
F O O T N O T E TO A F O R M U L A OF 
GIOIA AND SUBBARAO 

S. L. Segal 

Recen t ly Gioia and Subbarao [2] studied e s s e n t i a l l y the 
following p r o b l e m : If g(n) i s an a r i t h m e t i c function, and 
h(n) = 2 g(d), then what i s the behav iour of H(a, n) defined 

d | n 
for each fixed in t ege r a >_ 2 by 

(1) 2 H(a, d)g(d) = h ( a n ) ? 
d | n 

By using V a i d y a n a t h a s w a m y ' s f o r m u l a [ e . g . , l ] , they obtain 
an exp l ic i t f o r m u l a for H(a, n) in c a s e g(n) i s pos i t ive and 
c o m p l e t e l y m u l t i p l i c a t i v e ( F o r m u l a 2 . 2 of [2]). However , 
V a i d y a n a t h a s w a m y ' s f o r m u l a i s u n n e c e s s a r y to the proof of 
th is r e s u l t , which indeed fol lows m o r e s imp ly without i t s u s e , 
by exploi t ing a s i m p l e idea used e a r l i e r by Subbarao [3] 
( r e f e r r e d to a l so in the c o u r s e of [2]). 

At P r o f e s s o r S u b b a r a o ' s sugges t ion , th i s proof i s 
c o m m u n i c a t e d h e r e . 

Let r be the l a r g e s t d iv i so r of a r e l a t i v e l y p r i m e to n, 
and let s = a / r . Then, as shown in [3], 

(2) H(a, n)g(n) = h ( r )g ( sn ) . 

Hence s ince g is pos i t i ve and comple t e ly m u l t i p l i c a t i v e , 

(3) H(a, n) = h( r )g(s ) = h(r ) 2 | i (d)h(s /d) 
d | s 

= 2 u ( d ) h ( r s / d ) = 2 n (d )h(a /d ) ; 
d | s d | s 

by Mobius i n v e r s i o n and the def in i t ions of r , s. h(n), and 
s ince h(n) i s m u l t i p l i c a t i v e ( s ince g(n) i s m u l t i p l i c a t i v e ) . 
But s ince only s q u a r e - f r e e d i v i s o r s a r e r e l e v a n t in the l a s t 
sum in (3), i t b e c o m e s (where (a, n) a s u sua l deno te s the 
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g. c . d. of a and n), 

2 | i (d)h(a /d) 
d | ( a , n ) 

which, when w r i t t e n out, i s the f o r m u l a 2 . 2 of [2] for H(a, n) 
in th i s c a s e . 

J u s t a s ea s i ly , i t m a y be s e e n s i m i l a r l y tha t the c o n v e r s e 
i s a l so t r u e , n a m e l y , if 

H(a, n) = 2 fx(d)h(a/d) 
d | ( a , n) 

for a l l a >_ 2 and n > 1, then a p o s i t i v e m u l t i p l i c a t i v e g(n) 
i s c o m p l e t e l y m u l t i p l i c a t i v e . 
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