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1.1. The object of this paper is to investigate some properties of
series which satisfy conditions of the form

(1.11) 8@ — O (n2-#),
or
(1.12} 8@ — o (n?—r),

where 0 <p < p. 8P denotes, as usual, the n-th Cesaro sum of order
p for the series X a,, and A% the binomial coefficient <p ;’; n> It is

convenient to state here some properties of S and AP to which we
must constantly refer in the sequel.

LemMa 1. The functions 8P and AP possess the following properties:

n

(1.13) S AP AW = APHatD,
r=0 !
n
(1.14) ZoS("p) A9 = gwtety,
(1.15) w__ "

1 P i—
" Tip+1)
where p is not a megative integer. If p is a megative integer AP =0
when n = — p.
These results are all well known.

The relations (1.11) and (1.12) may be regarded, from our point
of view, as simplified forms of the more extended relations

(1.16) SP = sAP + 0 (n?~),
(1.17) 8P = sAP + XAP—F 4 o (nP?),

where 0 <p < p. More precisely we have the following lemma.
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Lemma 2. If the series X a, satisfies (1.16) the series T u,, where
(1.18) Uy, = a, —s A5V,
satisfies (1.11). If Za, satisfies (1.17) the series T v,, where

(1.19) v,=a, —sA;Y — A ALPY,
satisfies (1.12).

Let T® be the n-th Cesaro sum of order p for the series X v,.
Then, by (1.13) and (1.14),

n

n n
TP =3 AP a, s AP, A0 AT AW, 4-p~D
v-:0

v=0 v=0 ney
= St -
— S — 5AW _ A4
= Q (n?"P).

The proof of the first result is obvious,

1.2. It will be observed that series which satisfy (1.16) or
(1.17) are ‘“more than’ summable (C, p). Generally speaking, the
theorems of this paper may be regarded as analogues, for series which
are ‘‘more than’ summable (C, p) of certain known! theorems for
series which are ‘less than” summable (C, p). It is convenient for
purposes of reference to state these known theorems here.

TrEOREM 1. If SV =0 (n?+8), B> 0, then the series Zn~va, is
summable (C, p) for any y > B.

TeEorREM 2. If 8% = o(n?*8), B> 0, then the series Zn~Fa, is either
summable (C, p) or not summable by any Cesdro means.

THEOREM 3. If the series Zn~Pa, ts summable (C, p) and B> 0 then
Silp) = 0 (nPTR).

In each case the theorem is proved on the supposition that p is
a positive integer. Whenever necessary in the interests of simplicity
I shall impose the same restriction on p. All the results are probably
true when p is merely restricted to be positive, but their proofs,
in the general case, would, I imagine, follow broadly the lines of
Andersen’s proof? of the Bohr-Hardy Theorem, and be quite as long
and difficult.

! Hardy and Littlewood, 7, 432-435. Dr L. 8. Bosanquet kindly pointed out this
connection to me, and his suggestion has enabled me to make this paper more
comprehensive.

2 Bohr, 2, 61. Hardy, 5. Andersen, 1, 47.
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It is clear that the most interesting cases of (1.16) or (1.17)
occur when 0 <p < 1. Indeed, if p >1 these conditions are very
artificial and it would be difficult to find series to satisfy them,
although it is easy enough, as we shall see, to find series satisfying
the more extended conditions

1.21) 8P — sAP 4 T A, AZ77 4 O (nP~F),
( =1

(1.22) SP = sAP 4 TN, AP~ 4 AALPP 4 o (nP¥),
o=1

where r = [p] = p, and 0 < p = p.

The theorems of this paper may be modified to apply to series
satisfying (1.21) or (1.22), but the presence of the terms involving
A1, Az, . ..., A, involves a considerable amount of tedious algebraical
work in their proofs. I have therefore considered it advisable to
confine myself to the case 0 <p < 1.

It will be shown that Theorem 1 remains true when S8 < 0, but is
capable of generalisation, that Theorem 2 remains unaltered with
B < 0, and that certain modifications have to be made in the case of
Theorem 3.

The paper concludes with some remarks on Tauberian Theorems
for series satisfying these special conditions.

2.1. I begin by proving two simple theorems for series which
satisfy (1.16) or (1.17).

THEOREM 4. If (1.17) holds the series X a, is summable (C, p — p) to
the sum s, while, if (1.16) holds X a,, is bounded (C, p — p).

Suppose that (1.17) holds. Then, by (1.13) and (1.14),
Sg:—-p) — g: Afz:p_l) St

v=0

= s §0AgP>A;:ﬁ,-1) + A f:OAip“” A5 + of £OVP—P(n—u+ 1)y-e-13
= SAP ™ 4+ 24P + o (n?F)
= sAP7P | o (nP~").
The proof is similar when (1.16) holds.
When (1.16) is satisfied the series X a, is bounded (C, p — p) and
also summable (C, p). It follows, by a theorem! due to Andersen,

} Andersen, 1, 56.
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that Xa, is summable (C, p — p + 8) for every positive 3. It also
follows that the index of summability of series X a,, which satisfy
(1.16) or (1.17), is not greater than p — p.

2.2. THEOREM 5. If (1.16) or (1.17) is satisfied for a given value
of p it is also satisfied when p is replaced by p + 8 for any positive 8.
Suppose that (1.17) is satisfied. Then, by Lemma 1,

n
[ §—1) Q(
SP*0 = T A4z SP

v=0

= § Z A(p)A(S 1)+/\ z A(p p)A(B 1)—!-0{ Z A(p p)A(8 1)}

v=0 =0
— Aisz)‘*"/\A%DH P)+ (np+8~p)_

A similar proof holds in the case of (1.16).

2.3. As an illustration of these theorems and of some theorems
which will be proved later on, it is interesting to consider the simple

series 1 — 1+ 1 ..... For this series, easy calculations show ‘that

(2.31) S, =3 {1+ (1),

(2.32) SP =340 + {1+ (= 1)1},

(2.33) 8@ = 34D + JAV + {1 4+ (— 1)1,

(2.34) 8P = L A®) i Ar=D + _1 AL 4 l {1+(—1)7
. n T o4iy 22 n a0 2]) n 217"‘1 .

Moreover, if 0 < 8 < 1, we see from (2.33) that

S(1+8)___% Z A(8 2)A(2)+1 Z A(S 2)A(1)+ ? A(S 2){1 + (_ 1),,}
A(1+8)+AA(8)+E

where

|Bl<A4 X (v 4+ 1)=0-2 < 4.
Thus v
(2.35) SO+ = 1 AU+ + 1 4B+ 0 (1),
Similarly it may easily be shown that
(2.36) S® =149+ 0(1).

3.1. In this section we consider the effect of the conditions of
§1 on the summability of the series Xn* a, and similar series. Through-
out, we shall denote by S, the n-th Cesaro sum of order p for the
series = n°a,, and by T%, the n-th Cesaro sum of order p for either
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Zntu, or Tnfv, First of all we state a well known and easily

proved lemma which connects the Cesaro sums of the series Zna,
and Xa,.

3.2. LemMa 3. If p is positive we have
(3.21) 8P =(p+n+1)SP —(p+1)8r+D.
We now make some straightforward deductions from Lemma 3.

THEOREM 6. If 1 =p=p and Zar satisfies (1.17) then the series
Z na, ts summable (C, p) to the sum — A,
From Lemma 3 and Theorem 5 we have
8P =(p+n+ 1) {sAP + 24P~V + o (n?~1)}
—(p 4+ D{sAP+D + X AP | o (n?)}
= Mp+n+1)42-D _(p+1) AP} + o (nP)

(p 1)
_ /\A(,{”’{(P-i—n—{-l) e (p+1)}+0(n’”)
=_,\A£f){(p+1)_mji_+_l)}+o(nl’)
p+n

=— A AP 4 o (n?).

A similar, though simpler, proof suffices to prove the following
theorem.

TueorEM 7. If 1=p=p and Xa, satisfies (1.18), then the series
2 na, ts bounded (C, p).

If Xa, is the particular series 1 —14+1— ...., we see from
(2.32) and Theorem 7 that X na, is bounded (C, 1), while, from (2.33)
and Theorem 6, X na, is summable (C, 2) to the sum —}. Using
Andersen’s Theorem?! we at once obtain the familiar result that the
series 1 —2 43 —4.... is summable (C, 1+ §), to the sum 4, for
every positive 6.

3.3. We now prove two theorems similar to Theorems 6 and 7
for the case 0<p<1. The proof of Theorem 8 may easily be
constructed from that of Theorem 9, so that it is only necessary to
prove the latter. In the proof of this and some succeeding theorems

Andersen, 1, 56.
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we employ a technique which was introduced! and developed by
Andersen.

LemMMa 4. If s is any positive integer and r is any real number?

then
8 4 1
(3.31) 3 At e, AUTY 5 <S+ >A<I e, AgtezsD
=0 q=
where
Attle, =¢, — (s T 1) €41+ <s.*2. 1) fazt oo+ (= D e

s+1 s+1
Aii;e,,:e,,—( 1 >ev+1+....+(—l)p< -; )e,,_H,.
Lemma 5. If r is any real number, and p s a positive integer, we have

"w—

n p+1l 1 B
(3.32) T A, Al-r-2g % <P+ >A§{f”‘§’"”Aqe#.

v=u q=0 q
We have
o a0 Al-p-2) "4 (—p~-2
z An’—vAv—i €, = ZOAnr—ﬂ-—aAo—p )e;l.-f-a‘
v=u o=
n—p Nn—u—ao
= 3 AP Pe,,, T 407D
o=0 =0
n—p
— 8 ATV ATH
=0
" -1 1
— - +
= 3 A=) Altle,
r=
=1 1 "ok
= 3 A7) Alile, + Artle, B AUZD |
7=0 T=p+1
and, by Lemma 4, this is equal to
¥4
p+1 p—
q?o( q Ai,?:“,?_g DAE“ +A¥)—ﬂ—9—1 Ar €4
p+1
= ¥ P+ 1 Alr+a—-p-1) Al e
g=0 q none .

The essence of this result is contained in Andersen’s dissertation,
but it is not quite stated in the form (3.32) which is most convenient
for our purpose. In these circumstances I considered it advisable to
insert the above proof.

1 Andersen, 1, 47.
2 Andersen, 1, 42.
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THEOREM 8. If p is a positive integer and if 3 a, satisfies (1.17), then,
for 0<8<p <1< p, the series X n*~%a, is summable (C, p — 8) lo the
sum of the convergent series

(3.33) AT Al sy
=0

v

L
s, AP+iyp—8,
=0

v=

where n, denotes the error term in (1.17).

TreorEM 9. If p is a positive integer and if T a, satisfies (1.16) then,
for 0<8<p=1Z<p, the series Zn*~%qa, is bounded (C,p —3), and
summable (C, p — 8 + ¢€), for any positive e, to the sum of the convergent
series

(3.34) 5 B, AP+1 e,
v=0

where B, denotes the error term in (1.16).

It should be observed that these theorems are also true when
3 = p and have already been proved as parts of Theorem 4. In this
case, of course, the sum of the resulting series, namely X a,, is s, 50
that (3.33) and (3.34) do not apply.

For the series X u,, defined as in (1.18), we have

TP = B = O (n?~7),

and
n
T = T AP pia,
y=0
n v
= 3 A;p——8+€)vp—a S A(=p=2) pin)
— e
v=0 n=0 * a
n n
= 5 TP T pp=8 4P+ 4(72-%
=0 v=g
= FE, + E,,
where
n n .
Ei= I TO X AP I8 4722 = O (nr~?),
n=n—p v=pu
and
n—-p-1 n s 0
Ey= 3 B, I AP FIp-84(7279,
r=0 v=p

By Lemma 5, we may write

p+1 1
E2 == Z <27 + ) an
9=0 q
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where
—‘n—p— (q+e—8—1) Aq, p—3
Fo= I B AWHZI A
Since
Aq‘up—b =0 (,u.""s_”),
we have

A—p—1
Fo= 0{ £ pr=t(n— =)
n=0
— O T (u+ 1)-5-Y
#=0
= 0 (nr~%),

if we suppose, as we may without loss of generality, that 0 < ¢ <8.
Again, if 1 < ¢ = p,

n—q—p

F,1=0{ 2 A(:o —8— q)A(q+s —8— 1)}_*_0(,”3)-—6)
"=

= (){Agqu“%?} + O {(nP~?%)

= 0 (n?-?%),
gince 0 < € < 8.
Finally
Fp+1 18 n—z ,B Ap+1 e 8A(p 6+€)
—8+¢ + e 134
A(p_p—_r) A(”_p_ ) =

which, by the consistency theorem for Cesaro summability, tends to
the sum of the convergent series
S B, AP+ o5,
v=0
The second part of the theorem now follows almost at once.
It has in fact been shown that

S(p—8+s) A(” §+¢) E B ADP+1yp— 8+0(np 8)

and the first part of the theorem follows from this and Theorem 4.
It is interesting at this point to compare Theorem 9 with the
case of Theorem 1 when B<0. Translating Theorem 1 with
— 1 <B <0 into the notation of the present paper it would become:—
If Za, satisfies (1.11) then, for 0 <8 = p<1= p, where p is a
positive integer, the series . n°~%q, is summable (C, p).
It will be observed that Theorem 9 is more general than this
result.
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4.1. It is easy to see that the hypotheses of Theorems 8 and 9
do not necessarily imply that T nfa, is summable or bounded (C, p).
If, for example, :
a, = A9,
we have
S = 4B,

and the series X nta,, being properly divergent, i1s neitner summable
nor bounded (C, 1). The example indeed shows that, in general, it is
not possible to assert that if X a, satisfies (1.16), or (1.17), the series
2 nfa, will be bounded, or summable, by some Cesaro means of
sufficiently high order. In this respect the cases 0<p<1 and
p =1 of (1.16) and (1.17) present a marked contrast.

4.2. In view of these remarks the following theorems are of
interest.

THEOREM 10. If pisa positive integer,0 < p <1 = p, and X a, satisfies
(1.16), then the series T nP a, is either bounded (C, p) or not bounded by
any Cesdro means.

THEOREM 11. If p is a positive integer, 0 <p <1 = p, and T a, satisfies
(1.17), with A = 0, then the series Zn® a, s either summable (C, p) or not
summable by any of Cesdro’s means.

It is well known and, in any case, follows readily from Lemma 3
and the consistency theorem for Cesaro summability, that necessary
and sufficient conditions for a series L a, to be summable (C, p) are
that ¥ a, should be summable by some Cesaro method and that the
sequence na, should be summable (C, p + 1) to zero. A similar
result holds for series to be bounded (C, p).

It should be observed that, if we take the series X v, instead of
X a,, Theorem 11 corresponds exactly to the case of Theorem 2 when
— 1<B<0. Hardy and Littlewood’s proof extends to this case
without alteration but, for the sake of completeness, I give a brief
proof on the lines of the proof of Theorem 9. Theorem 10 may, of
course, be proved by the same method.

It is sufficient to show that

8P, = o (nr+1).

Taking as our hypothesis

89 = 84D + 1, 10 = 0 (07,
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we have

n v
(—p-2) Q)
Spr1 = Zo AR, v I ATTE S

v w=0

= X

n
N )] A(,f'l,, Af,__ﬁ_m prtl
u v=p

0
-1

—omrt) 4 % g T AD

r=0 v=u

(=p-2) pp+1
Av—u 4 °

1 4

By Lemma 5, the second term may be written in the form

”§1<z) + 1> 7

q=0 q !
where

n—p

F,= Z

=

Clearly Fo=0and,for 1 < ¢=<p+ 1,

-1
0, AD ATt g=0,1,2, ....,p+ 1
0

Fq==o{,_
”

When X a, satisfies (1.17) and A==0 we have the following more
precise theorem.

p—1
-1 -
S AU g0 = o (o).

THEOREM 12, If p is a positive integer, 0 < p < 1 < p, and X a, satisfies
(1.17), with A==0, then the series Znfa, is not summable by Cesdiro
means of any order.

If kis any number = p and 7,, as usual, denotes the error term
in (1.17), we have, by arguments similar to those used in the proofs
of Theorems 9 and 11,

n—p-1

7
Sth=A T AR AT B A, A o ()

v=0 n

n n
=AZ A0, ATk T ey (vmp— 1P ARL, AP (v—p—1)rt-0 (nk),
=0

v v=p-+1

where ¢, > 0asn— x. Now
Ae=D = 4y=r=1 4 O (v=r~2),
(v=p— 1p=* APy — p — 1p = B~ 4 O (v,

where A and B are non-zero constants. Given e< < ‘%;‘D, we can
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determine N (> p 4 1), such that |¢,_,_;| < e for v= N. Thus, since
APV <0 for n = 1, we have

|89 124X £ A®, v=1|—|  Be,_,_, AR v=1| — O (n¥)

n—v
v=N v=N

= {|AAx|—|B]e} Z AP =1 0 (k).
V=N
Since the series v~ ig properly divergent, the result follows.

4.3 We have seen from Theorem 9 that, if £a, satisfies (1.16)
and 0 <8 < p < 1= p, the series Zn*~%a, is summable (C, p — 8 + ¢)
for every positive e. Also, from Theorem 7, we know that, if Za,
satisfies (1.16) when p = p = 1, the series X na, is bounded (C, p). It
might be plausible then to suppose that the hypothesis of Theorem 7
would imply the summability (C, p + ¢) of Z na, for every positive e.
Such a surmise however would be erroneous for it is possible to
construct a series X a,, which satisfies (1.16) in the particular case
p=p =1, and for which the series X n«, is not summable (C, 1 + ¢)
for any positive e.

Consider, for example, the series X a, for which

Ss,l)= Am
where A, is the bounded function!

Ay =1, 2% p < 221
=0, 2+1< p < 9W+2,

As in the proof of Theorem 9, we have

n
(2) -3
LT VAR A

0 ve==p

A (3# — 275)

(2)
Sn, 1=

)
%

It is not difficult to show tha.t

n-1 % A, - } -2 z A
nu=0

ofie c|"'

i
according as n tends to infinity through the even or the odd powers
of 2. It follows that

o Ll

lim S5t _ g jim Sr _ — 115
n—swo AD n—>wo n? — 4/15)°

! The series Z(A, — A,_;) possesses many interesting properties. See Hardy,
4, 6.

https://doi.org/10.1017/50013091500002510 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500002510

THE APPROACH OF A SERIES TO ITS CESARO LIMIT 193

according as n tends to infinity through the even or the odd powers
of 2. Thus the series X na, is not summable (C, 2) and a fortiors is
not summable (C, 1+¢€) for 0<e<l. Moreover Zna, is not
summable (C, 1 4 ¢) for ¢ > 1, for, if it were, it would necessarily
be summable (C, 2) since, by Theorem 7, it is bounded (C, 1).

4.4. We may appropriately conclude this section by remarking
that, if we apply Theorem 9 to the series 1 — 141 ...., taking as
hypothesis the relation (2.32), we obtain the following familiar
result: For 0 <3 =< 1, the series

11-8 _ 91-8 1 31-8

is bounded (C, 1 —8) and summable (C, 1 —38 +¢) for every
positive e.

5.1. We next consider the case of Theorem 3 when — 1 < 8< 0.
The problem discussed is the converse of the type of result which is
contained in Theorems 6, 7, 8 and 9; that is, we assume as hypothesis
the summability or boundedness (C, p) of the series T #n*a, and the
conclusion involves a property of Xa,. One well known result in
this connection is that the summability (C, p) of Z n*a, implies the
summability (C, p —8) of Zn*~%a,, where 0 <8 =< p < p, and the
results of this section may be regarded as generalisations of theorems
of this kind for the particular case 0 <8 =p = 1.

5.2. First we establish a lemma which serves to simplify the
proofs of the theorems which follow.

Lemma 6. Ify>0and

(5.21) $nly, 0) = Z (AP — AD e, u™"", e, =0,
=1
then g
=o(m7‘“) N 0<a<1,
(5.22) S (y, @) =o(m¥~tlogm), a=1,
= 0 (m*~1) , a>1.
We have

m m
¢m (7: a) = 2 €, I-‘_a—l pX 449—])
n=1

T=m+1l—p

m m
= Z A"V = g pueml,

=1 p=m+1l—r
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Given ¢, there exists NV such that, for p = N, |¢,|<e. Thus

m+1—N m m m
l$n(r,a)|S| Z 497D 2 gpul4+ T 4¥V 3 g pmend
r=1 p=m+l—r r—mt 2N et
m+1—N ©
<e X Ag,y_l) p> ,u,"“_l-l_O(my—l)_
r=1 p=m+1l=7

Hence,if 0 <a <1,
b (@) = 0 AT AT + 0 (wro)
= o (mr-2),
while, if a > 1,
by, @) = 0 £ AP (m 1= 1) + O (Y
= o[ *3":1 + T 3AY Y (1 — 1) + O (mr))

T=m
=o{m~* i42‘.n A 4 o fmr2 §1 779 4+ O (mr-1)
=0 (m’f—;)_.l -
Finally, if a =1,
bulys @) =0 (m=1 £ 40} 4 ofmrt 3 171y 4 0 (o)
=0 (m*‘l)r_—}- o (m*—1 log m) +T5 (m*—1)
= o (m*~! log m).
5.3. Tamorem 13. If p isa positive integer, 0 <p <1 < p, and

the series X nfa, is bounded (C, p), that is,

8P =r,n?, 1, =0(1),
then Z a, satisfies (1.16), where

o
s§=ay+ X r,vP AP+l >
v=1

TaeorEM 14. If p is a positive inleger, 0 <p <1 = p, and the series
2 nPa, is summable (C, p), that is,

8P =06 AP + ¢, nP, €,->0,
then X a, satisfies (1.17), where A =0 and

r+1 > o
s=ay—oc X v P AP L 3 o P AP+ yp,

v=1 v=1
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We shall prove only Theorem 14 since the proof of Theorem 13
is similar.
We have
n
8P =gy AP+ = AP v r1ra,
=1

v

n v
=ay AP 4 z AP, vr zlAszﬁ-Z) 8®,
v= n=

n v
=g AP + 0 T AP, v { T A{T27Y 4P . 477}
-0

v=1 3
n n

+ T u? T AP v ALr-D
w=1 v=p

=ay AP + E, + E,,
say. Clearly

P+l
E,=—0 3 AP y-r A(-7-D

v=1

1
AP yr AP 1 O (o)

v=1
2+1

=— 0 AP I v ASPD Lo (np-v),
1

=

Also, by Lemma 5, we have

n—p-—1 n

E;=o0(n?"*) + L p? T AP, AST2D e

= v=p
p+1
—o(mr~) + % (f’ + 1) 7,
g=0 q
where
n—p—1 _1
Fa= p=1 € P AT ATy,

Now Fy =0, and, forg=1,2, ...., p,
n—q
Fq = o{“EOA’(‘p-p—q) ASlq—_ql)-n} = o (n?7?).
Also we may write

o 0
Fpi= Aﬁf’lp_l Z e puP APTI =P — Asﬁp—l I el AP e
r=1 p=n—p
" )
— Z {47, Afzp—p—l—p.} €, pP APy e

np=1

=E2,1—E2,2—E2,3:
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say. Now
E2’1 = Ag{’) PN €, 1P Ap+1 p=? 4+ 0 (n?-1),
wisl
Byp=ofn? & p=r1) = o(n?),
u=n
and

n—p-1
Bps= Z {47, ,— A HAe, p=?71 + e p=r73,

1 n—p—-1—p
o=
where A is a definite non-zero constant and ¢;— 0. It follows, by
Lemma 6, that
B,y = 0(n7=%) + 0 (0?=) = o (w7~9).

The theorem is therefore proved.

5.4, We now discuss the analogues of Theorems 13 and 14 when
p =1, and we shall see that there is a slight difference between this
case and the case 0 <p < 1.

TaEOREM 15. If p is a posilive integer and the series X na, is bounded
(C, p), that is,

S =7, n?, 1, = 0(1),
then the series T a, satisfies the relation
(5.41) 8P = sAP + O (nr-1),
where
a0
s=ap+ X r, p? AP,
p=1
THEOREM 16. If the series X na, ts summable (C, p), p a positive
inleger, lo the sum o, that is
Sitz.’)l = GA?) + €, n?,
then the series X a, satisfies the relation
(5.42) 8P = sAP L XAPV 4 o (n?7Y),
where
p+1 @
s=ay—a Z AUP P14 B e puP APy,
p=1 p=1
A= —o.

It will be observed that the enunciations of Theorems 15 and
16 are practically the same as those of Theorems 13 and 14. T have
thought it worth while to state the two former theorems in full for
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the purpose of comparison. Moreover the details of the proofs of the
two pairs of theorems are essentially different, the case p =1 con-
taining complications which are absent when 0 < p < 1. It is sufficient
to prove Theorem 16 since the proof of Theorem 15 is similar.

As in previous arguments we have

n v
- -p—-2
8P = ao AP + T AP, -1 % A g,

v=1 p=1

n v n
—ag AP+ T AP vl B A VeAD — o T AP, -1 477D

=1 p=0 v=1

n
+ §:1A§3’> I P L P

v—p
a=1

R—v

p+1 n
=g AP —¢ T AP -1 402 2 € u* Z AP AE“_’;’"Z) v
w=1 v=p

v=1
Now
AP, — AP = — B APV = APV L o (no-),
v=n—r+1
whence
S(np)=aOAgl11) o AP Z A( P=2,-1 4 g 4P~ 1 i\ A(—p—
v=1 y=
+ E €, 1P 2 A(p) A( p—2) v=1 4 0 (nP- 1\
p+1l -
={ay—o 21 A(;v—?) v AP — AP + o (n?1) + B,
where
n n—p—1 n
E,={ %ﬁ Z Yenr S AP, AR
p=n— v=u
4+ 1\
—o(w )+ % <1’ )
where
n—p—1 _1
F,= ,El €, u? A%_M_q ATy~
Now Fp=0and,for 1 <g<p — 1,
n—g
Fy=of X Az, AP™"™%) = o (n?7Y),
=0
go that

E,=Fp+(p+ 1)F,+ o(n?1).

We now write
Fpog =G — Gy~ Gy,
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where

G, = A;plp_l fjle“ pP AP+ -t

Go= AP, T e Aviipt

r=n—p
n—p—1

Gy = ,21 € puP APHL AR — AP, -

Clearly
Gr= AP § o0 &t — () 477V £ ¢ a0 1o (o,
and a
Gy =o0{n? X pu~% =o(nr-1).
Thus o
8P — g AP _ fo+(p+1) Ele" pP APFL -1y AP=D L Lo (gp-1y,

where

n—-p—-1

H,= ,El P [AT) (p+ VAP p = (AP — AP, JAPFI -1
n—p—1 j 4

= ! = Y o

A X /PR Y B prany-yy y

[(p+p+1) A(p—pl)— {A( nep—1— A n p 1—;‘}]
@+ % R

IR A Y P § S (PR 3
[(# +p+ Dor—p—p+1)(n—p—p+t2)....(n—1—p)

(p —1)!
_{(”;Z’M.“ﬁl).- (=l —n—p—p)n—p—ptl)... -("—1:&)}]
p!
R N L

=(Z)+ 1)! ¥ ). ﬁr.snrﬂs:

: z
w=1 p(p+1 BV S 2 i § P
where B, , is a constant independent of # and u,
Bo,o=PFp-1,1=0,

and

_ p+1

Po-ro= -1
We now write

— H(1)+ H(2)

where
1 n—-p-—1
HO = (p+ 1)l % € i z
r s V7 1%y
A N (RS | B P w
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the summation in H® extending over all values of r and s for which
0<r=p—2,0=sZp, r+s=p.
As n—> o we clearly have

HP = AP~ ‘)(p+1) 2 e pP AP =1 4 o (nP1),

and if we write
H(Z) H(2 1) + H(2 2) + H(" 3)

where HZ1 contains all terms for which s=0,0=7r=p — 2,
H@? those for whichs=1, 0 <r < p — 2 and HZ ¥ those for which
2=, 0=Sr=p-—2, r+4+s=<p, then

HED=o{Sw 3 p=Zo (W)= o (n?7),

r pe=1

H&?P =o{ X n’ > p,‘l}—Zo(n’logn)_o(n?’ 1y,

and
HP¥ =0{Zn" T p~2 = So(nts-1) =o(n?P-1).
7,8 w=1 r, 8

The theorem is therefore proved.

5.5. We conclude this section by considering briefly the truth
or falsity of the following theorem.

THEOREM 17. A necessury and sufficient condition for the series X a, to
satisfy a relation of the form (1.17), where p is a positive integer and
0 < p = 1, is that the series Z nP a,, should be summable (C, p).

That this theorem is true for the case p = 1 follows at once from
Theorems 6 and 16. When 0 <p <1 we see, from Theorem 14, that
the sufficiency part of Theorem 17 is true and also that the A of
relation (1.17) is zero. When A==0, Theorem 12 shows that the
necessity part of Theorem 17 is false. It is natural therefore to
examine the following assertion.

If 0<p<1, p 18 a positive integer and the series X a,, satisfies the
relation

S;’p) = SA?) - Nns M = O (np—p)’
then the series T nPa, is summable (C, p).

An examination of the proof of Theorem 9 shows that the truth

or falsity of this assertion depends, in the last resort, on whether or

not the expression

1
AP z AL, AP

n »=0

tends to a definite limit; that is, it depends on whether or not the
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series X7, AP+1 uf is summable (C, p). It is clear that this series
need not be summable (C, p). Indeed, if

uP=°
T loglp+ 1)’
it is properly divergent. Hence the necessity part of Theorem 17 is

not true for 0 <p < 1 even when A= 0. In other words, either of the
alternatives in the conclusion of Theorem 11 may occur.

N

6.1. It is natural to expect that series which satisfy (1.16) and
(1.17) should have a less restrictive Tauberian condition than
a, = O (n-1). It was proved! by Hardy that series, for which

SV =s4D + o (nd),

are summable by Borel’s method. Hence a sufficient Tauberian
condition for such series is

a, = 0 (n-*).

More generally?, it has been proved? recently that, if the series X q,
satisfies (1.17) with A= 0, it is summable by Valiron’s method* of
order 1 —p/p, where 0 <p< p. An examination of the argument used
in the proof of this theorem shows at once that the theorem remains
true when X, satisfies (1.17) with A==0. Now the Tauberian
condition for summability (V, a), where 0 < a <1, is known?® to be

a, =0 (n~*).
Hence we have the theorem.

TraEOREM 18. If X a, satisfies (1.17), where p is a posilive tnteger,
and 0<p<p, 0<p=1, and if

a, =0 {n(p —p)/p} ’

the series Z a, is convergent.
This theorem may he proved directly by making use of an
argument due to Hardy and Littlewood®, and the same type of

1 Hardy, 3.

2 Hyslop, 8.

3 Hyslop, 9.

4 Valiron, 10.

6 Valiron, 10.

6 Hardy and Littlewood, 7, 428.
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-argument may also be used to prove an analogous theorem for series
satisfying (1.16).

TrEOREM 19. If Y a, satisfies (1.16), where p 18 a positive inleger and
O<p<p, O0<p=1,andif

a,=o {n(P"p)/p}’

the series 2 a,, is convergent.
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