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Abstract
For a class of primes p = 1 (mod 20) for which 2 is a quintic nonresidue, unambiguous evaluations
of parameters of bidecic Jacobi and Jacobsthal sums (mod p) are presented, in terms of the
partition p — a2+ 5b2+5¢c2+-5d2, ab — d2—c2—cd. Similar results for sums of other orders
have been obtained by E. Lehmer and by K. S. Williams.

Subject classification (Amer. Math. Soc. (MOS) 1970): 10 G 05.

1. Introduction; decic sums

Throughout this note, p = 10f+1 is prime. (In Section 2, f'will be assumed even.)
Fix a primitive root g (mod p) and a character y (mod p) of order 10 such that
¥(g) = ¢*™/1°_ For characters 4, u (mod p), define the Gauss sum
p-1 .
G(A) = ) Mn)e*mnr
n=1

and the Jacobi sums
-1
J(A, 1) =:Zz An)u(l1—=n), J(A)=J(4,2), K@) =MDJA).

As is well known (see Ireland and Rosen (1972), p. 93)

(1) GG =A-p, J(AD=-U~1) and G&)GCW)/G(u)=J(, 1)
when A, u and Ay are nontrivial. For o # 0 (mod p), define the Jacobsthal sums

S m (m'+a
=5 (7)(7)

where the factors in the summands are Legendre symbols. The following basic
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formula (Berndt and Evans (1979a), Theorem 2.7) expresses Jacobsthal sums in
terms of Jacobi sums:

(2) §0n(a) = ;[(_ 1) ng: ant+1 +2j((1) K(AZ'H' 1)’

where A has order 2n.
It is known (see Berndt and Evans (1979b), Theorems 3.1, 3.7; Giudici et al.
(1972), p. 345; Muskat and Zee (1975)) that there exist integers a, b, ¢, d such that

3) (—1)YK() = a+by/5+ic(5+2/5) +id(5—2/5)
and
—1+44a if ind;« = 0 (mod 5),
—1—a—5b+5¢—5d ifind,ax = 1(mod5),
o) @s(@) ={ —1—a+5b—5c—5d if ind,« =2 (mod5),

—1—a+5b+5c¢+5d if indja = 3 (mod 3),
~1—-a—5b—35¢c+5d if ind,a =4 (mod5),

where
(5) a=—1(mod5), p=a’*+5b2+45c*+5d* and ab=d*—c?—cd.

Moreover, the solutions +(a, b, ¢,d) to the equations in (5) are essentially unique
in the sense that the only other solutions in integers are =+{(a,b, —c, —d),
+(a, —b,—d,c), +(a, —b,d, —c).

Lehmer (1959, 1960) has given unambiguous determinations of decic Jacobi and
Jacobsthal sums in the case that 2 is a quintic nonresidue (mod p), in terms of the
parameters in Dickson’s partition (Dickson (1935), p. 402):

(6) 16p=X?*+50U2+50V2+125W2, XW =V*—U?—4UV, X =1 (mod5).

In view of Giudici ef al. (1972), p. 345 and Lehmer (1959), p. 68, the parameters in
(5) and (6) are connected as follows:

If ind, 2 = 0 (mod 5),

X =4a, W= —4b/5, V =20Bc—d)/5, U= —2c+3d)/5

and

a=4X, b=-5W/4, c¢c=0@BV-U)/4, d=-(BU4+V)/4;
@) if ind,2 = 1 (mod 5),

X=—-a+5b—5¢—5d and 16a=—-X-25W4+10V—-20U,

SW=—a+b+3c—-d and 16b=X+5W+10V,

SV=a+5b+c+3d and 16c=—-X+15W+2V—-4U,

S5U=—2a—-2c+4d and 16d=-X-5W-+6V+8U.
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(If 2 is not a quintic residue (mod p), we may assume without loss of generality
that ind, 2 = 1 (mod 5), by choosing g appropriately.) Relations in (7) can be used
to reformulate the above-mentioned results of Lehmer to provide unambiguous
determinations of the sums in (3) and (4), as follows.

THEOREM 1. Let ind,2 = 1 (mod 5). Then (3) and (4) hold with a, b, ¢ and d
uniquely determined by (5) together with the conditions

b=1(mod5) and c=2d+1 (mod5).

To supplement Theorem 1, we remark that Lehmer (1951) showed that 2 is a
quintic residue (mod p) if and only if the parameter X in (6) is even. Thus it follows
easily from (7) that 2 is a quintic residue (mod p) if and only if 5] b.

In Section 2, Theorem 1 is applied to evaluate the parameters unambiguously
in bidecic Jacobi and Jacobsthal sums for certain p = 1 (mod 20). Similar eval-
uations for sums of other orders appear in the literature. For sums of orders 3, 4
and 6, see Lehmer (1955, 1959, 1960). For sums of orders 3, 5, 7 and 11, see Williams
(1979). (See also the related papers of Leonard and Williams (1976), Nashier and
Rajwade (1977), Rajwade (1975) and Williams (1975a, b).) For sums of orders
4, 8, 12 and 16, see Evans (1979). Finally, ambiguous signs in many different
relations between Jacobi sums have been resolved by Muskat (1968) and Muskat
and Zee (1973).

We conclude this section by discussing the relations between the Jacobi sums
K@) and JO', ).

By Berndt and Evans (1979a), Theorems 2.3 and 2.5,

@® K() =J0 %) = (=1 K(¢*) = (= 1) I, 1.
With application of the automorphism in Gal (Q(e?™/1°)/Q) defined by
e2miI10 _, g6=1/10 it follows from (3) and (8) that

) K(®) =(—1Y K(x*) = a—b/5+ic(5—2/5)F —id(5+2,/5)*.
Moreover, it follows with the aid of (1), (8) and (9) that

K =7(=9I0 D) =1=DI0 ) =@ I 1) = =D I 1)
(10) K =4I %) = 2@ I =IO 1°) = @ IG 1)
= (=9I 1)
As a consequence of (8), (9) and (10), note that a determination of the Jacobi sum
in (3) yields determinations of all Jacobi sums J(x', x/).

2. Bidecic sums

In this section, p = 20k+1. Fix a character A (modp) of order 20 such that
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A(g) = e*>™/2°_There exist integers x, y (see Berndt and Evans (1979a), Theorem 3.9)
such that

(11) J(A%) = —x+2iy,
where x and | y| are uniquely determined by the conditions
p=x2+4y? x=1(mod4).
There exist integers u, v (see Berndt and Evans (1979a), Theorem 3.34) such that

u+tivy/5 ifStx,
(12) (- K = {iu-t- ij if Sflx,
where || and |v| are uniquely determined by the condition
13 p=u?+450,
and where moreover
el 121>

It follows therefore from (2) (see the proof in Berndt and Evans (1979a), Theorem
4.13) that the Jacobsthal sum ¢,4() has the values indicated below:

P10, if S|x  @0(0), if 5fx  ind,a (mod20)

—2x —2x+8u 0

4y+48u 4y 5

(15) —2x—10v —2x—2u 4
—2x-410v —2x—-2u 8

4y—2u 4y+-10v 1

—4y+42u —4y+10p 3

For those a not included above, the values of ¢,,(x) can be found with use of the
easily proved relations

?10(0) = (—1)* @;0(— ), ‘Plo(“_l) = (%)(Pw(“)-

Simple criteria for determining the sign of y in (11) are known in the case that 2
is a quartic nonresidue (modp) (Lehmer (1955)) and also in the case that 2 is a
quartic but not octic residue (modp) for primes p = 1 (mod 80) (Evans (1979)).
Thus in these cases u is completely determined, by (14). No simple criterion in
terms of ind, 2 is known in general to determine the sign of v, but in Theorem 2,
we will give such a criterion in the case that 5|x and 2 is a quintic nonresidue
(mod p). We remark that the primes p = 20k+ 1 for which 5| x are precisely those
for which § is a quartic nonresidue—this is a simple consequence of the law of
quartic reciprocity.
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THEOREM 2. Let 2 be a quintic nonresidue (mod p), so that b may be uniquely deter-
mined as in Theorem 1. Suppose that 5|x. Then (12) and (15) hold with v uniquely
determined by (13) together with the condition

= (—1)*b (mod 4).
PrOOF. Put y = A2. It suffices to prove more generally that

+1=vp=(-~1)*b(mod4)

with b defined by (3), regardless of whether or not 2 is a quintic residue (modp).
By Berndt and Evans (1979a), Theorem 2.5, K(i)=K(i'!), and by (9),
K(2)% = K(1).'® Hence

(16) i K(A%*1) =2 Re {K(A)+K(*)} = 2a—2b,/5—2(— 1)}*n,/5,
j=0

where the last equality follows from (9) and (12). By definition of K(4),

i KUY =”§ A@dn(1—n) {144, +2+23},
j=0 '

where t, = 23(4n(1 —n)). Thus

3
an K157ty =4 ¥y A4n(1—n))
ji=0 1<n<ptp=1
=4+8 Y A(4n(1—n)).
2<n<(p~1)/2,tn=1

By (16) and (17), there is an algebraic integer n for which

4 =a—-2—/5b+(—1)*v).
Thus

(18) (@a—2)* = 5(b+(—1v)? (mod8).

It is known (see Lehmer (1966), Theorem 1; Muskat and Whiteman (1970),
p- 198; Lehmer (1972), Corollary 1.1; Berndt and Evans (1979a), Corollary 3.35)
that 2{u, 2 ¥ v when 5|x. If a were odd, (18) would yield 1 =5 (mod8). Thus
2| a, 2 yb. Then by (5), 2| ¢, 2|d and 4]a. Therefore b = (— 1)*v (mod 4) by (18).
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