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1. The problem of determining the state of stress in the vicinity of a penny-shaped crack
which is opened by thermal means has been considered by Olesiak and Sneddon [1). In that
paper no simple closed expressions were given either for thestress-intensity factor at the tip of the
crack or for the normal component of the surface displacement. The purpose of this note is
to show how such expressions may be derived.

In terms of the Hankel operator 52, defined by the equation

#,[9(8);p] = Lw Eg(€)J (Ep) dE,

we know [2] that (in the usual notation) the solution of the equations of thermoelasticity in
cylindrical coordinates (p, ¢, z), which tends to zero as (p?+z*)* = o0 and which satisfies the
condition a,,(p,0) = 0, is such that

“z(p’O) = b-#o[f_l!l’(é),l)], (1)
00, 0) = o[ 1(9); ], @
WO _wlg@l ®
ulp.0) = = 3o LSO+ 2= D3], @

where 2 = 2(1—5)/(1 —2n) and the functions f(£) and (&) are to be determined from the
boundary conditions on the boundary plane z = 0.

2, We now consider the problem of determining the distribution of stress in the vicinity
of the penny-shaped crack 0 < p < I, z = 0 when the temperature on the crack surface is a
prescribed function g(p) of p. If the crack is free from stress, we have the boundary conditions

6.0 =ap) (OSpsD) )

B0 _o sy, ®)
oz

(=0  (OSps1), ™
u(p,0) =0 (p>1), (®)

1 This paper was prepared as a part of the work of the Applied Mathematics Research Group at North
Carolina State University through the Grant AF-AFOSR-444-66 and is under the joint sponsorship of AFOSR,
ARO, and ONR through the Joint Services Advisory Group.

https://doi.org/10.1017/50017089500000744 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000744

170 JOHN TWEED

by means of which we may determine the temperature and deformation fields in the half-space
z 2 0 and hence, by symmetry, in the whole space.

The pair of equations (5) and (6) is equivalent to the pair of dual integral equations

Ho[f(©;pl=alp) O=Zps1), HJ[E(E);p]=0 (p>1),

whose solution is known [3] to be given by the equation

1
f&)= 6"[ ¢'()cos(COt, &)
0
where the function ¢(¢) is defined by the formula
2 (" pa(p)dp
=—| 50— . 1
0=2[ G55, 0
Similarly, the pair of equations (7) and (8) is equivalent to the pair of dual integral

equations

2B =D [W(©;p] = —a(p) OLp=s1),  H[EW(E)p]=0 (p>1),

whose solution is given in [3] in the form

WO = - J¢(r>sin(cod:, (1)

C2AB-1 ),
where ¢(t) is again given by equation (10).

Using the properties of Bessel functions of the first kind of order zero, we can easily show
that

287 =)o o[¥(0); 0] =

d’(l)H(p—l)_J'1 ¢'(DH(p—1)dt
-t o (=1

from which it follows that the stress intensity factor K defined by the equation

K = lim (p—1)}a.(p,0) (12)

p=1+

may be easily calculated from the formula

___Eb 40
= “Pn 242 13)
Similarly from equations (1), (11) we deduce that
b L og(nde
uz(pso) = —2(B2_1)J; (tz_p2)+ (O Sps= 1) (14)
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3. We have similar results when the flux of heat across the crack surfaces is prescribed.
Equations (5) and (6) are then replaced by

956.2) _ 0()H(1 ~p). (15)
0z

From equation (3) and the Hanke! inversion theorem it follows at once that in this case

f@=-¢1 L pQ(p)o(Ep) dp. (16)
It is now easily seen that
$0) = —L p0(p)dp j S INRL: )
1]

and in particular that

1
(1) = —imJ' pQ(p)dp,
0
so that the stress intensity factor K is given by the formula

nEb 1
K= er pQ(p)dp. (18)

0

The normal component of the surface displacement is given by equations (14) and (17);
it does not seem possible to reduce these to a single simple formula (cf. [1]).

4. We consider two special cases.

(i) If the faces of the crack are kept at a temperature 6, below the reference temperature,
so that g(p) = —0,, it follows that ¢(t) = — (26, t)/n and hence that

K= Ebb,
T J2aB(1+1)
and
b,
0) = -———(1—=pHt.
“z(p’ ) n(ﬂz_l)( p )
(ii) It there is a constant flux Q, across the faces of the crack,
___ mEbQ,
821 +mp*’
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