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2-Clean Rings

Z. Wang and J. L. Chen

Abstract. A ring R is said to be n-clean if every element can be written as a sum of an idempotent and
n units. The class of these rings contains clean rings and n-good rings in which each element is a sum
of n units. In this paper, we show that for any ring R, the endomorphism ring of a free R-module of
rank at least 2 is 2-clean and that the ring B(R) of all w X w row and column-finite matrices over any
ring R is 2-clean. Finally, the group ring RC,, is considered where R is a local ring.

1 Introduction

The question of when the automorphism group of a module additively generates its
endomorphism ring has been of interest for many years. A ring is called n-good
[15] if every element is a sum of #n units. In 1953 and 1954, respectively, Wolfson
[17] and Zelinsky [20] showed, independently, that every element of the ring of all
linear transformations of a vector space over a division ring of characteristic not 2 is
2-good. In 1985 Goldsmith [4] proved that the endomorphism ring of a complete
module over a complete discrete valuation ring is 2-good. In [16] Wans considered
free R-modules where R is a PID, and showed that if the rank of M is finite and greater
than 1, then Endgr(M) is 2-good. Goldsmith et al. [5] considered unit sum numbers
of rings and modules. This was further developed by Meehan in [10]. Moreover, the
above question is considered by many authors on abelian groups (see [2,8,9]) and
on general rings with an identity (see [3,7,14]).

In 1977 Nicholson [12] introduced the concept of a clean ring (1-clean) which
contains unit-regular rings and semiperfect rings, and showed that every clean ring
must be an exchange ring. Camillo and Yu [1] further proved that a clean ring with
2 invertible is 2-good. Recently, Xiao and Tong [19] called a ring R n-clean if every
element of R is the sum of an idempotent and # units. The class of these rings con-
tains clean rings and n-good rings. In 1974 Henriksen [7] found that for any ring R
and n > 1, the matrix ring M, (R) is 3-good. Moreover, Vamos [15] proved that for
any ring R, the endomorphism ring of a free R-module of rank at least 2 is 3-good.
Motivated by the result of Henriksen and Vamos, we conjectured that for any ring R,
the endomorphism ring of a free R-module of rank at least 2 is 2-clean.

In this paper, we answer the question in the positive. In fact, we prove that for any
ring R, the endomorphism ring of a free R-module of rank at least 2 is 2-clean. It is
also proved that the ring B(R) of all w X w row and column-finite matrices over any
ring R is 2-clean. Finally, the group ring RC, is considered where R is a local ring.
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Throughout this paper, rings are associative with identity and modules are unitary.
J(R) and U(R) denote the Jacobson radical and the group of units of R, respectively.

2 Basic Properties of n-Clean Rings

An element of a ring is called n-clean if it can be written as the sum of an idempotent
and n units. A ring is called n-clean if each of its elements is n-clean. In this section,
some properties of n-clean rings are given.

Proposition 1 Let R be a ring and let a € R. Then the following statements hold:

(1) If a is n-clean, then it is also I-clean for all n < I.

(2) Every n-good ring is n-clean; if R is n-clean with 2 € U(R), then it is (n + 1)-good.

Proof (1) We only need to prove that a is n + 1-clean. Let a € R be n-clean: a =

e+u +uy+ -+ u, where e = e € Rand uy, u,...,u, € U(R). Note that
e=(1—e)+(2e—1),thuswehavea = (1 —e) +(2e—1)+u; +-- -+ u, where
2e — 1 € U(R).
(2) Itis clear that every n-good ring is n-clean.
The second statement is well known. [ |

Let S(R) be the nonempty set of all proper ideals of R generated by central idem-
potents. An ideal P € S(R) is called a Pierce ideal of R if P is a maximal (with respect
to inclusion) element of the set S(R). If P is a Pierce ideal of R, then the factor ring
R/Pis called a Pierce stalk of R. The next result shows that the n-clean property needs
to be checked only for indecomposable rings or Pierce stalks.

Proposition 2 Let R be a ring. Then the following are equivalent:

(1) R is n-clean.

(2) Every factor ring of R is n-clean.

(3) Every indecomposable factor ring of R is n-clean.
(4) Every Pierce stalk of R is n-clean.

Proof (1) = (2),(2) = (3) and (2) = (4) are directly verified.

(3) = (1). Suppose that (3) holds and R is not n-clean, then there is an element
a € R which is not n-clean. Now let § be the set of all proper ideals I of R such
that @ is not n-clean in R/I. Clearly, 0 € § and the set § is not empty. Define a
partial ordering on § by C. If {I, : @ € A} isachainin §, let I = (J,cy la-
We will show that @ is not n-clean in R/I. Suppose that @ is n-clean in R/I. Then
there exist %, %, ...,4, € U(R/I) (with inverses ¥,,7,, ... ,7,, respectively) and
e> =¢ € R/Isuchthata = e+, + 1+ --- + %, Notethate? — e € Uyepl, and
uvi — 1, viu; — 1 € UuEA 1., so e —ec I%, uv; — 1€ Ial andviu; — 1 € IU“I, for
ap, aj,af € A. Because {I, : @ € A} is a chain in §, there is a maximal I in the set
Uoos Tays - Loy Ings Loty - -+, Iy } such that I, I, Iny € . That s, @ is n-clean in
R/I;, a contradiction. This implies that I € § is an upper bound of the chain. Thus
§ is an inductive set and, by Zorn’s Lemma, 8 has a maximal element Iy. By (3) R/I,
is decomposable as a ring. Write R/l = R/I} ® R/L, where both the ideals I, and I,
strictly contain Iy, and so by the choice of Iy, @ is n-clean in R/I; and R/L,. But then
a is n-clean in R/Iy, a contradiction.
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(4) = (1). Let 8 be the set of all proper ideals I of R such that I is generated by
central idempotents and the ring R/I is not n-clean. Assume that R is not n-clean.
Then 0 € 8 and the set § is not empty. It is directly verified as above that the union
of every ascending chain of ideals from § belongs to S. By Zorn’s Lemma, the set
$ contains a maximal element P. By condition (4), it is sufficient to prove that P is
a Pierce ideal. Assume the contrary. By the definition of the Pierce ideal, there is a
central idempotent e of R such that P + eR and P + (1 — e)R are proper ideals of R
which properly contain the ideal P. Since ideals P+eR and P+ (1 — e)R do not belong
to 8 and are generated by central idempotents, R/(P + eR) and R/(P + (1 — €)R) are
n-clean. Note that R/P 2 (R/(P+eR)) x (R/(P+ (1 — e)R)), and it now follows that
R is n-clean. ]

3 Matrix Rings and Endomorphism Rings of Free Modules

In this section, we will consider the 2-cleanness of the endomorphism ring of a free
R-module of rank at least 2. First we give the following simple and interesting de-
composition.

Lemma 3 Over any ring, the 2 x 2 and 3 x 3 matrices are 2-clean.

Proof Let R be aring and let

_fan an _fan—1 2—an
A-(a a22>eM2(R). PutE—(aM_l 2—a11)'

It is checked easily that then E? = E. Thus we have

A_E— 1 a12+a11—2 '
ay—an+1 ap+a;g—2

Now there exist invertible matrices P and Q such that

e (3 9-()-(% 2)

for an appropriate ¢ and thus is a sum of two units. Hence A is 2-clean.

Now let
by b bis
B=|by by by
b3y by b3

be a 3 x 3 matrix over R. We first construct an idempotent in order to show 2-cleaness
of B. Set
biy—1 bn—1 3—by—by
F=|bn—1 byp—1 3—by—0bn
biu—1 byn—1 3—by—bxn
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It may be directly verified that F> = F. Thus
1 b]z—bzz‘f'l b13+b11+b22—3
B—F= bzl—b11+1 1 b23+b11+b22—3

b3y — by +1 by —byp+1 byz+by;+byn—3

We only need to show that B — F is 2-good. Now there exist invertible matrices T, V
and W such that

C1 0 (%) 0 1 (%) C1 —1 0
VIB—FW=|¢g 1 0|=10 0 1]+|c¢ 1 -1
0 a o I a o -1 0 0
for an appropriatec; (i = 1,...,5) and thus is a sum of two units. Hence Bis 2-clean.
This completes the proof. ]

Remark 4 (1) For the matrix ring M,(R), it is customary to write GL,(R) for
U(M,(R)). An elementary matrix is the result of an elementary row operation
performed on the identity matrix. We denote by E,(R) the subgroup of GL,(R)
generated by the elementary matrices, permutation matrices, and —1. Observ-
ing the decompositions of the 2 x 2 and 3 x 3 matrices above, we see that these
matrices can be written as the sum of an idempotent matrix and two elements of
E,(R).

(1) For any ring R, R can be embedded in the 2 x 2 matrix ring M,(R). That is, all
rings can be embedded in a 2-clean ring by Lemma 3.

(2) We know that 2-clean rings contain clean rings and 2-good rings. However, the
converse is not true. For example, the matrix ring M,(Z) is not clean since 7
is not a exchange ring, and the matrix ring M,(Z[x]) is not 2-good (see [[15,
Proposition 8]).

(3) It is well known that for a clean ring R, idempotents can be lifted modulo J(R).
However, a 2-clean ring does not have this property in general. Let R = Z) N
13y ={m/neQ :m,ne€?Z,2fnand 31 n} andset S = M(R). Then J(S) =
J(Ma(R)) = My(J(R)) = M3 (6R). Let F = (}9). Then F* — F € J(S), but there
is no idempotent E of S such that F — E € J(S) since non-trivial idempotents of S
are only of form (4% ) where bc = a — a® for a, b, c € R. Thus S is 2-clean by
Lemma 3, but there exists an idempotent which can not be lifted modulo J(S).

Lemma 5 Let R be aring m, n > 1 and k > 2. If the matrix rings M,(R) and
M,,,(R) are both k-clean, then so is the matrix ring My4m(R).

Proof Let A € M,+m(R) be a typical (n+ m) X (n + m) matrix which we will write
in the block decomposition form

A Ap
A= ,
<A21 A
where A;; € M,(R), Az € M,,(R) and Aj», Ay, are appropriately sized rectangular
matrices. By hypothesis, there exist invertible n x n, m x m matrices U, U, ..., Uy
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and V4, V,, ..., Vi, and idempotent matrices Ej, E; such that Ajy = U; + Uy + - - +
U+ E and Ay, = V1 +V, + - - - + Vi + E;. Thus the decomposition

An Ap\ (U Ap " U, O U Uy O N E, O
Ay Ap) \O V; Ay V) O Vi O E
shows that A is k-clean. [ |

Corollary 6 Letk > 1. IfRis a k-clean ring, then so is the matrix ring M,(R) for any
positive integer n.

Proof For k = 1, it follows from [6, Corollary 1]. For that k > 2, it is clear by
induction and by Lemma 5. ]

Theorem 7 Let R be a ring and let the free R-module F be (isomorphic to) the direct
sum of a > 2 copies of R where v is a cardinal number. Then the ring of endomorphisms
E of F is 2-clean.

Proof Assume first that o« > 2 is finite, so E = M,(R). Then E is 2-clean for
o = 2, 3 by Lemma 3, and the values of & < w for which E is 2-clean are closed
under addition by Lemma 5. So E is 2-clean for all finite c.

Assume now that « is infinite. Then E = M,(E) follows from F = F & F, and so
E is 2-clean by Lemma 3. ]

4 Row and Column-Finite Matrix Rings

Let B(R) be the ring of all w X w row and column-finite matrices over a ring R. In
[13], O’Meara showed that B(R) is an exchange ring for any regular R. However, a
related question on clean rings is still open, even when R is a field. In this section, we
will consider the 2-cleanness of B(R).

Lemma 8 (P.Nielsen) Let R be a ring and let
U A

Ui
U,
B U, A
B, Us As 1 2 U2
X = U, ,orX = 3 ;
By Us Ay

B,

where the U; are square matrices of size n; X n;, and with both A; and B; block matrices
of size n; X njy1 and niy X n; respectively. If U; is a unit for each i > 1, then X is a unit
in B(R).

Proof We will assume X has the first form, since the other is done similarly. By
multiplying on the left or right by

Ut
U,!
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we may reduce the case that the U; = I;. In this case, the inverse to X is

L =A
L
B, I —A;
14 )
—B4 15 —A5
as required. ]

Theorem 9 Let R be aring. Then the w X w row and column-finite matrix ring B(R)
is 2-clean.

Proof Given X € B(R). We can write

P, A
B, P, A,
X = B, Ps

with P; square matrices of size n; X n;, and with both A; and B; block matrices of size
n; X njy1 and ni1 X n; respectively. Further, without loss of generality, we may assume
n; > 1 and so P; is 2-clean by Lemma 3. Write P; = U; + V; + E; where U, and V; are
both units in M,,(R), and E; is an idempotent matrix. The following decomposition
gives 2-cleanness: X = U + V + E, where

U, A v,
U,
B, V, A
B, Us Aj 1 V2 V2
U= U4 5 V= 3 y
By Vi A4
By

and E = diag(E;, E,, Es, E4,...). By Lemma 8, U and V are both units in B(R),
and E is an idempotent matrix. ]

Remark 10 From the proof of Theorem 9, we may consider row and column-finite
matrix rings over a 2-good ring similarly. In fact, we obtain that if R is 2-good then
so is the row and column-finite matrix ring B(R), and that for any ring R the row and
column-finite matrix ring B(R) is 3-good.

5 2-Clean Group Rings

Given a group G and a ring R, denote the group ring by RG. In this section, we
consider the group ring RC, where R is a local ring and C,, is a cyclic group of order
n. Some results of Xiao and Tong [19] are extended.
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Theorem 11 Let R be a local ring with R = R/ J(R) and let C,, be a cyclic group of
order n. If char R # 2, then RC,, is 2-good.

Proof If charR = 0 or (charR, n) = 1, then 7 and 2 are invertible in R. Note
that R is a division ring, then RC, is semisimple from n - 1 = 7 € U(R), and so
RC,, is clean. This implies that RC, is 2-good by [1, Proposition 10]. We know that
if G is locally finite then J(R)G C J(RG) by [18]. Clearly, J(R)C, C J(RC,), and
then RC,, = RC,/J(R)C, — RC,/J(RC,). So the factor ring RC,/ J(RC,) is 2-good
since 2-good rings are closed under factor rings. By [15, Proposition 3], RC, is also
2-good. If n = mp* where charR = p # 2, k > 1, and (m, p) = 1. Then
Cu ECp X Cpy and so RC,, = (chk)cm. By [11, Theorem], RC i is also a local ring
and char RCx = p. The rest is proved similarly as above since (p, m) = 1. Thus we
complete the proof. ]

By Theorem 11, we obtain the following corollary immediately.

Corollary 12 Let R be a local ring with R = R/ J(R) and let C,, be a cyclic group of
order n. Ifcharﬁ = 2, then RC,, is 2-clean.

Corollary 13 ([19, Theorem 2.3]) If Cs is a cyclic group of order 3, then the group
ring 72)Cs is 2-clean for any prime number p # 2.

Remark 14 The group ring RC, which satisfies the conditions of Theorem 11 need
not be clean. In [6], Han and Nicholson showed that the group ring Z;)Cs is not
clean where Z7 = {m/n € Q. : 7t n}.

Let C,, = {1,g4,¢% ...,¢" '} with g" = 1 where m is odd. Set S = {1,2,...,
m — 1}. Define 0: S — Sby i —— 2i(mod m). It is checked easily that o is
a permutation of {1,2,...,m — 1}. Let F be a field with char F = 2 and let e =
e +eg+ - +ey 18" € FC,, be an idempotent. Note that 2 = 0 and g" = 1,
s0e* = et +e,1)g” "V + -+ + ep(m_11g” " V. Suppose that o is a cyclic permutation.
Then we have ¢ = ¢y and ¢ = ¢, = e, = - -+ = e,,_1, and so idempotents of FC,,
are0, 1, 1+g+---+g" !, g+g+---+g" L

Theorem 15 Let R be a local ring with char R = 2 and let C, be a cyclic group of order
n. Write n = m - 2% (k > 0) where (m, 2) = 1. If R is a field and the permutation o
of {1,2, m — 1} induced by multiplication by 2 modulo m is cyclic, then the group ring
RC,, is semiperfect.

Proof Suppose k > 1. Then C, = Cy X C,y, and so RC,, = (RCy;)C,. By [11,
Theorem] , RCy is local. Since R is a field and RC,x — RC« is a ring epimorphism,
RCyi is a field and char RCy = charR = 2. Hence we may assume n = m. Note
that RC,, is semisimple since (m, 2) = 1 and J(R)C,, C J(RC,), so J(R)C,, =
J(RC,,). This shows that RC,, = RC,, with char R = 2. Since R is a field and ¢ is a
cyclic permutation of {1,2,...,m — 1}, RC,, has only four idempotents, and so all
idempotents in RC,, are 0, 1, T+g+---+g" ', g+g +---+g"'. However in
RC,, the elements

fi=0, fz:1,f3:m*1(l+g+~-~+gm*1),

mfl)

fi=m ™ (m—1)—g—g g
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are idempotents such that

f1=0, f,=1, fy=T+g+-+g"", fy=g++ -+g"".

This shows that RC,, is semiperfect. ]

The following result is immediate from Theorem 15 and [1, Theorem 9].

Corollary 16 Let R be a local ring with char R = 2 and let C,, be a cyclic group of
order n. Write n = m - 2% (k > 0) where (m, 2) = 1. IfR is a field and the permutation
o of {1,2,m — 1} induced by multiplication by 2 modulo m, is cyclic, then the group
ring RC,, is clean.

Corollary 17 ([19, Theorem 3.2]) If C5 is a cyclic group of order 3, then the group
ring 72)Cs is clean.

Remark 18 The requirement that o be cyclic in Theorem 15 cannot be removed.
In fact, it is determined only by m whether the permutation o of {1,2,...,m — 1}
is cyclic. We calculate that o is cyclic in the case m = 3,5,11,13,.... However,
for m = 7 or 9, o is not cyclic. Here, Z;)C; is not semiperfect. In fact, in 7Z,[X],
X -1=X+DX+X-1)(X*+X*+1). ButinZp[X], X" — 1= (X — 1)(X®+
XC+XA+ X+ X2+ X+1Dand X6 + X° + X* + X3 + X2 + X + 1 is irreducible. So
Z2)C7 is not semiperfect by [18, Theorem 5.8]. Note that Z,)C; is semisimple, hence
idempotents cannot be lifted modulo J(Z;)C7), and so Z,)C; is not clean.
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