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Abstract

We consider the semilinear Schrodinger equation

—Au+V(@u = f(x,u), xeRN,
ue H'RY),

where f(x, u) is asymptotically linear with respect to u, V(x) is 1-periodic in each of xi, x5, ..., xy and
sup[o(—A + V) N (=0,0)] <0 < infl[o(—A + V) N (0, 00)]. We develop a direct approach to find ground
state solutions of Nehari—Pankov type for the above problem. The main idea is to find a minimizing
Cerami sequence for the energy functional outside the Nehari—-Pankov manifold N~ by using the diagonal
method.
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1. Introduction
Consider the following semilinear Schrodinger equation:

—Au+ V(xu= f(x,u), xeRV,
ue H'(RV), (-1

where V:RY - R and f:RY xR — R satisfy the following basic assumptions,
respectively:

(V) Ve CRY)is 1-periodic in each of xi, x5, ..., xy and
sup[o(—=a + V) N (=00,0)] := A <0 < A := inf[o(—a + V) N (0, c0)];
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(F1) f e CRN xR)is 1-periodic in each of x, xa, ..., xy, F(x, 1) 1= fotf(x, s)ds >0
and f(x, 1) = o(t]), as |t| = 0, uniformly in x € RY;

F2) f(x, 1) = Vo)t + fio(x, f), where V., € C(RY) is l-periodic in each of
X1, X2, ..., xy and inf Vo, > A, foo(x, 1) = o(|t]) as |f| — oo, uniformly in x € RV,

Let A =—-A+ V. Then A is self adjoint in L*(R") with domain D(A) = H*(RY)
(see [4, Theorem 4.26]). Let {&(A) : —oo < A < 400} and |A| be the spectral family
and the absolute value of A, respectively, and |A|'/? be the square root of |A|. Set
U =id — &(0) — E(0-). Then U commutes with A, |A| and |A|'/?, and A = U|A| is
the polar decomposition of A (see [3, Theorem IV 3.3]). Let

E=2(A"%, E =&0E, E'=I[id-&O)]E.
For any u € E, it is easy to see that u = u~ + u*, where
uw =EO0uekE, ut:=[d-&E0)JuckE"

and
Au =AW, Au" =|Alu* Vue E N D(A). (1.2)

Define an inner product
w,v) = (A" 2u, | A"*V) 2, u,veE
and the corresponding norm
llll = 1A 2ulla,  u € E, (1.3)

where (-, -);2 denotes the inner product of L>(R"), || - ||; denoting the norm of L*(RY).
By (V), E = H'(RY) with equivalent norms. Therefore, E embeds continuously in
L'(RVN) for all 2 < s <2*. In addition, one has the decomposition E = E- @ E*
orthogonal with respect to both (-, -);2 and (-, -).

Under assumptions (V), (F1) and (F2), the solutions of problem (1.1) are critical
points of the functional

Ou) = 1 f (Vul> + V(x)u?) dx — f F(x,u)dx Yu€ckE;
2 RN RN

® is of class C'(E,R) and

(D' (u),v) = f (VuVv + V(x)uv)dx — f f,uyvdx VYu,veE. (1.4)
RN RN
In view of (1.2) and (1.3),
1
Ou) = E(Ilbfrll2 =71 - f F(x,u)dx (1.5)
RN

and
(@ (u), uy = lut]? =l |* - f fOx,wudx Yu=u +u" €E.
RN
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In [11], Szulkin and Zou firstly studied problem (1.1) with asymptotically linear
term f by variational methods, and proved the existence of a nontrivial solution
provided that V and f satisfy (V), (F1), (F2) and the following weak assumption.

(F3) F(x,1) = %t f(x,1) — F(x,t) > 0 for all (x,7) € RV x R, and there exists a constant
8o € (0, Ap) such that if f(x,£)/t > Ay — & then F(x, 1) > &y, where 1y = min{-A, Al

Similar results can be found in [7]. We point out that condition (F3) was firstly used
by Jeanjean [5]. Under the same assumptions given above, moreover with f(x, ¢) odd
in t, Ding and Lee [1, 2] proved that problem (1.1) has infinitely many geometrically
distinct solutions.

If up € E is a nontrivial solution of problem (1.1), then uy € N~, where

N ={ue E\E (D (u),u) ={D"(u),vy =0 VveE}
The set N, first introduced by Pankov [9], is a subset of the Nehari manifold
N ={ue E\{0}: (D' (u),u) =0}.

In general, the set N~ contains infinitely many elements of E. In fact, we can
demonstrate that for any u € [E(u;) — E(A)]E \ {0} with u; = inf V.., there exist
t =t(u) >0and w = w(u) € E~ such that w + tu € N™; see Lemma 2.12.

Set m := inf,cn- @(u). Now a natural question arises: whether m is attained? or
whether there exists iz € N~ such that ®’(z) = 0 and ®(iz) = m? Since i is a solution
at which @ has the least ‘energy’ in the set N, we shall call it a ground state solution
of Nehari—Pankov type. In [10], based on the Nehari-manifold method, Szulkin and
Weth developed an approach to find ground state solutions of Nehari—Pankov type
for problem (1.1) with superlinear term f. In fact, they proved that problem (1.1)
has a solution # € N~ such that ®(z) = m > 0 provided that (V) and the Nehari-type
assumption

(Ne) t+— f(x,1)/|t| is strictly increasing on (—o0,0) U (0, c0) and some other standard
assumptions on f are satisfied.

We point out that the Nehari-type assumption (Ne) is very crucial in Szulkin and
Weth [10].

In this paper, we will develop a direct approach to find ground state solutions of
Nehari—Pankov type for problem (1.1) with asymptotically linear term f. The main
idea is to find a minimizing Cerami sequence for ® outside N~ by using the diagonal
method, part of which comes from recent papers [12—-15] of the author; see Lemma
2.13. From the work of Szulkin and Weth [10], it seems very difficult to find ground
state solutions of Nehari—Pankov type for problem (1.1), but this can be made more
concise by using our approach.

Before presenting our theorem, in addition to (V) and (F1), we make the following
assumptions.
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(F2)  f(x,1) = Voo(2)t + fuo(x, 1), where V., € C(RV) is 1-periodic in each of
X1, X2, ...xy and inf V, > 0, and there exists a ug € E* \ {0} such that

lluoll> = Iwl* = f Veo(X)(to + w)>dx <0 VYwe E™; (1.6)
RN

tfo(x, 1) <0, f(x,1)f(x,1) <0 for 0 < |t| < @y for some ag > 0, fo(x, 1) = o(|t]) as
|t| = oo, uniformly in x € RV;

F2")y  f(x, 1) = Veo(x)t + f(_x,(x, 1), where V., € C(R") is 1-periodic in each of
X1,%2,...,xy and inf Vo, > A, fu(x,1) = o(|t]) as || — oo, uniformly in x € R", and
0 < tf(x,1) < Voo(x)> for x € R and ¢ # 0;

(WN) ¢+ f(x,1)/]t] is nondecreasing on (—o0, 0) U (0, o).

Obviously, if inf V, > A, take i € (A, inf V,,); then ugy € (E(i1) — E(0))E satisfies
(1.6). Therefore, (F2") implies (F2’); (WN) is a weak version of the Nehari-
type assumption (Ne), and it yields that F(x, ) is nondecreasing on ¢ € [0, c0) and
nonincreasing on ¢ € (—oo, 0]. Hence, it is slightly stronger than (F3).

We are now in a position to state the main results of this paper.

THeEOREM 1.1. Assume that V and f satisfy (V), (F1), (F2') and (WN). Then problem
(1.1) has a solution i € E such that ®(it) = infpy- @ > 0. Moreover,

f (Vi + [V(x) - Veo(x)]it*} dx < 0.
RN

CoroLLARY 1.2. Assume that V and f satisfy (V), (F1), (F2"") and (WN). Then problem
(1.1) has a solution i € E such that ®(it) = infpy- ® > 0. Moreover,

f (IVi]> + [V(x) = Veo(x)]i#?} dx < 0.
RN

We point out that, as a consequence of Theorem 1.1, the least energy value m has a
minimax characterization given by
m=®@)= inf max @(u),
VEE{\(0) ueE-@R*v
where E] is defined by (2.6). Note that this minimax principle is much simpler than

the usual characterizations related to the concept of linking.
The following functions satisfy all assumptions of Corollary 1.2.

ExampLE 1.3. f(x,1) = Voo(x) min{|t[°, 1}z, where 0 > 0 and V., € C(R") is 1-periodic

in each of x{, xp,..., xy and inf V, > A.

ExampLe 1.4, f(x, 1) = Vo(X)[1 — (1/In(e + [#))]7, where V,, € C(RM) is 1-periodic in
each of x{, xp,...,xy and inf V, > A.

ExampLE 1.5. f(x, 1) = {(x, |t|)t, where {(x, s) is 1-periodic in each of x|, xs,..., xy

and nondecreasing for s € [0, o), {(x, 5) > 0 as s = 0 and {(x, 5) = Vo(x) as s — oo,
uniformly in x € RV, inf V., > A and 0 < Z(x, 5) < Vo (x) for s # 0.
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2. Proof of main result

Let X be a real Hilbert space with X = X~ @ X* and X~ L X*. For a functional
¢ € CY(X,R), ¢ is said to be weakly sequentially lower semicontinuous if for any
u, — u in X one has ¢(u) < liminf,_,. ¢(u,), and ¢’ is said to be weakly sequentially
continuous if lim,,—.{¢’(u,), v) = {¢’(u), v) for each v € X.

Lemma 2.1 ([1, Theorem 4.5], [6], [7, Theorem 2.1]). Let X be a real Hilbert space
with X = X~ ® Xt and X~ L X, and let ¢ € C'(X,R) be of the form

o) = 5t IP = " IP) = p), w=u +u"eX X",
Suppose that the following assumptions are satisfied:

(LS1) ¢ € C'(X,R) is bounded from below and weakly sequentially lower
semicontinuous;

(LS2) ¢/ is weakly sequentially continuous;

(LS3) there exist r > p > 0 and e € X* with |le|| = 1 such that

« = inf (S ) > sup p(Q),
where
Sy=ueX :|ul=p), Q={w+se:weX ,s>0,|w+sell <r}.
Then, for some c € [k, sup D(Q)], there exists a sequence {u,} C X satisfying

e(un) = ¢, " (1 + fluall) — 0.

Such a sequence is called a Cerami sequence on the level c, or a (C). sequence.
We set

LI’(u):‘[ F(x,u)dx Yu€eE.
RN

LemmA 2.2. Suppose that (F1) and (F2') are satisfied. Then Y is nonnegative, weakly
sequentially lower semicontinuous, and ¥’ is weakly sequentially continuous.

Using Sobolev’s embedding theorem, one can check the above lemma easily, so we
omit the proof.

The following lemma is interesting and shows an important behavior of
nondecreasing functions.

Lemmva 2.3. Suppose that h(x,t) is nondecreasing in t € R and h(x,0) =0 for any
x € RN. Then
1 -6 i
( > T-— HO')h(x, 7|t > h(x,s)|s|lds Y0>0,7,0 €R. 2.1
0

T+o
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ProoF. Since A(x, f) is nondecreasing in ¢ € R, then, for any x € RY,
h(x,s) <h(x,7) VYs<t; hix,s)>h(x,T) Vs>t (2.2)

To show (2.1), we consider four possible cases. Since sh(x, s) > 0, these follow from
2.2):

Casel. f0<@r+o<torfr+o <71<0,then

T T 1= 92
f h(x, s)|s|ds < h(x,T) |s|ds < ( > T— 90’) h(x, 7)|7l;
0

T+0 Or+0

Case 2. If6r+ o0 <0<, then

f h(x,s)lsldssf h(x,s)lsldssh(x,‘r)f |s|ds
Ot+o 0 0

1-6>
< ( > T— QO')h(x, )7,

Case3. fO0<t<f@r+oort<0r+ o0 <0, then
T+o 9T+0 1-— 92
f h(x, s)|s|ds > h(x, T)f |s|ds > —( > T— 90’)h(x, T)|l;

Case 4. If 1 <0 <0t + 0, then

Ot+0 0 0
f h(x,s)lsldszf h(x,s)lsldszh(x,r)f |s|ds

1= 2
> —( 20 T— GO')h(x, )7

The above four cases show that (2.1) holds. O
Lemma 2.4. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then
1 1-6
O(u) > O(Ou +w) + §||w||2 + 3 (D' (), uy — KD’ (u), w)
VO>0,ue E,we E™. (2.3)
Proor. For any x € RY, it follows from (WN) and Lemma 2.3 that
1- 92 T
( T—HO')f(x,T) > f(x,8)ds Y0=>0,7,0 €R. 2.4)
Or+o

By virtue of (1.4), (1.5) and (2.4),

02
(D' (u), uy — XD (u), w)

1
Mm—@w+m:§wW+

2
1-6 "
; [ £ ) — OF Cx, wyw — f(x,s)ds]dx
RN 2 Qu+w
1., 1-6 , _
> §||W|| + 3 (D' (u), u) — 6{D®"(u),w) V6=>0,wekE".
This shows that (2.3) holds. O
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From Lemma 2.4, we have the following two corollaries.
COROLLARY 2.5. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then, forue N~,
D) > dtu+w) VYi>0,weE™.
COROLLARY 2.6. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then

t2
(@' (u), uy

2

12
D(u) > =(llu* | + ) - f F(x, tu*) dx +
2 -

+ (D' (), u”) VuekE,t>0.
The following lemma is crucial to obtain a linking structure.
Lemwma 2.7. Suppose that (V), (F1) and (F2') are satisfied. If inf Vo, > 0, then
(D' (1), Tu + 2v)

> Pt = llru” + v + VI - f Voo (X)(Tu + v)* dx
RN

_ 2
+ 72 f wf o WVl = /W1 ) cEreRveE.  (25)
RN Voo(x)

Proor. In view of (1.2), (1.3), (1.4) and inf V, > 0,
D' (u), Tu + 2v)

=2t = Pl | - 27w, v) - Tf fOx, w)(tu + 2v) dx
RN

=t | = llru” +vIF + VP - fRN Ve (X)(u + v)* dx
+ fR Vel (ru + )2 — 7 (x, u)(tu + 2v)] dx

= fR N{Vm(x)vz + 2[Veo()u — f(x, )7y + [Voo (* — uf (x, u)]7%} dx
+ | = llru + I + VP - fRN Veo(X)(Tu + v)* dx

> Pt = llru” + vl + VP - fRN Ve (X)(u + v)* dx

_ 2
+7° f uf (% Ve () — [f(x )] dx YueE,teR,veE,
RN

Veo(X)
which shows that (2.5) holds. O
CoroLLARY 2.8. Suppose that (V), (F1) and (F2') are satisfied, and that inf Vs, > Q.
Then

lut I =l + vl = f Voo (X)(u + v)* dx
RN

_ 2
<P - f ACSDIZSC el VIC ) PNV VE S
N Veo(x)
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Applying Corollary 2.5, we can prove the following lemma in the same way as
[10, Lemma 2.4].

Lemma 2.9. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then:

(1)  there exists p > 0 such that

m= 1/{/1}“@ >k :=inf{®w) : u € E*, |jul| = p} > 0;

(i) |lt]l > max{|lu”|l, V2m)} for allu e N-.

Define a set E as follows:

E} = {u € EX\ {0} : flul® = IIwl* - f

Vo) +wldx<0 Ywe E—}. 2.6)
RN

Obviously, (F2') shows that the set Ej is not empty.

Lemma 2.10. Suppose that (V), (F1) and (F2') are satisfied. Then, for any e € E},
sup O(E- @ R*e) < oo and there is R, > 0 such that

du)<0 YueE ®R'e,|ul| > R..
This result is essentially contained in [11], see also [7, Lemma 3.1], but for the
reader’s convenience we choose to write it in detail.

Proor. It is sufficient to show that ®(w + te) <0 fort >0, w € E~ and ||w + te|| > R for
large R > 0. Arguing indirectly, assume that, for some sequence {w, + s,e} C E- ®R*e
with [|w, + s,e|| = oo, D(w, + s,e) > 0 for all n € N. Set

Vn = ”Wn + [ne”/(wn + t,e) = Vy_, + T,€;

then |[v, + 7,¢|| = 1. Passing to a subsequence, we may assume that v, = v in E
(v, weakly convergences to v in E); then v, — v almost everywhere on R, v; — v~ in
E, 1, > tand

O(w, + tye) 73”6”2 ~ lllv‘llz _f F(x, W, + tye)
2 n
RN

= — dx > 0. 2.7
o + el 2 o + el 7

Clearly, (2.7) yields that 7 > 0. Since e € E;, there exists a bounded domain Q c RY

0
such that
2lell> - V711> - f Voo (X)(Te +v7)? dx < 0. (2.8)
Q

Let Fo(x, 1) = fot foo(x, 8)ds; then F(x,t) = %Vm(x)z‘2 + Foo(x, ). It follows from (2.7)
that

72 1 F(x,w, + t,e)

0 S -n 2 _ - —12 _ f s Wn n d

> llell 2Ilvnll o Tt el x

2

Tn 2 1 -2 1 f 2 f FOO(x’Wn +tn€)

== - = - = Veo dx — ——d
o llell™ = Zlvall” = 5 , (x)v, dx TR
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Clearly, |Fo(x, )] < cot* for some co > 0 and Fo(x,1)/t> = 0 as |t| — co. Since
v, = vin E, v, = v in L*(Q) and it is easy to see from the Lebesgue dominated
convergence theorem that

Foo ’ n tn Foo ) n tn
f de: f Mlvnlzdxzo(l).
o) Q

lw, + tell? Wy + thel?
Hence,
0 < lell® IV IP - f Vea)(re + v dx,
Q
which is a contradiction to (2.8). O

CororLary 2.11. Suppose that (V), (F1) and (F2') are satisfied. Let e € Ej with
lle]l = 1. Then there is a ry > p such that sup ®(0Q) < 0 for r > ry, where

O={w+se:weE ,s>0, ||w+ se|| <r}. 2.9)

Lemma 2.12. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then, for any
ue Ej, NN (E- ®@R"u) # 0, that is, there exist t(u) > 0 and w(u) € E~ such that
twu +w(u) e N~

Proor. By view of Lemma 2.10, there exists a constant R > 0 such that ®(v) < 0 for
ve(E-®R*u) \ Br(0). By Lemma 2.9(i), ®(tu) > O for small # > 0. Thus we have,
0 <sup®(E~ ®R*u) < oo. It is easy see that @ is weakly upper semicontinuous on
E~ & R*u; therefore, ®(up) = sup ®(E~ & R*u) for some uy € E~ & R*u. This uy
is a critical point of ®|g-gry, S0 (D' (up), up) = (O’ (up),v) =0 for all ve E- &R u.
Consequently, ugp € N™ N (E~ ®R*u). O

Lemma 2.13. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then there exist a
constant c € [k, sup ®(Q)] and a sequence {u,} C E satisfying

O(u,) — ¢, | )lI(1 + [lunl)) — O,
where Q is defined by (2.9).

Proor. Lemma 2.13 is a direct corollary of Lemmas 2.1, 2.2, 2.9(i) and
Corollary 2.11. O

The following lemma is crucial to demonstrate the existence of ground state
solutions of Nehari—Pankov type for problem (1.1).

Lemma 2.14. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then there exist a
constant c, € [k, m] and a sequence {u,} C E satisfying

Qun) = ¢ 1D (wp)lI(L + lunll) — 0. (2.10)
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Proor. Choose v; € N~ such that

mS(D(vk)<m+%, k eN. (2.11)

By Lemma 2.9, [vf|l > V2m > 0. Since vy € H'(R"), meas{x € R" : [vi(x)| < ap} = co.
It follows from (F2") that

f(x’ Vk)foo(x, Vk)
RN VOO(-x)

Set ex = v; /IIv; |l. Then e; € E* and |le|| = 1. By virtue of Corollary 2.8 and (2.12),

dx < 0. (2.12)

lexl = Iwli? - f Ve + P dx
R

IR

2
2 Vi Vi
= —f Voo(x)(—++w— +)dx
il RN il vl

S_'W_ Ve P 1 f Vef (6 Vo) = [ 6 v
AT VIR Je V)
P L O fel ) )
=—|w- d 0 Vv E".
H il T S T Ve ST TS

This shows that ¢;, € E(’; . In view of Corollary 2.11, there exists r; > max{p, ||v¢|[} such
that sup ®(0Qy) < 0, where

Or=w+se,:weE ,s>0,|lw+sell <re}, keN. (2.13)

Hence, applying Lemma 2.13 to the above set O, there exist a positive constant
ck € [k, sup @(Qx)] and a sequence {ug ,}qen C E satisfying

Qupn) = ks 1O (uell(1 + llugnll) = 0, k€N. (2.14)
By virtue of Corollary 2.5,
D) > O(w+1tvy) VYe=>0,weE™. (2.15)

Since v € Q, it follows from (2.13) and (2.15) that ®(v;) = sup ®(Qr). Hence, by
(2.11) and (2.14),

1 ’
O(ugn) = cx <m+ A D" ex II(L + |letgnll) = 0,  k€N.
Now, we can choose a sequence {rn;} C N such that
1 1 , 1
K= < D) <mt oo 10 eI+ ) < 70 k€I

k

Let ux = ug,,, . k € N. Then, going if necessary to a subsequence,

Oun) = cx € [k,m], 1O wn)lI(1 + llunll) — 0. o
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Lemma 2.15. Suppose that (V), (F1), (F2') and (WN) are satisfied. Then any sequence
{u,} C E satisfying (2.10) is bounded in E.

Proor. To prove the boundedness of {u,}, arguing by contradiction, suppose that
[[ey]] = oo. Let v, = u,/||uy]l; then ||v, || = 1. By the Sobolev embedding theorem, there
exists a constant C; > 0 such that ||v,||, < C;. If

6 :=limsup sup f Vi dx =0,
Bi(y)

n—oo  yeRN
then, by Lions’ concentration compactness principle [8] or [16, Lemma 1.21], v} — 0
in LS(RV) for 2 < s < 2*. Fix R > [2(1 + ¢*)]"/? and p € (2,2). By virtue of (F1) and
(F2"), for &€ = 1/4(RC))* > 0, there exists C, > 0 such that |F(x, 7)| < &lt|> + C.|t|’ for
all (x,1) € R¥ x R. Hence,

1
lim supf F(x,Rv)dx < &(RC1)* + R°C, lim il = —. (2.16)
RN n—oo

n—oo 4

Let #, = R/||u,||. Hence, by virtue of (2.10), (2.16) and Corollary 2.5,

. o 2 =t
c” +o(l) = O(uy) 2 §(||un|| + ||, 117) — F(x, tyuy ) dx + (D' (1), tn)

RN
+ 12D (), 1y )

WmWHr%\fHR)d(l
= —(||V \% - X vV X+ TE—
2 " " RN 2 2””11”2

2

e, )

2

|I all?
R2 f F(x,Rv')dx + (1)>R2 1+ (1) > *+3+ (D)
> " X, Rv,)dx+o(1) > 71 0 c 1 o(1),

which implies that 6 > 0.
Going if necessary to a subsequence, we may assume the existence of k, € Z" such
that f Wi dx > 6/2. Let ,(x) = vi(x + k). Then [[7,]| = [Iv,| = 1 and
1+ YN\

5
f 5P dx > =. (2.17)
By y5(0) 2

Passing to a subsequence, we have ¥, — ¥ in E, ¥, —» ¥ in LS (RN ), 2 < s<2*and
#, — ¥ almost everywhere on R". Thus, (2.17) implies that ¥ # 0O and so ¥ # 0.

Now we define #,(x) = u,(x + k,); then #,/||lu,|| = ¥, — ¥ almost everywhere on
RN, ##0. For x€ Q:={y e R :#(y) # 0}, we have lim,_,, |it,(x)] = co. For any
¢ € CY(RY), setting ¢,(x) = ¢(x — k),

<(I),(un)v ¢n> = (u; - uy_la ¢n) = (Veolty, (lSn)L2 - f fOO(x’ un)¢n dx

(x, up)
et

ﬂmh;7w<v%mzfﬁ“W%wM,

|t |

(D' (), )

”un” [(V Vn > ¢n) (V Vi, ¢n)L2 f fOO | n|¢n d-x]
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which, together with (2.10), yields

~ ~— ~ Oo(xs ﬁl’l) ~
Ty =V, 8) = (VooTn, @)12 — f flit—||vnl¢dx = o(1).
RN n
Note that
oo (X, ) | (x i) (x i)
[ Eeead < [ o=l [ 51161 dx
<c f =itz + [ 'M 1 dx = o).
supp ¢ Q Up
Hence,
(7" = 77,0) = (Voo )2 = 0
Thus, ¥ is an eigenfunction of the operator B := —A + (V — V), contradicting the
fact that B has only a continuous spectrum. This contradiction shows that {u,} is
bounded. O

Proor oF THEOREM 1.1. Applying Lemmas 2.14 and 2.15, we deduce that there exists
a bounded sequence {u,} C E satisfying (2.10). A standard argument shows that
{u,} is a nonvanishing sequence. Going if necessary to a subsequence, we may
assume the existence of k, € ZV such that fB |un|? dx > 5/2 for some 6 > 0. Let

Vu(x) = u,(x + k). Then

1+\/N(k”)

o
f Val* dx > =. (2.18)
By () 2
Since V(x) and f(x, u) are periodic in x, we have ||v,|| = ||u,|| and
D(v,) = c., QW) + [[vall) — 0. (2.19)

Passing to a subsequence, we have v, = vin E, v, —» v in L]SOC(RN ), 2 <s<2* and
v, — v almost everywhere on RY. Obviously, (2.18) and (2.19) imply that v # 0 and
@’(v) =0. This shows that v € N~ and so ®(v) > m. On the other hand, by using
(2.19), (WN) and Fatou’s lemma,

m 2= cCy

= nn_{g[d)(vn) - %(cpf(vn), vn>] = lim fRN[%f(x, Vv — F(x, Vn)] dx

. fR Jim| %f (tovn)v, = Fxv,)|d = fR N[%f(x, W= Fx)|dx
1

=O®W) - §<(D'(v), V) = d(v).

This shows that ®(v) < m and so ®(v) = m = infa- © > 0. O
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