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Abstract. The paper deals with a criterion for the sum of a special series to be a
transcendental number. The result does not make use of divisibility properties or any
kind of equation and depends only on the random oscillation of convergence.

2000 Mathematics Subject Classification. 11J81.

1. Introduction. Erdos [2] proved that if {a,}32, is an 1ncreasmg sequence of

positive integers such that lim,,_, o an = oo then the number S = )° | - isirrational.
In [4] it is shown that if lim,_, , log; log, @, > 1 and a, € N for all n e T\J then S'is a
transcendental number. Many other criteria for S to be transcendental can be found in
[1], [5], [6] or [8] but divisibility properties or fullfilling special equations are necessary.
It seems to be the case that in general it is not easy to decide when S is a transcendental
number if limsup,_, ., logslog, a, < 1 holds and divisibility properties or fullfilling
certain equations are not required. In this paper we give conditions on sequences
{a,}o2, with limsup,_, . log;log, a, < 1 such that S is transcendental. We prove the
following.

THEOREM 1.1. Let {a,}32, be an eventually non-decreasing sequence 1of positive
integers such that a, > 2" for every sufficiently large n. Suppo se that a, < 2°*" and that

axy > 234( JSor infinitely many n. Then the number y_,- _| - Is transcendental.

ExAmPLE 1.1. Leta; =a, = 1. Foreverys =0, 1, 2, 3, ... set
L 2[3%(5n—423‘v)] + 3 if 23? <n < 2.235
B4 2B 43 §£ 203 < < 23

Then the number ) - | ai is transcendental.

It is unclear to the authors if there exists a sequence {a.}32, of positive integers

such that 7%, - is an algebraic number and a, > 26 foralln e N.

n=1 q

2. Mainresults. Inthe sequel, for a real number x we use [x] to denote the greatest
integer less than or equal x. Theorem 1.1 is an immediate consequence of the following
theorem.

*Supported by the grants no. 201/07/0191 and MSM 6198898701

https://doi.org/10.1017/50017089507003989 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089507003989

34 JAROSLAV HANCL AND JAN STEPNICKA

THEOREM 2.1. Let o, B, y and v be real numbers with0 < 8 <« <log, 3,0 <v <
1 and y > 0. Assume that {a,};2, and {b,}2 | are sequences of positive integers with
{a.}:2, eventually non-decreasing such that for every sufficiently large n

b, < a, logh a, (1)
and
a, > 2". 2
Suppose that there exists a positive real number k with

(. —B)

logy(5 + D) —« ®
such that for infinitely many n
ay < 2% (4)
and
o > 22 (%)

Then the number ) - | Z— is transcendental.

As an immediate consequence of Theorem 2.1 we obtain the following corollary.

COROLLARY 2.1. Let a, B and y be real numbers with 0 < 8 <o <1 and y > 0.
Assume that {a,}32 | and {b,}2 | are sequences of positive integers with {a,} | eventually
non-decreasing such that for every sufficiently large n

b, < log} ay
and
a, > 2".

Suppose that there exists positive real number k with

(@ P
l -«
such that for infinitely many n
a, < 23"
and
an+[k'”] . 23a{n+[/\’.n]].

Then the number - | Z—' is transcendental.

REMARK 2.1. Let the sequences {a,}:2, and {b,}:2, satisfy all conditions (1)—(5).
Then Theorem 2.1 implies that the number ) - Z—" is transcendental. If in addition
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there exists a fixed € > 0 such that

a, < 26-9"

holds for all sufficiently large n then there exists a sequence {c,}o, of positive integers

such that )7, ch is a rational number. For more information see [3].

nln

3. Proof. Proof. (of Theorem 2.1) Let N be a sufficiently large positive integer
satisfying (4) and (5). Assume that § is a sufficiently small positive real number.

Let us define the finite sequence {Cz}fi’;y“m by

al ift=N

1

1

Cr = 5 . NN
T2 +1+8

ar(l—b +)

, ft=N+1,N+2,...,N+[k.N].

Set

‘- (6)

cr =

If ¢7 = ¢y then from (4) and (5) we obtain

— V] 20(N+k-N)) (N+kND—[k.N]ogy (12 +1+48)
N2BN N _ (el ik M A2 V+k-ND)~[k.N]logy (=5
2 >aN_CN2CN+[k~N]_aN+[k,N] > 2= =2

Applying log, twice to the above inequality we get
2
logy, N + BN > a(N + [k.N]) — [k.N]log, 1 +1+36
—V

and this is a contradiction with (3).
Therefore c¢7 # ¢y and thus

From this and from the fact that the sequence {a,}° , is eventually non-decreasing
we obtain that

T-1

ar = ( max cj)(liﬁlH)T_N > H( max q)ﬁzﬁs)(livﬂ%)lw. (7

J=N,N+1,...T—1 j=N,N+1,... T—1

Here the second inequality comes from the fact that

(Z+1+8)"" (& +1 —1 T-N-1
1—v 1—v _ 1 S

=N — > 5 ~ = — + 1+
e e R = N
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The fact that {a,}7 , is the eventually non-decreasing sequence and inequality (7)

yield
2 2
. =+ +48
T—1 i-N\ T—v T-1 . —
(i5+149) (2 +1+8) "
ar > max ¢ l_[ ¢
j=N,N+1,..,T—1
P i=
2 2
-1 2 +8 1\ 510
N
(¥ TTa)  =(Ma
i=N+1 i=1
This implies that
1+4(1-v) 1-v I 3112 7(l 2 2
v __ 1+_‘ 1-v) N 1+%’(17|»> l+%(17v;) 1+ $a-v)
ar "= \ar =ar -ar >a . Ha, . ®)
i=1
Now we will prove that for every sufficiently large N
00 2
by,  2logyani
E —<— C)
a ar
n=N+1 " N+1

From (1), (2) and the fact that {a,}32 is an eventually non-decreasing sequence of
positive integers we obtain that

0 [e'9) y y y 1+y
b, log; a, log; a, logy a, log,"™” anqi
E — < E — = E — + E <
a 1—v I—v l1—v al v
n=N+1""  p=N+1 “7 N<n<logyayi " logy ayii<n " N+1
y I+y I4+y
logy a,  log,™" ani n 2log,"" ani
+ E < + E < .
1—v (ll_ on(1-v) dl_
log,aysi<n " N+1 log, an+1<n N+1

Let T satisfies (6). Inequalities (8) and (9) imply that for every sufficiently large T

0 T-1 e~ T-1 T—1b % I+
3 b bu| |~abe Tl an2aci 31| 3 bu| _ 2logy,” a
P T P T—1 = —| = —1,
n=1 n n=1 n n=1 An Hn:l an n=T An ar
1 1
2log,” a 2log,” a
< =
2(1 v)2 2 2(1 " 2
1+ Ja-v _
. 1—[611 (alT vyreaan l—[al
i=1
+v
210g2
< 2
%(H»ﬁ oy _81=v)

— 1+8 (v
(l+%(l—v))2 20
ar . l_[ a;
i=1
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T-1 T—1 5 8(1—v)

-1
Set gr = [[,=y an. pr =1y an D,y 3 ande = et Because
2logs ar o
52—23 tends to zero when 7 tends to infinity
o (1-v)3
e
(1+3a-n)°
dr

we obtain the inequality

b _pr) (10)
a, qr q2+e
n=1 T

which holds true for all sufficiently large 7.
The fact that we can find infinitely many pairs (p7, gr) satisfying (10) and the
Roth’s Theorem [7] imply that the number ) - | Z— is transcendental.
O
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