ON FELLER’S KERNEL AND THE DRICHLET NORM

MASATOSHI FUKUSHIMA

§ 0. Introduction

Recently J. L. Doob [2] evaluated the Dirichlet integral of the BLD harmonic
funtion on a Green space in terms of its fine boundary values and 6-kernel
of L. Naim.

On the other hand, the general theory of additive functionals of Markov
processes enables us to define the concept of the Dirichlet norm of functions
with respect to Markov processes.

In § 1 we shall prove that Naim’s kernel is equal to the kernel U, a gener-
alization of the kernel introduced by W. Feller [3], on the Martin exit boundary
of a Green space.

In §2 we shall treat the case of a multidimensional diffusion process cor-
responding to a self-adjoint elliptic differential operator. In this case we shall
define the Dirichlet norm of the harmonic function and represent it in terms
of Feller’s kernel U, under certain regularity conditions.

The kernel U plays an essential role in the investigation of the boundary
problems concerning Markov processes ([3], [8]).

The author wishes to express his thanks to Prof. N. Ikeda and Prof. T.

Watanabe for their kind suggestions and encouragement.

§1. Feller’s kernel and Naim’s kernel

Let (¢, %, ») be the Brownian transition density on a Green space R. For
%, yER, put Gu(x,y) = y:me‘“‘p(t, x, y)dt («=0), and G(x, ») = Go(x, ¥).

Let M be the totality of the minimal points of the Martin boundary of R,
and put R=RUM. To each point yeR, there corresponds the Martin K-
function K(x,»), xR, which will sometimes be written as Ky(x). When y&R,

_ G(x, )
K(x, ) = Gl )

, where %, is a fixed reference point of R.
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For yeR — {x,}, we denote by B8’ = {2, B, PY, xR/, X;, t=0)} the conditional
Brownian motion on R’ whose transition density is p’(#, x, 2) =§z 23 (¢, %, 2),
(t>0, x, zeR’), where R'=R — {y}.

We adopt the notation Xow-(w) =}1fr£° X:(w) where ¢, is the life time of

the path w. It holds that Xo.-(w) =y with PY-measure 1. ([1]). The follow-
ing definition is due to Kunita and Watanabe [6].

DeriniTiON 1. We call yeM an exit boundary point if and only if there
exists at least one point x of R such that P(0e< + ©)>0. If Pida<o)=0
for every point x of R, then we call yeM a passive boundary point.

The totality of the exit boundary points will be denoted by (M)... Put
Ri=RN(M)ex. Then we can check that PY(se< + ) =1 holds for yeR:
—{x}, xR

Now put
K.(x,9) = K(x, y) E%(e"*"=), for y&R — {0}, ¥*€R’, and «>0.
LEMMmA 1.
i) For any yeR —{%}, a >0, the following equation holds.
(1) K(x y) = “SRG“(x’ 2)K(z,v)dz+ K.(x,y) for xR

ii) For any yeRi— (%}, a>0, it holds that

(2) K(x,y) = aSBG(x, 2)K.(z, y)dz+ K.(x,y) for xR

(3) lim K,(x,y) =0 for xR

o>+ ©
iii) If vy in M is a passive boundary point,
K.(%,y)=0 for any a>0, x=R.
Proof. We only sketch the proof of ii). If yeRi— {x)

4
K(x, )

[ Ey(2 K.(z,5)
5R G(%, 2 Ku(2,9)dz = a RKy(x)G(x, 2) K(z, y) dz

- aE%(LmEi',(e'“"“)dt).

where E} denotes the expectation with respect to Pj-measure. According to

the Markov property of B” and the fact that ¢. is a Markov time, we find
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that the last term is equal to

K,(%5)

«BU [ 70 0dt) = Piou < + 00) = BU(e") = 1= 2 B3

Thus the equation (2) holds. Further we have

. Ka(x,y) T W —abwn) _ DY _ —
alirfm*—lf(x, 3 = aliTmE"(e ) = PJ(0 =0) =0,

for any x in R’
G.(x,9)

G(xoy y) for

From (1) and the resolvent equation, it follows that K.(x,y) =

yER —{x,}, x€R".

DerINITION 2. For x, ¥R ~{x} and a>0, Ulx, y) is defined by
4) Uu5,9) =a | Kz 0Kz 5) dz

By the next lemma, we find that U, is non-decreasing in a. We put U(x, y) =
lim U.(x, ¥), and we shall call it Feller’s kernel with respect to the Brownian

v
o>+

motion on R.
U.(x,) has the meaning even if xis a non-minimal boundary point. There-

fore we can regard it as a K-potential as a function of x in the sense of Naim.

LEMMma 2.
i) U,(x,y) is not identically infinity, and

(5) if «<p, then U(x,5) = Us(x,y) for x,y€R —{m}.

ii) If x, y&R: ~ {%},
(6) Uu(%9) =l Kz, K (2,9)de = U, 2).

Proof.

i) When y is the passive boundary point, U, is zero. If y&R:—{x}, by

(2), we can see that for xR’ — {x}

G(z, x)
RG(xoy x)

K(x,v)— K.(x,%)

7 Udx,y) =« G(%, %)

K.(z,y)dz = <+ o

Further this equation shows that the inequality (5) holds for xR’ — {x,}, there-
fore according to one of the principal properties of the K-potential ([7] p.200),
(5) is true for any ¥R — {xo}.
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ii) For xR, — (%) and the compact subset D of R, let Ki °(z) be the
extrémale of K,(z) relative to R—D ([7] p. 192). K2 ®(2) can be written in
the potential form,

"RG(z, 2P (d),
where x5 ° is a non-negative measure on R. We note that
%7P(2) 1 Ki(2) when D tR. Putting Kx:2(2) = LG“(z’ 2 us~P(dz),

we find, by the resolvent equation and (1), that

lim K5 (2) = Ku(2, ).
D4R

On account of (1) and (2),
af K¥P(2)K, (2, 9)de = a| KEP(2)K 2, 9)dz
R SR

for any y = Ri—{m}.
Applying Fatou’s lemma,

UJx, ) = aL K(z, £)K,(2,y)dz = afRKa(z, 2)K(z,y)dz=U,(y, x).

Since x and y are arbitrary in R;— {%}, we have
Ua(y, x) = Uu(x, y):

which was to be proved.

Now, for x,yeR —{xo}, let 6(x,y) be Naim’s kernel. By definition, it is

2K(x,y) _ 5
equal to @G (% %) when xR — (%}, y€R — {%}, and equal to

limj 0(z, )G (%0, 2) s °(dz) when x, yeR — {x,}."
D->RV R

Obviously 6(x, y) is symmetric in x,y. We shall prove the following theorem.

TueorREM 1. For any x,yeR:— (%),
(8) Ux, y) = —g—(i(x,y).

1} We denote by q either 2z (if N=2) or the product of N—2 and the unit ball bound-
ary area (if N>2), where N is the dimension of R.
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Proof. Let y be fixed arbitrarily in R;— {%}. U xR - {x} on account
of (3) and (7),

(9 Ulx, y) = Jim Udx,p) = G((xo l’l) =9 9(x, y).

When x=(M).,, according to the principal properties of K-potintial and 6-kernel
([7] p. 214), we find that

lim K, ) = Ko(#, 9) _ 137 K&, 9) _ @
Ul 3) xl:%: G (%, x) = 11; (%0, 2") — 2 0(x.)
x'e 4

Thus we have
Ulx, ») é%ﬁ(x,y) for x€ (M)ex and y=R1 — {x0}.
On the other hand,
jRUa(x, 2)G (%9, 2) uy "(dz) = aLKa(z, 2Ky (2)dz
= lijKa(z, x)K(z,v)dz = U.(x, ).
Letting « tend to infinity, we find that
fRU(x, 2)G(m, 2)py~"(dz) = U(x, ).

But since U(x, z) in the integrand of the left member is equal to %0(2, x) by

(6) and (9), letting the compact subset D tend to R, we obtain the following

inequality.
—(zl—ﬁ(x,y) SU(xy). for x&(M)e; and yeR; — {x0}.

Remark. Assume that M = (M), and that there is no non-minimal bound-
ary point. According to Doob [2], the above theorem implies that, for any
BLD harmonic function % on R, the Dirichlet integral D(%#) of % can be re-

presented in the following form.
D) = | [ (w(x) - () U, )l dn) (@),
MY M

where #' is the find boundary value of » and u(FE) is the harmonic measure

of a subset £ of M relative to the reference point %.
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§2. The Dirichlet norm in the case of A-diffusion

Let D be a bounded domain of the N-dimensional Euclidean space, whose
boundary 2D is a (IV—1)-dimensional hypersurface of class C°.

Consider the self-adjoint elliptic differential operator A expressed in terms
of the local coodinates as

Au(x) = ﬁ—a?(a"(x)\/ a(x) au(x))

where a”7(x) is the contravariant tensor on D which is strictly positive definite
on D, and a(x) =det(a?(x))™.” We assume that a”(x) is a function of class
C* on D.

Let p(¢, x, ¥) be the fundamental solution of the diffusion equation

oult, x)
ot

= Au(t, x) for x€D,

with the boundary condition, «(t, x) =0 for ¥x=aD.

Let {8, B, Py, x€D, X;, t =0} be a continuous strong Markov process with
the transition probability p(#, %, y)dy and it will be called an absorbing barrier
A-diffusion [4].

According to S. Ito [5] and Ikeda, Ueno, Tanaka and Sato [4], we can
verify the following related facts to this diffusion, We first note that p(¢, x,5)

+®
is symmetric in x, y. Put Gu.(x,y) =f e “p(t,x,9)dt, (a=0) and G(x,9) =
0
Golx, ), for x, yeD, and put k.(x, &) = h.(&, x( = %Ga(xﬁ) (e =0) and h(x, &)
= ho(x, &) for x€D, £é€oD. Further we define U,(&, ) =aSDha($, 2)h(z, 7)dz

for &, 7y=oD. Then we have

(1) h(x,8) =af Glx,2)ha(z §)dz+ hu(%,8)  for ¥D, €D and a >0,

(1) U.(s n)—j (1-e) P& )dt  for & yeoD and a>0.

an £0Nn

We call

2) We denote by dx, d§ and 5%, the volume element in D, surface element in 6D and
13

normal derivative to the boundary point & respectively, each of which is determined by
the fundamental tensor a?/(x). Here the summation sign 3 is omitted as usual.
L)
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o _ + az
U(er 77) —}:IP”UG(Sy ﬂ) - J‘O W?(ty 5) ﬂ)dt

Feller's kernel for our diffusion.

For the continuous function # on 9D, we define Hu by

Hu(x) = | hx, )u(e)ds.

We have lim Hu(X:) = w(X,...) and Hu(x) = Ex(#(Xs._)) for x€D, where ¢, is the

t10

life time of the path and Xo,. =lim X;=9D. In our case Pi(so < ) =1 holds

tf0cw

for any x<D.

Now let us show that v(x) = E.((#(Xo,,_) —~ Hu(X,))?) is a potential.
Put St= Hu(X:) — Hu(X,)  0=t<os
=u(Xo,.) — Hu(Xy) t=0e
Since S; is an additive functional and E.(S+.) =0, we obtain the equality,

v(x) = Ex(Si.w ; tzduo) +Ex<S§ N t<0'm) -+ Ex(v(Xlt) ; < O'ec),

which implies that » is an excessive function.
Moreover if Dy, n=1, 2, . .., are open subsets of D such that DsC Dsu+,,
D, tD(n t + o) and if ¢, is the first leaving time from D, of the path, then

E(v(Xs,)) = v(x) — E«(S5,)—0 (n-> + ),

Thus v is a potential, that is, there exists a non negative measure » on D such
that

(12) (%) = SDc;(x,y)u(dy).

Denote by D(«) the total mass of » which is uniquely determined by «.*
LemMA 3. It holds that
(13) D) = lim a{ [ ha(&, 2)v(x)dnds.
a>+ o oDY D
Proof. By (10) and (12), we can see that
af [ nie ooxarae={ [ (1 2 = haig 2)ran)a
obY D aDY D

rS j R %) v(dx)de=v(D) (at + o)
aDvY D

3 y(dx) =aii(x)a_Hé";ix) 2 _Ha_";(:’x)

dx at least when « is the function of class C3.
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TueoreM 2. If Hu is the function of class C' on, D, then
(14) D) = [ (&) = up)rws, ndzdn.
9DV 9D
Proof. We find by simple caluculations,
(15) § [ @) —utn)Pvae nasdn—af { nitg, ootxaxas
9pvY D 9DY D
=a| | (Hu(o) - u(@))ha(e, paxaz,
oDvY D

for the continuous function # on oD.

According to Lemma 3, (14) is true if and only if the right side of (15)
tends to zero as « tends to infinity.

Take a fixed Euclidean coodinate, by which we represent %, ¢ as (x', 4°;
-ee ™), (84 8 ..., &) respectively. When Huis in the class C' on D, there

exists a positive constant C such that
N . .
|Hu(x) —u(@) | = C |4 — €], for any x&D and any £<2D.
£=1

Further relying upon the following estimate of the fundamental solution given
in [4],

N . .
5 N G2 lx —¢ P
EATEI RS (Ct™*+ C)t™? exp( - ), xeD, ¢eaD,

(Cy, C:, C; are some positive constants),

we can see for each j, (1<j7=< N),
asbhu(é, Ol — & Pdx'de® - - - ax®
e —at ] 7 jlz 1.2 N (%
~of e[ 2wl -gPavar - alas L @>D),

where C' is a positive constant independent of & and «a.

Therefore the right side of (15) vanishes as « tends to infinity.
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