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Abstract. 'We study the transfer of nondegeneracy between Lie triple systems and their standard Lie
algebra envelopes as well as between Kantor pairs, their associated Lie triple systems, and their Lie
algebra envelopes. We also show that simple Kantor pairs and Lie triple systems in characteristic 0 are
nondegenerate.

Introduction

Kantor pairs are generalizations of Jordan pairs where the symmetry of the Jordan
triple product in the outer variables is replaced by some weaker condition (Defini-
tion[L4). This looks like a minor generalization. It is therefore all the more surprising
that there are few general published results on Kantor pairs, despite a rather elaborate
structure theory of Jordan pairs. For example, a list of all simple Kantor pairs does
not seem to exist.

The purpose of this paper is to initiate the structure theory of Kantor pairs. Our
reason for doing so goes beyond a pure generalization for the sake of generalization.
Rather, we expect that Kantor pairs will play an important role in the general struc-
ture theory of Lie algebras because of the close connection between Kantor pairs and
Lie algebras.

An example of a Kantor pair is the pair V = (L;, L_,) obtained from a Lie algebra
L with a 5-grading, i.e., a Z-grading L = L_, ® L_; @ Ly @& L; ® L,, together with
the triple products {...}: V. x V77 x V¢ — V7, 0 = 4, induced by the Lie al-
gebra bracket {x y z} = [[x, y], z]. This is in fact not really an “example”, since any
Kantor pair arises in this way from a 5-graded Lie algebra. There is a natural choice
for such a Lie algebra, the so-called standard Lie envelope Ly. Because of this close
connection between Kantor pairs and Lie algebras, it is natural to study Kantor pairs
V via their Lie envelopes Ly. Of course, this will only work if properties like sim-
plicity, (semi)primeness, or nondegeneracy of V are reflected by the corresponding
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properties of L. We will prove that this is indeed the case; see Corollary 2.5 and
Propositions[2.6land 271

One can go from the Kantor pair V to its standard Lie envelope Ly in two steps,
first from V to the associated polarized Lie triple system T(V') and then from the Lie
triple system to its standard Lie envelope Lrv):

Kantor pair <~  Lie triple system  «w  Lie algebra.

The transfer of properties between V and T(V) is straightforward (Prop.[L7). The
heart of the matter lies in the relation between the Lie triple system T'(V') and its stan-
dard Lie envelope Lrv). It turns out that our methods of dealing with this transfer
are general enough to deal with Lie triple systems per se, and not only those that arise
from Kantor pairs. In particular, we show in Theorem 2.4l that a Lie triple system T
is nondegenerate if and only of its standard embedding £ 1 is nondegenerate. We can
even go one step further, and simply consider 7Z,-graded Lie algebras. The connec-
tion to Lie triple systems is given by the fact that the standard Lie envelope of a Lie
triple system is a 7Z,-graded Lie algebra. We show in Theorem 2.3] that a 7Z,-graded
Lie algebra is graded-nondegenerate if and only if it is nondegenerate.

One of the important questions in any structure theory is that of the nondegen-
eracy of a simple object. Since there are prime degenerate Jordan pairs, there are
of course prime degenerate Kantor pairs. However, we are able to prove in Theo-
rem [3.T]that this cannot happen for simple Kantor pairs as considered in this paper,
namely over a ring ® of scalars containing 1/2,1/3,1/5. The basis for this is a re-
sult of Zelmanov [16], which says that the subalgebra generated by all absolute zero
divisors of a Lie algebra L over a ring of scalars with 1/6 is locally nilpotent. This
can be applied in our study of Kantor pairs, since it is easy to show that the subal-
gebra generated by all absolute zero divisors of a simple short Z-graded Lie algebra
L=L ,®L_1®Ly® L P L, isin fact an ideal.

We also consider the corresponding question for Lie triple systems: Is a simple
Lie triple system T nondegenerate? Our answer is yes, if T is defined over a field of
characteristic 0 (Theorem [B.1]). Our proof uses a result of Grishkov [8] that implies
that simple Lie algebras in characteristic zero are always nondegenerate, i.e., do not
have nonzero absolute zero divisors.

The final section of our paper contains some consequences of these results. We
obtain a nice characterization of annihilators of ideals in nondegenerate Lie triple
systems (Theorem [3.2)) and Kantor pairs (Corollary [3.3]), which easily implies the
inheritance of nondegeneracy by ideals of Lie triple systems and Kantor pairs (Corol-
lary B.4). We also study when Kantor pairs are Jordan pairs, and we do so by defin-
ing the biggest ideal of a Kantor pair that is a Jordan pair. For nondegenerate Kan-
tor pairs, this ideal is essential if and only if the Kantor pair is in fact a Jordan pair
(Proposition[3.7).

1 Preliminaries on Lie triple systems and Kantor pairs

Throughout this paper we will be dealing with Lie triple systems, Kantor pairs, and
Lie algebras over a ring of scalars ® with 1/6 € ®.
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Definition 1.1 We first recall some concepts for Lie algebras. An absolute zero di-
visor in a Lie algebra L is an element x € L satisfying [x, [x, L]] = 0. A Lie algebra is
called nondegenerate if 0 is its only absolute zero divisor. We note that any ideal of a
nondegenerate Lie algebra is again nondegenerate; see [17, Lemma 4]. The annihila-
tor of an ideal I in a Lie algebra L is defined as Ann;(I) = {x € L | [x,I] = 0}. IfL
is nondegenerate, one knows ([4, 2.5]) that

(1.1) Ann(I) = {x € L| [x, [I,x]] = 0}.

A Lie algebra L is called prime (respectively semiprime) if for all ideals I, J of L we
have [I,J]]=0=I=0o0r J =0 (resp. [I,I] = 0 =1 = 0), and it is called strongly
prime if L is prime and nondegenerate.

Definition 1.2 A Lie triple system T is a ®-module with a trilinear product T x T x
T — T satisfying

(LTS1) 0 = [x,x, ¥,

(LTS2) 0 = [x,y,2] + [y,2,x] + [z,x, ¥],

(LTS3) ['x7 y? [‘Z7 W7 u]] = [['x7 y?z]7w7 u] + [Z? [x7 y? W]7 u] + [27 W) [x7 y? u]]‘

Amapd: T — Tisaderivationof Tifd[x, y,z] = [dx, y,z]+[x, dy, z] + [x, y, dz]
for every x, y,z € T. We denote by Der(T) the set of all derivations of T, which is a
Lie subalgebra of End(T)(~. For every x, y € T, the map L(x, y): T — T defined by
L(x, y)(z) := [x, y,2] is an (inner) derivation of T. The subalgebra generated by all
inner derivations of T is denoted by L(T, T').

Every Lie algebra L can be viewed as a Lie triple system if we define the product by
[x, y,z] = [[x, y], z] for every x, y,z € L. Thus every submodule T of L such that
[[T,T], T] C Tisanexample of Lie triple system. In particular, if L is a Z,-graded Lie
algebra, L = Ly®L,, then L, with product [x, y, z] := [[x, y], z] is a Lie triple system.
Note that under our assumptions on ®, a /Z,-grading is the same as the eigenspace
decomposition of an automorphism of L of period 2. In fact, T is a Lie triple system if
and only if there exists a 7,-graded Lie algebra L = Ly @ L; with T = L;. Indeed, if T
is a Lie triple system and D is a Lie algebra of derivations of T such that L(T, T) C D,
then D@ T with product [dy ®x1, dy Bx;] = [di, da]+L(x1, %) @ (d1x, —dax;) isa Lie
algebra. In particular, L7 = L(T, T)® T is a Z,-graded Lie algebra, which is called the
standard embedding of T’ see for example [9, p. 309] or [14, IV]. The automorphism
0 of Ly defining the 7Z,-grading of L is also called the main involution of L.

An ideal I of a Lie triple system T is a ®-submodule of T satistying [I, T, T] C T
(note that then [T,I, T] + [T, T,I] C I by (LTS1) and (LTS2)). A Lie triple system
T is simple if it has nontrivial product and contains no nontrivial ideals. An element
in a Lie triple system T is an absolute zero divisor if [x, T, x] = 0. A Lie triple system
without nonzero absolute zero divisors is called nondegenerate. We will say that a
Lie triple system T is semiprime if [I, T,I] # 0 for every nonzero ideal I of T, and
that T is prime if every two nonzero ideals I, J of T give [I, T, J]] # 0. Note that a
Lie triple system is prime if and only if it is semiprime and every pair of nonzero
ideals of T have nonzero intersection. If I is an ideal of a Lie triple system T, we
define the annihilator of I in T as Annr(I) = {x € T| [x,[,T] = [T,I,x] = 0} =
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T NAnng,([T,I] ® I), where [T, I] @ I is the ideal of L1 generated by T. It follows
that Anny(I) is an ideal of T. Analogous to the case of Lie algebras, T is semiprime if
and only if I N Anny(I) = 0 for every ideal I of T.

Remark 1.3 Concerning the transfer of properties between T and its standard em-
bedding L7, T is (semi)prime if and only if (L7, 6) is (semi)prime as algebra with
involution; see [3, 3.1]. It also known ([12, Th. 2.13], [14, VI, Th. 2 and Th. 3]) that
a Lie triple system is simple if and only if its standard embedding is either simple or
a direct sum of two simple Lie algebras. In particular, this implies that the standard
embedding of a prime Lie triple system need not be simple.

Definition 1.4 Recall that a Kantor pair V.= (V*, V™) consists of two ®-modules
with trilinear products { , , }: VI X V77 x V7 — V7, 0 = 4, that satisfy

(KPI) [nya z,w] = V{x,y,z},w - Vz,{)@x,w}v

(KPZ) KKZ_M,x,y = Kz,wvx,y + Vy,sz,wa

where [A,B] := AB — BA, V,,z := {x,y,z} and K,z := {a,z,b} — {b,z,a} ([1,
p- 533]).

Note that the opposite VP := (V~, V™) of a Kantor pair is again a Kantor pair.
Also, a Jordan pair is a Kantor pair with K, = 0 ([13, 2.2]). Thus, Kantor pairs are
generalizations of Jordan pairs.

If L is a Z-graded Lie algebra of the form L =L_, & L_ & Ly & L; @ L, then the
pair of ®-modules (L, L_;) with product {x, y,z} := [[x, y], 2], for every x, z € L,,
y € L_,, is a Kantor pair. Conversely, it follows from [1] or [2, Th. 4.3 and Cor. 4.6]
that for any Kantor pair V. = (V*,V ™) there exists a unique up to isomorphism
5-graded Lie algebra L=L_, & L_; & Ly @ L; & L, with the following properties:

(i) V isomorphic to the Kantor pair (L;,L_1),
(i) Ly, = [Ly,L,), Lo = [Ly,L_,] for o = =+, and
(iii) if [x_p+x9+x,L1 B L_1] =0, thenx_, +x9 +x, = 0.

Thus, after identifying V' = (L;,L_;), the products in L are [[x,z],y] = K.y,
[[x,y],2] = Viyzand [[y,x],2z] = —V,,zforx,z € Ly, y € L_,. We will call
this Lie algebra the standard embedding of V and denote it L. In the setting of what
are now called Kantor triple systems, the construction of Ly goes back to Kantor’s
fundamental papers [10, 11]. Notice also that V' is a Jordan pair if and only if L, and
L_, in the above construction are both zero. In this case, Ly is the Tits—Kantor—
Koecher algebra of V.

Let V be a Kantor pair. A pair [ = (I, ™) of ®-submodules of V is an ideal of V
i {17, V=7 Vo +{V°, 177, V°} +{V°, V=7 1} C I’ for o = . A Kantor pair V
is simple if it has nontrivial product and V contains no nontrivial ideals. An element
x € V7 is an absolute zero divisor of V if {x,V~7,x} = 0. A Kantor pair without
nonzero absolute zero divisors is called nondegenerate. A Kantor pair V is semiprime if
every nonzero ideal I = (I*,I7) of Vhas {I*, V", I"} A OQor {I~,V* 1"} #0. We
will say that a Kantor pair is prime if for any two ideals I and Jof V, {I”, V7, J7} =
0,0 = =+, implies I = 0 or J = 0. Note that a Kantor pair is prime if and only if it is
semiprime and every two nonzero ideals of V' have nonzero intersection.
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Let V be a Kantor pair and I = (I*,I~) and ideal of V. We define the annihilator
of I'in V as (Anny (I)*, Anny (I) ™) with

Anny(I)° ={x e V° | {V°, I % x} ={I°,V 7, x} = {x,[ °,V°}
={Vox I} ={I"%x,V 7} ={x,V°,I°} =0}

As for Lie triple systems, we have that Anny (I) = (Anny (I)*, Anny (I) ) is an ideal
of V. If J is the ideal of Ly generated by I, then Anny (I) = V N Anng,, (7).

Remark 1.5 By [1, Th. 7] each Kantor pair V gives rise to a Lie triple system T(V) =
V* &V~ whose product is given by

[x"+x,y"+y 2" +27]

= ({x+7y772+} + {X+,Zi,y+} - {}’+7277x+} - {y+7xivz+})

D ({x‘,y*,z‘} + {x_7z+’y_} - {y_az+7x_} - {y_,er,Z_})
forxt+x=,y"+y =,z +z= € T(V), called the associated Lie triple system. Moreover,
if V is a Kantor pair and T(V') its associated Lie triple system, their standard envelopes
Ly and L1y are isomorphic as Lie algebras. If Ly = L_, $L_1 B Ly B L S Ly is

the standard envelope of V' given in Definition[[.2] then L1y = (Lrv))o ® (Lron)
with (Lrwvy)o =L_, ® Lo ® Ly and (L)1 = L1 ® L.

There are close relations between ideals of a Kantor pair V and ideals of T(V).

Lemma 1.6 Let'V be a Kantor pair and T(V') its associated Lie triple system.

() Ifl=("1")isanideal V, then I* & I~ is an ideal of T(V). N

(ii) Iflisanideal of T(V), thenINV := (INV* INV ™) and w(I) := (7" (D), 7~ (J))
are ideals of V, where 17 : V¥ @& V'~ — V7 denotes the projection onto V° along
V.

(iii) IfI = (I*",I7)isanideal V, Annry)(I" & 17) = Anny(I)* @ Anny (I)~.

Proof Part (i) is trivial.

(ii) That 7(I) is an ideal follows from the following product rules with obvious
notations:

WJ([X,}/_U7ZU]) — ﬂ_U({xU’ )/_U,ZU} @ {X_U,ZU,)/_U} _ {)/_J,ZU,X_U})
={r"(x),y 7,2°}
and, similarly,
7 ([x7,y,2°]) = {x",777(),2”} and 7°([x7,y %, z]) = {7,y 7, 7°(2)}.

(iii) It is clear that Anny (I)* & Anny(I)~ C Annpy)(I* & I7). Moreover, by
the formulas above, if z € Anny)(I* € I7), then 77(z) € Anny(I* & 17). Now
Annyw) (It ®I7)NV? C Anny (I)7 implies (iii). [ ]
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The last lemma allows us to relate regularity properties of a Kantor pair with those
of its associated Lie triple system T'(V).

Proposition 1.7 LetV be a Kantor pair and T (V) its associated Lie triple system.

(i)  Every absolute zero divisor of V is an absolute zero divisor of T(V'). Moreover, if
x* +x~ € T(V) is an absolute zero divisor of T(V), then x* and x~ are absolute
zero divisors of V.

(ii) V is nondegenerate, semiprime, prime, or simple if and only if T(V') is so.

Proof (i) On the one hand, if [x" + x~,V* @ V—,x" + x~] = 0, then, for every
acVH,

0=[x"+x",a,x" +x7]={x",x",a} —2{a,x",x" ) ® {x",a,x" },

whence {x~,V*,x~} = 0. Similarly, {x*,V‘,x*} = 0. On the other hand, if
{x7,V77,x7} =0, then [x", VT ®V~ ,x7] = {x7,V 7,x7} = 0.

(ii) That V is nondegenerate if and only if T(V) is so follows from (i). To show
that V (semi)prime implies T(V') (semi)prime, let I J be two nonzero ideals of (W)

(I = ] for semiprimeness) and suppose that (I, , T(V), J] = 0. Then 7(I), 7(]) are
nonzero ideals of V such that {WU(I),V o, "(])} C LV, ]l =0,0 =4+,a
contradiction.

Conversely, suppose that T(V') is semiprime, but V is not. We claim that there
exists a nonzero ideal I of V' such that

(1.2) (P, VoY ={I",T°,V°} ={V°,I °,I°} =0, o=+

Indeed, by assumption there exists a nonzero ideal J of V with {J°,V~7,J°} = 0,
o == If{V?, ]9, V?} = 0, then ] satisfies (I.Z). Otherwise, the non-zero ideal
I={V*H ], v} {V—,J", V7 }) C Jof V satisfies (L2, since for y € J?, a,b €
V=7 and x or z belonging to J° we have, by (KP1),

{x7 {a,y, b}’z} = —{% a, {x7b>z}} + {{yv a’x}’bvz} + {x7 b, {y’avz}} =0,

and so {J7°,{V=7,J7,V 7}, V°} =0 = {V? {V~7,]J7,V 7} J°}. Now let I be
a nonzero ideal of V satisfying (L2)). Then I'* @& I~ is a nonzero ideal of T(V) such
that (I" @I, T(V),I" ®I"] = 0 because [[, VT &V, I°] C {I?,V 7, I°} =0
and [I°, V¥ @ V=, 17°) C {I°, 77, V°} +{Vo, 77, I°} + {V=°,17 T} = 0 for
o = 4. Thus T(V) semiprime implies V semiprime. If T(V') is prime, then V is
semiprime. Hence to show that in this case V' is actually prime, it suffices to prove
that every two nonzero ideals of V have nonzero intersection. But this is clear, since
it holds in T(V).

If T(V) is simple, V is simple by Lemmal[L.6(i). Conversely, let us suppose that V is
simple, and let I I be a nonzero ideal of T(V). Then, by Lemmal[L.6lii), (77*(1)7 7= ()
is a nonzero ideal of V, so it is equal to V. It now follows that

04 {VO,V oV} ={V? x°(I),V°} ={V°,[,V°} cV'NL

The ideal I NV is therefore nonzero, hence equal to V, which implies I = T(V). ®
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2 Relations with Standard Lie Envelopes

The main result of this paragraph is the transfer of nondegeneracy between Lie triple
systems and their standard envelopes. As a corollary we then get the analogous re-
sult for Kantor pairs. For the sake of completeness, we also include results about
the transfer of simplicity between Kantor pairs and Lie envelopes, which are due to
Allison and Smirnov.

In the following lemma, capital letters denote adjoint maps of elements of L, i.e.,
X =ady,, A =ada, forx,a € L.

Lemma 2.1 Let L be a Lie algebra, and let x, y € L absolute zero divisors of L. Then

(1) [x,y] and, for every a € L, [[x, a], [[x, a], a]] are absolute zero divisors of L;
(ii) foreveryay,ay,a; € Land o € S; we have

[[x,a1], [[x,a2], a31] = [[x, a,(1)], [[%, a62) ], d0(3)]].

Proof (i) That [x, y] is an absolute zero divisor follows from (XY —YX)? = XY XY —

XYYX — YXXY + YXYX = 0. Let us consider b = [[x, al, [[x,a],a]]. Then adﬁ =

9XAZXA2XA2XA?X = 0 by [6, Prop. 1.7(3)], so b is an absolute zero divisor of L.
(ii) First notice that for any a;,a, € L, [[x, a1], [x, a,]] = 0, because

[[x7al]7 [-x7a2]] = [I:[-x7 al]wx} aaz] - I:xa I:a27 [x75ll]:|:| =0.
Therefore, [[x, a1], [[x, a2], a3]] = [[x, a2], [[x, a1], a3]]. Moreover,

[[xv al]; [['xa 02],03]] = [[X, al]a [[X, 03]702]] + [['xv al]a [X, [a27a3]]]

= [[x,a1], [[x,a3], a2]].

The formulae above prove (ii). [ |

In the following we will use a generalization of the Jordan algebras of Lie algebras
given in [5]. Let L be a Lie subalgebra of a Lie algebra L’. We will say that an element
x € L' is a L-Jordan element ifadiL =0and [[L,x],L] C L.

Theorem 2.2 Let L be a Lie subalgebra of a Lie algebra L' and x € L' a L-Jordan

element. Then L with the new product defined by a-b := % [[a,x], b] is a nonassociative

algebra, denoted by L), such that:

(i) kerp(x):= {a € L|[x, [x,a]] = 0} is an ideal of L. B

(ii) L. := LY /kery(x) is a Jordan algebra, with U-operator given by Uzb =
éadi ad’ b, for all a,b € I, where @ denotes the coset of a with respect to ker;(x).
This Jordan algebra is called the generalized Jordan algebra of L at x.

(ii) IfL is nondegenerate or strongly prime, so is L.

Proof The proofs of (i) and (ii) are identical to [5, 2.4 (1)(2)], taking into account
that [5, 2.3] can be rewritten under the conditions of this theorem and that the iden-
tities given there are true over L; (iii) follows in the same way as [5, 2.15(1)] and
[7,2.2]. [ |
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We say that a 7Z,-graded Lie algebra L = Ly @ L, is graded-nondegenerate if it has
no absolute zero divisors in Ly U Ly. In the following result we will show that the
notions of nondegeneracy and graded-nondegeneracy are equivalent.

Theorem 2.3 Let L = Ly & L, be a Z,-graded Lie algebra. Then L is graded-
nondegenerate if and only if it is nondegenerate.

Proof It is of course sufficient to show that a graded-nondegenerate 7,-graded Lie
algebra L cannot have nonzero absolute zero divisors. Suppose that xo + x; is an
absolute zero divisor of L. Then, fori = 0, 1,

0 = [xo+x1, [x0+x1, Li]] = [x0, [x0, Li]] + [x0, [x1, Li]] + [x1, [x0, Li]] + [x1, [21, Li]].

Considering homogeneous components,

(2.1) ad} +ad; =0,
(2.2) ad,, ad,, +ad,, ad,, = 0.
Therefore,

[xo — x1, [%0 — %1, L]] = [x0, [x0, L] — [0, [%1, L]] — [x1, [%0, L] + [x1, [x1, L]] = O,

and xq — x; is an absolute zero divisor of L. Now, [xy + x1,x9 — x1] = —[x0,x1] +
[x1,x0] = 2[x1,x] € L;, which implies [x;,xy] = 0, because, by Lemma 2.11i),
[xo + x1, %o — x1] is an absolute zero divisor. Then ad,, ad,, = ad,, ad,,, and by (Z.2)

(2.3) ad,, ad,, = ad,, ad,, = 0.
Finally, we have adfc1 = — adio ad,, = 0 and for any z, ¢ € L, using (2.J) and (23)),

—[lx1, [x1,2]], [x1,t]] = [[x0, [%0, 2], [21,¢]]
= [[[x0, [x0,2]], x1], ] + [x1, [[x0, [%0, 2], £]]

= [xb [[-x(ht]a [anZ]]] + [xla [x07 [[xO)Zlat]]] =0.
So, for y = [x1, [x1, z]] we get [y, [x1,t]] = 0, and then

(24) [}’7 [)’at]]:[)’7[[x1,[x172]],t]]
= [ya [[xlat]7 [xlvz]]] + [)’; [x17 [[xlazlat]]] = 07

since [y, [[x1,t], [xiz]]] = [([y, [x1,£]]), [x1, ¢]] + (L1, ], ([y, [x1, 2111 = 0. If we
take any z € L;, i = 0,1, then y = [x1, [x1,2]] € L; is an absolute zero divisor of
L by Z4). By hypothesis, [x1, [x1,2]] = 0 for any z € Ly U Ly, so [x1, [x1,L]] =
0, which implies that x; = 0 because L has no absolute zero divisors in L;. Then
Xy + X1 = x9 € Lo is an absolute zero divisor of L, so it must be zero. [ |

Now we show that nondegeneracy is an equivalent condition for a Lie triple system
and its standard envelope.
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Theorem 2.4 Let T be a Lie triple system, and let Lt = Ly ® Ly be its standard
envelope. Then L is nondegenerate if and only if T is nondegenerate.

Proof Let us suppose that L1 is nondegenerate and that there exists x € L; with
[x, [x,L;]] = 0. Then, adi(LT) = adi(Lo) - adfc(Ll) = 0. So x is ad-nilpotent
in L7 of index < 3, and we can consider the Jordan algebra (Lr), of L1 at x as in
Theorem By hypothesis, [x, [x,L1]] = 0, so we can assume that all elements of
(L1)y are of the form a + ker,, x, with a € L. Now,

[x) [x7 [[L(),X],Lo]]] C [x) [x7L1” =0

which implies that the Jordan algebra (L), has trivial (Jordan) product and, since
(L1), is nondegenerate by Theorem [2.2(iii), (L1), = 0, i.e., [x, [x, L7]] = 0. Hence
x = 0 because L is nondegenerate.

Conversely, suppose that T is nondegenerate and that x € Ly U L; is an absolute
zero divisor of L7. By nondegeneracy of T, we can suppose that x € L. For any
¥,y € L and any A € @, we have by Lemma[2.I(i) that

(e, y + X1 [,y + A1,y + Ay

is an absolute zero divisor of L contained in L;. It is therefore zero, since T is
nondegenerate. Linearizing and using Lemma [2.1(ii)

0=[[[x,y + '], [[x, 7y + A\y' 1,y + Ay']]
= [lx, y1, [[x, y], 1] + 3X[[x, y1, [[x, ¥], ¥']]
+3N[[x, v, [x, 01, ' 1+ Nllx, '], e '], 1

Evaluating this for A = 1,2,3 € ®, shows 0 = [[x, y], [[x, y], y']] for any y’ €
Ly, ie., [x,y] € T is an absolute zero divisor, whence [x, y] = 0. Now x = 0 follows
because the map Ly — ad Ly|L, is injective. Thus L7 is graded-nondegenerate, which
by Theorem[2.3]is equivalent to being nondegenerate. ]

Since the standard envelope of a Kantor pair V' is isomorphic as a Lie algebra to
the standard envelope of T(V') and since by Proposition[[.7(ii) V' is nondegenerate if
and only if T(V') is nondegenerate, we get the following.

Corollary 2.5 A Kantor pair V is nondegenerate if and only if its standard envelope
Ly is a nondegenerate Lie algebra.

Proposition 2.6 (Allison—Smirnov) LetV be a Kantor pair, and let Ly = L, L1 §

Ly & L_y & L_; be its standard envelope.

(i)  Foranyideal (I'*,17) of V, theideal of Ly generated by I'UI ™ isidg, (ITUI™) =
(I Llere (I Lal+ (L, 7))ol &I ,L,].

(i) L, & Ly @ L_, does not contain nonzero ideals of Ly .

(iii) If Ly is graded-semiprime, every nonzero ideal J of Ly contains a nonzero graded
ideal. In particular, J has nonzero intersection with Ly & L_,.

https://doi.org/10.4153/CMB-2011-023-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-023-9

Nondegeneracy for Lie Triple Systems and Kantor Pairs 451

(iv) Ly is (semi)prime if and only if Ly is graded-(semi)prime.

Proof (i) and (ii) can easily be checked by the reader.

(iii) Let 0 # x € J < Ly and write x = x; + x1 + xp + x_; + x_, with x; € L;. Let
io be the maximal index such that x;, # 0. The Lie algebra L, = Ly /J is pregraded
in the sense of [15], i.e., denoting by L; C Ly the canonical images of L; we have
EJV = Ziz:—z I:I‘ and [I:I‘,I:j] C I-J,‘Jrj. Note thata&io S B(,ﬁv) = Zi:—Z (I:kaKk L)
By [15, 2.1], B(Ly) is a nilpotent ideal. In particular, id £, (%) is nilpotent in Ly,
i.e., there exists m € N such that (idgv(x,-u))(m) C J. Moreover, since Ly is graded-
semiprime and id,, (x;,) is graded, (idg, (x;,))™ is a nonzero graded ideal contained
in J. That J has nonzero intersection with L; & L_; now follows from (i). (iv) is
immediate from (iii). [ |

Proposition 2.7 LetV be a Kantor pair, and let Ly be its standard envelope.

(1)  IfV is semiprime, then Ly is semiprime.

(ii) V is prime if and only if Ly is prime and V is semiprime.

(iii) (Allison-Smirnov) Ly is a simple Lie algebra if and only if V is a simple Kantor
pair.

Proof (i) and (ii). Since by Proposition 2.6(ii) graded ideals of Ly have a nonzero
intersection with V/, it follows that V' (semi)prime implies Ly graded-(semi)prime,
hence (semi)prime by Proposition 2.6iii).

Conversely, if V' is semiprime, Ly is prime,and [ = (I*,I7) and J = (J*, J7) are
nonzero ideals of V, it suffices to show that I N J # 0. Let X := [idg, (I),ids, (J)],
which is a nonzero graded ideal of Ly. So it has nonzero intersection with L; & L_;.
One can check that

KLy =[[I" LT 1+ U L+ 0 7, L)
+ L L T+ (U, L T+ U L T n T,

and similarly X NL_, C I~ N J".

(iii) If Ly is simple and (I'*,I~) is a nonzero ideal of V, thenidg, (IT UI7) = Ly,
so by Proposition 2.6{i) (I*,I~) = V. Conversely, let J be a nonzero ideal of Ly. If
V is simple, then V is semiprime, so by (i) and Proposition 2.6(iii) 0 # (J N Ly,I N
L_,) <« V. Simplicity of V implies (JN L;,JNL_;) = V. Since V generates Ly as
algebra,J = Ly. [ ]

3 Some Consequences

Theorem 3.1 (i) A simple Kantor pair over a ring of scalars ® containing %, %, é is
nondegenerate.
(ii) A simple Lie triple system over a field of characteristic zero is nondegenerate.

Proof (i) The standard enveloping algebra L = Ly is simple by Proposition 2.7(iii).
The span K; (L) of all absolute zero divisors of L is invariant under all automorphisms,
hence in particular under all inner automorphism expadx, x € L;, i € {+1,£2}
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(note that under our assumptions on ®, these maps are indeed automorphisms). It
follows that K; (L) is an ideal. Since it is locally nilpotent by [16], it must be zero; i.e.,
Ly is nondegenerate, whence V' is nondegenerate by Corollary[2.5

(ii) By Corollary[2.5lit suffices to show that the standard embedding L of a simple
Lie triple system is nondegenerate. As mentioned in Remark[[.3] L is either simple or
a direct sum of two simple ideals. Hence, it suffices to show that a simple Lie algebra
defined over a field of characteristic 0 is nondegenerate. But this follows as in (i),
since by [8] the ideal generated by all absolute zero divisors is locally nilpotent. ~ H

Recall from (L)) that the annihilator of an ideal I of a nondegenerate Lie algebra
L is given by Ann;(L) = {x € L| [x,[I,x]] = 0}. The following two results give
analogs of this fact for Lie triple systems and for Kantor pairs.

Theorem 3.2 Let T be a nondegenerate Lie triple system, and let I be an ideal of T.
Then Anny(I) = {x € T | [x,I,x] = 0}.

Proof The inclusion from left to right being obvious, let us consider x € T satisfying
[x,I,x] =0and putJ := [T, I] I, the ideal of L generated by I. Then for y, y’ € I
and t € T we have

[x, [x, [x, [y, t] + y'11] = [x, [x, [x, [y, ¢]]]]
=[x, [x, [[x, y], ] = [[x,t], y11] € [x, [x,1]]
=0,

i.e., x is an J-Jordan element in L. We can therefore consider the generalized Jordan
algebra J, of J at x. Because L1 is nondegenerate by Theorem 2.4] so is J by Det-
inition [Tl Hence J, is a nondegenerate Jordan algebra (Theorem 2.2(iii)). More-
over, since J is a Z,-graded Lie algebra and x is homogeneous, kerj(x) = {a € J |
[x, [x,a]] = 0} is Z,-graded, and so then is J, = J/kerg(x). By the definition of
the Jordan algebra product, (J,)o = {@|a € I} and (J,); = {a|a € [T,I]}. But
kerg(x) NI = I by assumption, so that (J,)o = 0. By nondegeneracy we then get
Jx = 0, which says J = kerg(x). Hence x € T N Anng,(J) = Annr(I). [ ]

From Theorem[3.2]and Lemma[L.6]iii) we now get the following.

Corollary 3.3 Let'V be a nondegenerate Kantor pair, and let [ = (I'*, 1) be an ideal
of V. Then Anny(I)° = {x € V7 | {x,I,x} = 0}.

An easy consequence of Theorem[3.2]and Corollary[3.3] follows.

Corollary 3.4 Every ideal of a nondegenerate Kantor pair or Lie triple system is also
nondegenerate.

The remaining two results deal with Kantor pairs. First, we show that nonzero
ideals in nondegenerate Kantor pairs cannot have a zero side.

Proposition 3.5 Let V be a nondegenerate Kantor pair, and let [ = (I",I7) be
an ideal of V or VOP. IfI° = 0, then I~ ° = 0. In particular, if x € V7 satisfies
{V779,x,V=9} =0, thenx = 0.
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Proof Let us suppose I = (I*,{0}). From Corollary 2.5 we know that Ly is a
nondegenerate Lie algebra. By Proposition [2.6(1), the ideal of Ly generated by I
isd:= [V, I"@I"® [V ,I'] C L, ®L; ® L. Since J is nondegenerate by
Definition[I.I} I* = 0andso I = 0. [ |

Lemma 3.6 Let V be a Kantor pair, and let I° be a submodule of V°. Then
I = (I79,{v=9,1°,V~°}) is an ideal of V or VP if and only if {I, V=7, V7} +
{ve,v=ro 17} C I°.

Proof The condition {I?, V=7, V?}+{V?, V7, 1°} C I” is obviously necessary for
I to be an ideal. Conversely, if it is fulfilled, it suffices to verify that {V =7, V7, I"7} +
{I77,v?,V=%} C I"% and {V7,I"7,V?} C I°. These three conditions are estab-
lished below, where a, ¢, u,v € V=7, b,d € V? and y € I°:

{a,b,{u,y,v}} = {{a,b,u}, y,v} = {u,{b,a,y}, v} +{u, y,{a,b,v}}
e{vorvoy=17,

{{w, y,v}, 0,0} = {u,y, {v,b,a}} + {v, {y,u, b}, a} — {v, b, {u, y,a}}
e{Vv= I,V +{Vv= VI {VTI°,V }}
c{v v ey=17,

{b,{u,y,v},d} = —{y,u,{b,v,d}} + {{y,u, b}, v, d} + {b,v,{y,u,d}} € I°. R

In the following result we characterize when Kantor pairs are Jordan pairs by
building the biggest Jordan ideal of a Kantor pair. We recall that an ideal of a Kantor
pair (or of any algebraic structure for that matter) is called essential if it has nonzero
intersection with any nonzero ideal. In a prime Kantor pair, any non-zero ideal is
essential.

Proposition 3.7 Let V be a nondegenerate Kantor pair and define for o = + and
o=-

I7:={xe€V7|Kyea=0=Kpx, YceV? abecV 7}

(i)  ThenI := (I",I") is the biggest ideal of V that is a Jordan pair with respect to the
given triple product. Moreover, forc = +and o0 = —,

(@ I"={x€ V| K, =0 VceVo}
(ii) V is a Jordan pair if and only if I is an essential ideal, in which case V. = I. In
particular, if V 3 0 is also prime, then V is a Jordan pair if and only if I # 0.

Proof (i) We first show that (I, {V 7,17,V ~7}), 0 = =, are ideals of V (this does

not need the assumption that V' is nondegenerate). By Lemma[3.6land the definition
of I it suffices to show that {V? V=9 1°} C I°. Thus,letx € I°, a,d € V7 and
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b,c,e € V77, Then

{{a,b,x},c,d} = {a,b,{x,c,d}} + {x,{b,a,c},d} — {x,c,{a,b,d}}
={a,b,{d,c,x}} +{d,{b,a,c},x} — {{a,b,d}, c,x}
={{a,b,d},c,x} — {d,{b,a,c},x} +{d,c,{a,b,x}}

+{d,{b,a,c},x} — {{a,b,d},c,x} = {d,c,{a,b,x}},

{c,{a,b,x}, e} —{e,{a,b,x},c} = K. Vapx = =V oKeex + Kg apx = 0,

so {V?,V=7,1°} C I’. Inparticular, ] = (J*,J7) = (I*,{V~,I",V~}) is an ideal
of V. By Proposition 2.6](i),

d=Uviere(s,vi+vhrher ey ,v]

is the ideal generated by J* U J- inLy =L =L, ®L_1 ® Ly ® L, ® L,. Now,
giveny € J',x € VY andz € V—, we have [[y,x],z] = [[y,z],x] — [[x,2],y] =
K, xz = 0, which implies that 0 = [J*, V"] = m,(d), where 7; denotes the canonical
projection onto the L;-component of L. Since Ly is nondegenerate by Theorem 2.4}
0=m_() =1[J",V ] ie, K- y-V" = 0. Moreover, L, C Anng(J) by (L.I)
because J is 3-graded. Hence [[V*,V*],J~] = 0, i.e, Ky+y+J~ = 0. Therefore,
{Vv—,I",V—} = J= C I, which implies that I = (I",I7) is an ideal of V. Now
Jd CL_1®Ly®L;,and everyideal K of V that generates in Ly an ideal contained in
L & Ly & L_; necessarily has K C I. Hence (a) holds.

To prove that I is the biggest ideal that is a Jordan pair, let K = (K*,K~) be an
ideal of V' such that K is a Jordan pair. Again by Proposition [2.6(i),

K=K ,VINeK @K'V I]+[V,K ]®K &[K ,V]

is the ideal of Ly generated by K. We know that X is a nondegenerate Lie algebra.
Applying Proposition [2.6(i) one more time, it follows that the ideal of K generated
by K* UK~ is

X':=[K",K*] @K & [K", K ]®&K & [K,K"].

Now, since X’ is nondegenerate and [[K?,K?],K~?] = 0 (recall that K is a Jordan
pair), we have that [[K?,K?],X’] = 0. So [K?,K”] = 0 by nondegeneracy of X’,
and this implies, viewing [K?, K?] as elements of Ly, that [[K?,K?], V7] = 0 and
K,, b = 0 forevery y,y € K° and b € V7. Moreover, [K?,K?] = 0 implies
that X’ is 3-graded, and then by (L) that [V, K?] C Anng(X’). In particular,
Ky.y" = 0forevery y € K?,a € V’ and y’ € K~7. Finally, for every y € K7, y" €
K 7,a€ V% and b € V~7 we have:

{Kvyﬂb7 yI,Ky,ub} = VKy_ab,y’Ky,ab = —Ky,aVy/,Kmbb + KKy‘ay/,wab = 0,

and since X' is nondegenerate, K, ;b = 0 for every y € K’,a € V?and b € V7.
Thus, by (i), K C I.
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(ii) Letd = I"@([I*, VT ]+ [V, I"]) @I~ be the ideal of Ly generated by ITUI—,
and notice that L, UL_, C Anng,(J) = 0andJ C L; & Ly ® L_;. Now, [ is an
essential ideal of V' if and only if J is an essential ideal of Ly . Since the annihilator of
an essential ideal is zero, we get L, = 0 = L_,. The converse is obvious. [ |
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