also has a rank variety that,
in principle, is very explicit, and the support variety is isomorphic to the rank variety.
Details and references may be found in [2, Chapter 5]. Our results are obtained via this
route, that is, we study the action of maximal elementary abelian p-groups on Lie(n).

A main result of [5] provides a decomposition theorem for the homogeneous parts
L™(V) of the free Lie algebra on a vector space V over F. It shows that its module
structure, for arbitrary n, can be reduced to the cases when n = p™ for some m > 1.
We make use of this theorem. By work in [10], it may be transferred to the context of
symmetric groups. Our main results (Theorems 3.2 and 3.3) show that the complexity
of Lie(n) is bounded above by m, where p™ is the largest p-power dividing n, and, if n
is not a p-power, is equal to the maximum of the complexities of Lie(p) with 1 <i < m.
We conjecture that our upper bound is in fact an equality, and show that this conjecture
is equivalent to the assertion that the complexity of Lie(p™) as an FE&,,-module is m,
where &, is a regular elementary abelian subgroup of &,~ of order p™.

Computer calculations in [6] suggest that the problem of determining the module
structure of Lie(p™) explicitly is very hard, but understanding its rank variety, and com-
plexity, may help. These computations can be used to obtain the complexities of Lie(8)
and Lie(9) in characteristic 2 and 3, respectively, and they provide some evidence in
support of our conjecture.

The paper has the following structure. We give a summary of the background theory
in §2 and prove some preliminary results. These include a result (Proposition 2.7) on the
complexity of certain modules for some wreath products in general. We prove the main
results in § 3, and we conclude the paper with some examples in §4.

2. Preliminaries

In this section, we provide the necessary background theory and prove some preliminary
results.
Throughout, F denotes an algebraically closed field of characteristic p.

2.1. Complexities and cohomological varieties of modules

Let G be a finite group. Denote by Vi the affine variety defined by the maximum ideal
spectrum of the cohomology ring H*(G,F) = Exty.(F,F). Given a finitely generated
FG-module M, its cohomological variety V(M) is defined to be the subvariety of Vi
consisting of maximal ideals of H*(G,F) containing the annihilator of Extpq (M, M)
(thus, Vg(F) = V). The complexity of M, denoted by cq(M), is equal to the (Krull)
dimension of Vg (M).

Let H be a subgroup of G. We write Vi (M) and ¢y (M) for the cohomological variety
and complexity, respectively, of M as an FH-module.
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We collect together some results relating to complexities and varieties of modules that
we require.

Theorem 2.1 (see [2, Theorem 5.1.1]). Let G be a finite group, and let M be a
finitely generated FG-module.

(1) ¢g(M) =0 if and only if M is projective.

(2) cg(M) = maxg{cg(M)}, where E runs over representatives of conjugacy classes
of maximal elementary abelian p-subgroups of G.

(3) If H is a subgroup of G, then cg(Ind$ (M)) = ez (M).

(4) If N is another finitely generated FG-module, then V(M @ N) = Vo (M)NVe(N)
and cg(M @ N) = max{cg(M),cq(N)}.

2.2. Rank varieties of modules

Let E be an elementary abelian p-group, that is, F is isomorphic to (Cp)k, and assume
that E has generators g1, g2, - .., gx- Let M be a finitely generated FE-module. For each
a=(a,qy,...,ar) € FF with a # 0, let

k
Ug =1 —I-Zai(gi —1)eFE.
i=1

Then (u,)? = 1. Write (u,) for the cyclic group of order p generated by u,. Then the
group algebra F(u,) is a subalgebra of FE.

Let M be a finitely generated FE-module. The rank variety VgE (M) of M is defined
as

V;(M) ={a € F* | a#0, M is non-projective as an F(u,)-module} U {0}.

This is an affine subvariety of F* and is independent of the choice and order of the
generators (in the sense that two varieties obtained using different choices of generators
are isomorphic). More importantly, we have the following.

Theorem 2.2 (see [2, Theorem 5.8.3]). Let E = (C,)*, and let M be a finitely
generated FE-module. Then Vg(M) and Vg& (M) are isomorphic as affine varieties. In
particular, cg(M) < k.

Lemma 2.3. Let E = E; X Ey be an elementary abelian p-group. Suppose that M
is a finitely generated FE-module such that M is projective as an FE;-module. Then
CE x By, (M) < s, where Ey = (C)p)®.

Proof. Let E; = (C,)", and choose generators g¢i,...,gr+s for E such that
91,---,9- € By and gry1, ..., gr1s € Eo. Embedding F” into F™™* in the obvious way, we
have that

T # _y#
F"AVE (M) = VE (M).
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Thus,
0= cp, (M) = dim(F" N V7 (M) > r+ ca(M) - (r + s)
by [9, Chapter I, Proposition 7.1], so that cg(M) < s. O

2.3. Symmetric groups

Let n € Z*. Denote by &,, the symmetric group on n letters. We identify &,, with the

permutation group on {1,2,...,n}, and we compose the elements in &,, from right to left.
For m € ZT, with m < n, we view &,,, as the subgroup of &,, fixing {m+1,m+2,...,n}
pointwise.

Let r,s € ZT. For 1 < i < s and o € &, write o[i] € &, for the permutation sending

(i—Dr+jto(i—1)r+ 0( ), for each 1 < j < r, and fixing everything else pointwise.

Also, let
Ago = H oli]

If H is a subgroup of &,, let H[i] = {o[i] | ¢ € H}. For 7 € &, write 7l"l € &, for the
permutation sending (i — 1)r +j to (7(i) — 1)r+jforeach 1 <i<sand 1 <j<r. If
K is a subgroup of &, let K"l = {7l | 7 ¢ K7}.
Let ap = (1,2,...,p) € &,. For r € Z, let
Er = (Apr-1ay, Apr72a£)p], . ,al[f

r—1
]> C 6y

This is an elementary abelian p-subgroup of &,- isomorphic to (C,)". These &, are

the building blocks of distinguished representatives of the conjugacy classes of maximal

elementary abelian p-subgroups of &,,.

Theorem 2.4 (see [1, Chapter VI, Theorem 1.3]). Letn € Z", and let k = |n/p|.
Every maximal elementary abelian p-subgroup of G,, is conjugate to one of the following

form:
m
H Tj SJ /p
where (11,72,...,7m) IS a decreasing sequence of positive integers such that

3 J
Zm:p” =pk and s;= Zp”.

i=1
Remark 2.5. The support of each factor & [s;/p™] is {s;_1+1,8;-1+2,...,5;}, 50
that these factors have disjoint support.

2.4. Wreath products

Let G be a finite group, and let n € Z*. The wreath product G1&,, has the underlying
set {(g1,.--,9n)0 | g1,--.,9n € G, 0 € &,}, and it is the group with group composition
defined by

(g1, 9n)0) - (915 -, 90)T) = (9195-1(1)s - - -+ InGo—1 (1)) (OT).
We identify &,, with the subgroup {(1,...,1)0 | o € &,} of G16,,.
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Let M be a finitely generated (non-zero) left FG-module. Then M®™ admits a natural
left F(G6,,)-action via

((gla s agn)a) ’ (ml @ ®mn) = (glma_l(l)) - ® (gnma_l(n))a
gi,---,9n € G, 0 €6, my,...,m, € M.

Suppose that

M =5 M)

i€l
is a decomposition of M as FG-modules. For each ¢ = (i1,...,4,) € I", write M (3) for
the subset M (i) ®p - - - @p M (iy,) of M®", so that

M = P M(5).
ieln
For each A C I", write M (A) for @, , M (¢) (thus, M (I") = M®™). The set I" admits a
natural left action of &,, via place permutation, i.e. o+ (i1,... ) = (ig-1(1);- -+, lo=1(n))-
We note that the F((S,,)-action on M®" satisfies that o(M(3)) = M(o-3) forall o € &,,.
Thus, if O is an &,-orbit of I"™, then M(O) is an F(G 1 &,,)-submodule of M®" and

Me" =P M(0),
O

where O runs over all &,,-orbits of I".

Suppose further that G is a subgroup of a finite group K. Let N = Indg M and, for
cach i € I, let N(i) = Ind% M (i). Then N = @,_, N(i) and, using notation analogous
to that introduced above, we see that

Ne" =P N(0),
(@]

icl

where O runs over all &,,-orbits of I"™, is a decomposition of N®™ as F(K1&,,)-modules.
In addition, for each &,,-orbit O of I, we have the following.

Lemma 2.6.
N(O) = Indgg" M(0).

Proof. Let T be a set of left coset representatives of G in K. Then T"™ is a set
of left coset representatives of G &,, in K1 &,,. The reader may check that the map
L1 ®U)® @t @up) > (b1, .oy tn) @ (V1 @+ - ®uy) for ty,...,t, €T, v1 € M(iy),
vy € M(ia), ..., vp € M(iy), with (i1,...,4,) € O, gives the required isomorphism. [

Proposition 2.7. Let G be an abelian p’-subgroup of a finite group K. Let M be a
non-zero FG-module, and let N = IndgM. Let n € Z%, and let S be an F&,,-module,
so that S becomes an F(K { &,,)-module via inflation. Then

CK1&, (N®n XFE S) = CGH(S>-
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Proof. Since char(F) = p{|G|, we see that M is completely reducible, so that

M = M),

el

where, since G is abelian, each M (i) is one dimensional and I # @. Let N (i) = Indg M (i)
for each i € I, so that N = @,.; N(i). We have, by Lemma 2.6, that

Nem = N(0) @Indg;gn M(0),
@]

where the sum runs over all &,,-orbits O of I™, so that
N®"™ @5 § (@Indg;gn M(O ) e § = nIEE (M(O) 6 )

Thus, cke, (N®" @r S) = maxo{cas, (M(O)®F S)} by Theorem 2.1 (3) and (4). Since
pt|G|, we may pick representatives of the conjugacy classes of maximal elementary abelian
p-subgroups of G &,, to be subgroups of &,,. For each such representative F,

by Theorem 2.1 (4), so cg(M(0O) ®F S) < ¢cg(S) < ¢s,, (5). Thus,
care, (M(O) @r §) = max{cy(M(O) ®r 5)} < ce,(5)

for all &,,-orbits O of I". On the other hand, if ¢ € I, then O; = {(i,...,4)} is a singleton
&,,-orbit of I"™. Consequently, M (O;) = (M (i))®™ is one dimensional, on which &,, acts
trivially. Thus,

This implies that cays, (M (O;) ®r S) = ¢s,, (S), and hence

CK1&,, (N®n XF S) = mgX{CGZG” (M(O) RF S)} =cs, (S)

2.5. Lie module

Denote by Lie(n) the Lie module for the symmetric group &,,. This is the left ideal of
F&,, generated by the Dynkin-Specht—Wever element

Wp = (1 - dQ)(l - d3) T (1 - dn)7

where d; is the descending i-cycle (i,4 — 1,...,1) of &,,. (Recall that we compose the
elements of &,, from right to left.)

The following lemma about Lie(n) is well known, but we are unable to find an appro-
priate reference in the existing literature.
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Lemma 2.8. As an F&,,_1-module, Lie(n) is free of rank 1.

Proof. It is well known that (w,)? = nw,, and dimp(Lie(n)) = (n — 1)! (see, for
example, [12, Theorem 8.16], and [11, Theorem 5.11] with n; =ng = --- = 1). We first
claim that w,, = —w,_1d,w,, whenever 2 < r < n (note that w; = 1 by definition). To
prove this, we have that

Wr = wr—l(l - dr) = Wr—1 — Wr—ldra
wswp, = wWsws(1 —dsy1) - (1 —dyp) = sws(1 —dsg1) -+ (1 — dy) = swp,

for all 1 < s < n. Thus,
1+ wr—idr)wn =1+ wr—1 — we)wy = wp + (r — Dw,, — rw, =0,

proving the claim.

Now, if p € &,, such that p(1) # 1, say p(r) = 1, then pw, = —pw,_1d,w,, and
—pwy_1d, € FS,, 1, where 6,1 = {0 € 6,, | o(1) = 1}, so that pw, € FS,, 1w, for
all p € 6,,. Thus, the (obviously linear) map ¢: FS,, 1 — Lie(n) defined by = — zw,
is surjective, and hence bijective by dimension count. Define ¢: F&,,_; — Lie(n) by
y — y(1,n)wy,. Then ¢ is clearly an FS,,_1-module homomorphism. In addition, it is
injective since v is, and is therefore bijective by dimension count. O

2.6. Tensor powers and Lie powers

Let n,r,s € Zt. Let V be a finite-dimensional vector space over F. If V is a left
module for the Schur algebra Sg(n,r), then the tensor power V®* is naturally a left
Sr(n,rs)-module. In addition, V®* admits a commuting right action of &, by place per-
mutation. The Lie power L*(V) of V may be defined as (V®*)ws, where w; is the Dynkin—
Specht—Wever element mentioned in the last subsection; this is a left Sg(n, rs)-submodule
of V®s,

If dimg(V) = n, then V is naturally a left Sp(n,1)-module. Therefore, V®* is a
(Sr(n, s), F&,)-bimodule, while L*(V) is a left Sp(n, s)-submodule of V®*. When n > s,
the Schur functor fs sends V®¢ to the (FG&4, FS;)-bimodule F&g, and it sends L*(V) to
the left F& -module Lie(s). The effect of the Schur functor f,s on V®¢ and L*(V'), when
V is a left Sp(n,r)-module and n > rs, is described in detail in [10]. In this paper, we
need the latter result.

Theorem 2.9 (see [10, Corollary 3]). Let n,r,s € Z*, with n > rs. Let V be an
Sr(n, r)-module. Then

FrsL*(V) 2 IndZss, ((f(V))®* @5 Lie(s)),

where &, ! S, is identified with the subgroup (HleGr[iDG[f] of 6,5, and it acts on
(f+(V))®$ and Lie(s) via

((013 .- 'ao—S)T) ’ (1'1 Q- ®‘r5) = (o—le_l(l)) Q- ® (0—81'7_1(5)))
((01y...,06)T)  y=TY
for all o1,...,0, € 6,, 7 € &, x1,...,25 € fr(V) and y € Lie(s).
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Bryant and Schocker proved a remarkable decomposition theorem for the Lie powers.

Theorem 2.10 (see [5, Theorem 4.4]). Let k € Z* with ptk, and let V be an
n-dimensional vector space over F. For each r € Zx, there exists By (V) C Lk (V)
such that B, (V) is a direct summand of V®P'* as Sg(n,p"k)-modules, and

LRV = (Bu(V) & LT (Bu(V)) @ - @ L (Bypni(V)
for all m € Zxyo.

We note that if £ > 1 and n > p™k, then B, (V) is non-zero for 0 < ¢ < m; this is
implicit in [5].

The Sg(n,p™k)-submodules Bymy(V) of LP"#(V) are further studied in [3] and [4].
In particular, they give the following description for Bpmy(V). As mentioned at the
beginning of this subsection, & acts on V®* from the right by place permutation. Let
ar = (1,2,...,k) € 6. For each kth root of unity ¢ in F (which is algebraically closed,

with characteristic p coprime to k), let (V®¥); denote the aj-eigenspace of V¥ with
eigenvalue 9.

Theorem 2.11 (see [4, Theorem 2.6]). Let m,k € Z>o, with k > 1 and ptk, and
let V' be an n-dimensional vector space, where n > p™k. Then

Bp(V)= @ (V)5 @@ (VER)s,.,
(81,0-.,0pm )ER

for some (fixed) non-empty subset {2 of the set of p™-tuples of kth roots of unity.

We note that (V&*)5 = V& g,y Fs as left Sp(n, k)-modules, where Fs denotes the
one-dimensional left F(ag)-module, in which aj acts via multiplication by the scalar 4.

Corollary 2.12. Keep the notation in Theorem 2.11. Then

.
S may (@)
j=1

(81,ees8m ) €2

I

fp’”k(Bpmk(V))

where (a;)?" is identified with the subgroup H§:1 (ak)[j] of Gpmy,.
In particular, fymy,(Bymy(V)) is a non-zero F&,mj-module induced from {(a;,)?"" .

Proof. By Theorem 2.11 and [7, §2.5, Lemma], we have that

-
~ 6T—'m'
frekBper(V) = €D Ind g7 (@fk(v®k®F<ak>F6j)>
=1

(81,00,0,m ) ER

~ & pm
o @ Ind(Gk)f,m (®]F6k ®F(ay) F(;j)
j=1

(81,00 pm ) ER
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-

o pm S

= P ma. <®Ind<a';>mj)
e

(8118 )02

= & Ind e <®F)

(51,...,§pm)EQ Jj=1

|
3. Main results
In this section, we prove the main results of this paper.

Lemma 3.1. Let n € Z%, and let (r1,72,...,7:) be a weakly decreasing sequence of
positive integers such that Zzzlp” = p|n/p|. For each j = 1,...,t, let s; = > 1_,p".
Let

t
E: g’l"J[S]/pT]]
j=1
Then

e (Lie(n)) {_ 0. ifpfn,

< T, 1fp|n

Proof. If pfn, then E C &,,_1. Since Lie(n) is free of rank 1 as an F&,,_;-module by
Lemma 2.8, we see that Lie(n) is projective as an FFE-module. Thus, ¢g(Lie(n)) = 0 by
Theorem 2.1 (1).

If pln, let

so E=FE'"x§&.,[n/p"]. Since E' C &,,_1, we see, as before, that Lie(n) is projective as
an FE’-module, so that cgs(Lie(n)) = 0. Thus, cg(Lie(n)) < r; by Lemma 2.3. O

Theorem 3.2. We have that cg, (Lie(n)) < m, where p™|n and p™{n.

Proof. By Theorems 2.1(2) and 2.4, it suffices to show that cg(Lie(n)) < m for all

E of the form ,

H v 185/P"]

where (r1,79,...,7¢) is a weakly decreasmg sequence of positive integers such that

t J
> pi=pln/p) and s; =) p.
i=1 1=1
If ptn (i.e. m = 0), then cg(Lie(n)) = 0 = m by Lemma 3.1.

If pn, then cg(Lie(n)) < r; by Lemma 3.1. Since Zz:lp” =n and (rq,...,7) is
weakly decreasing, we see that p™|n. Thus, r; < m. |
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Theorem 3.3. Let m,k € Z", with ptk and k > 1. Then
e, m, (Lie(p™k)) = max{c@pi (Lie(pi)) [1<i<m}.

Proof. By applying the exact and direct-sum-preserving Schur functor fymj to The-
orem 2.10, we obtain, by Theorem 2.9, that

pm—i S i

Lic(p™k) = @D WdZ"™ o (- ix(Byn-x(V))®" @ Lic(p')).
1=0

For each 0 < ¢ < m, by Proposition 2.7 with

pWLfi
M= @ ® Fs;,

(6116 ym—i )€ j=1
G= (ak>pm7i, K = & m-iy, so that, by Corollary 2.12,
N = Indf M = fyniy(Byn (V).
and, with n = p’ and S = Lie(p*), we have that

CGpmﬂ'k?Gpi ((fpm—"'k(Bpm—"’k(V)))@pl ®F Lle(pl)) = CGpi (Lle(pl))
Applying Theorem 2.1 (3) and (4) completes the proof. O

We conjecture that the inequality in Theorem 3.2 is in fact an equality. This assertion
is equivalent to the following statements.

Corollary 3.4. The following statements are equivalent.
1) For alln € Z*, cg, (Lie(n)) = m where p™|n and p™*14n.
2) For allm € ", ¢g .. (Lie(p™)) = m.

(1)
(2)
(3) For allm € Z*, cg,, (Lie(p™)) = m.
(4) For allm € Z*, VF (Lie(p™)) = F™.

Proof. Parts (1) and (2) of are equivalent by Theorem 3.3, while the equivalence of
(2) and (3) follows from Theorem 2.1 (2) and Lemma 3.1. That (3) and (4) are equivalent

is trivial. O

4. Some examples

We end the paper with the computation of the complexity of some Lie(n). This provides
some evidence in support of our conjecture that the inequality in Theorem 3.2 is in fact
an equality.
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4.1. The case n = pk where p does not divide k

By [8], any non-projective summand of Lie(n) has a vertex of order p and is, therefore,
periodic as a module for F&,,. Furthermore, such a summand always exists, and hence
¢s, (Lie(n)) = 1 in this case.

4.2. The case n = 2™ with m = 2,3 and p = 2

When n = 8, the results in [6], which were obtained with the help of computer cal-
culations, can be used to find the complexity. Recall that any finite-dimensional module
M is a direct sum M = MPf @ MP" where MP" is projective and MPf does not have a
non-zero projective summand. Clearly, ¢(M) = ¢(MPF). The projective-free part Lie(8)P*
of Lie(8) is indecomposable, with the regular elementary abelian subgroup &; of order 8
as its vertex, and a source of dimension 21.

Generally, if the projective-free part MP! is indecomposable and has an elementary
abelian vertex E of order p™, then Vi (M) = Vi (S), where S is a source of M in E. If
p does not divide dimg(S), then, clearly, Vg& (S) = F™. Hence, Lie(8) has complexity 3.

When n = 4, it is easy to see that Lie(4) is isomorphic to 27(D), where D is the
two-dimensional simple module of F&4. This has vertex the regular elementary abelian
subgroup & of order 4, and its source has dimension 3. Hence, the same argument as for
n = 8 implies that cg, (Lie(4)) = 2.

4.3. The casen =9 and p =3

In this case, there are similar results by [6]. Again, Lie(9)P! is indecomposable, with
a vertex the regular elementary abelian subgroup & of order 9, and a source of dimen-
sion 16. The above argument can still be applied to get that ce, (Lie(9)) = 2.
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