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•ABSTRACT 

The motion of the orbits of Trojan asteroids are investi­
gated. Four asteroids around L^ are shown to have librat-
ing perihelion. A criterion for the libration of the peri­
helion is derived and expressed by the initial conditions. 
This criterion is solved for the initial conditions in two 
special cases. Thus regions in the configuration space of 
the initial conditions yielding libration of the orbits of 
Trojan asteroids are established. 

1. INTRODUCTION 

According to the Lagrangian solutions of the three-body 
problem a small body of negligible mass resting at the rela­
tive equilibrium points L. or Lp. of the Sun-Jupiter system 
moves around the Sun on an orbix which is similar to Jupi­
ter's orbit but the perihelions of the two orbits are at 
60° from each other. If the body suffers a perturbation it 
leaves L. or Lp. and its orbit around the Sun also changes. 
The stability investigations of the Lagrangian points usually 
deal with the motion of the small body around L. or L^. This 
paper studies the behaviour of the orbit of the small^body 
around the Sun. 

The well-known examples for the Lagrangian solutions of the 
three-body problem are the Trojan asteroids. The main per­
turbations of the eccentricity e and the longitude cu of 
the perihelion of the orbits of these asteroids can be de­
scribed by the equations (Erdi, 1979) 

e sinoo= a - c sinv 

e coccus b - c cosy. 
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where a., b and c=0 are constants and 7 is a slowly changing 
function of the time. It can be shown that if 

then the perihelion of the asteroids librates around a di­
rection which is about at 60 from Jupiter's perihelion. If 

then the perihelion of the asteroids circulates. 

For an asteroid which is exactly at L. , C =0 and e=ej where 
ej is the orbital eccentricity of Jupiter. Moreover, 
co - ooj =60 where cOj is the longitude of the perihelion of 
Jupiter. If the asteroid undergo a small perturbation it 
leaves L. and its orbit begins libration around the equilib­
rium orbit. The parameter c can be considered as the measure 
of the perturbation. As G increases so does the amplitude of 
the libration of the perihelion. When the difference between 
the two extremum values of CJ exceeds the value 180° the or­
bit of the asteroid begins to circulate. 

The purpose of this paper is to find initial conditions 
which result in the libration of the perihelion. Knowing 
the initial position and velocity of an asteroid near L. 
the question is whether the orbit of the asteroid will li-
brate or circulate. For the solution of ,this problem the re­
sults of the author's previous papers (Erdi, 1978, 1979, 
198l)are applied. 

2. THE MOTION OF THE PERIHELION 

Equations (1) were derived from an asymptotic solution for 
the motion of Trojan asteroids. First a short summary of 
that solution is given here. Under the assumptions that the 
motion of a Trojan asteroid around the Sun is perturbed only 
by Jupiter and Jupiter's orbit around the Sunris an ellipse 
the equations of motion of the asteroid are (Erdi, 1978 I 

&L i ~ - x [A A-p. /A_1 
dL<r*- ̂  * ~'1+e,coiv|_ > R* R*J 

where 4", oc, z. are the cylindrical coordinates of the aster­
oid (see Figure 1), V is the true anomaly of Jupiter, /J- is 
the mass of Jupiter divided by the total mass of the Sun-
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Jupiter system and 

The coordinates ^ and x are dimensionless, the Sun-Jupiter 
distance is supposed to be unity. 

Jupiterf 
pet-ike^'OK 

Figure 1. The coordinates +, oC, z in the Cartesian 
coordinate system SXYZ. 

The solution of Equations (2) were derived in the form of a 
three-variable asymptotic expansion (Erdi, 1978, 1981) 

t-U^eV^tl + O^), 

^ ^ [ Z ^ x ^ u . ^ ) + 0(e.N+<)] 
where 6 = ^ , <X= £(\r-\r0) , t = £

1(\r-\T0) 

and v0 is the initial value of v at the epoch. This sol­
ution is a generalization of Kevorkian's two-variable sol­
ution for the planar problem (Kevorkian, 1970). 

The functions ^ , oĈ , Z^ depend on the variables V, \J~, X. 
representing three different time-scales of the motion of 
the Trojan asteroids. The variable v corresponds to the or­
bital revolution of the asteroids around the Sun. The time-
scale of the long-periodic librational motion around L,or 
Iv is represented by the variable AX. The variable X. is con­
nected with the motion of the perihelion of the asteroids. 
The approximate periods are 12, 150, 3600 years. 

The determination of the functions -^, o<.̂ , Z K is deduced to 
a system of partial differential equations. One of the equa­
tions to be solved is 

fc+^M"* {/[ — coso<0)
 ZjsiV*o<o=0. (4) 
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The function o<.0(-u.) describing the main part of the libra­
tional motion around L. or L can be determined from Equa­
tion (4). An integral of Equation (4) is 

U*&T-$[™«o -l^-co**.) -Mi = h 

wherehmight depend on X, but it can be shown that h is a 
constant. 

For moderate librational amplitudes which occur among the 
known Trojan asteroids the solution of Equation (4) is 
(Erdi, 1978, 1981 ) 

where 

<t>=\J^-£; *-&?)*+* 
and t is a conste.nt and S depends on x . The parameter {, 
means the approximate librational amplitude around L.. For 
most of the known Trojan asteroids -t<0.5« 

Substituting the solution (6) into Equation (5) it follows 

h~£ + -£^-tf iV0(O. (7) 

Equations (l) were derived from the solution (3) using the 
formulas of the two-body problem. In Equations (1) the para­
meters a, b , c and ~p mean 

C =£§,<, (8b) 

? = ̂ + ^ (8C) 

A._ A M ,I 329 p^r)(^\ ( 8 e ) 

where 
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and QM and \|/j,, are constants. Note, that Equations (l) are 
valid for asteroids around L.. In case of asteroids around 
Lp. the parameter a. must be changed by -a. 

In the paper (Erdi, 1979) Equations (X) were used to study 
the motion of the perihelion of 30 known Trojan asteroids. 
The parameter t and the constants §,̂  , M̂ i can be deter­
mined from the osculating orbital elements of the asteroids. 
The parameter L can also be calculated from the endpoints 
of the libration around L. or !„. Thus it can be determined 
which Trojan asteroids have librating perihelion. From the 
30 investigated asteroids 10 asteroids, all around L , 
proved to show the libration of the perihelion. A numerical 
integration of the planar elliptic restricted three-body 
problem (Erdi and Presler, 1980) confirmed the perihelion-
libration of the same ten asteroids. In the case of the as­
teroid PL 4:;72 the libration of the perihelion was also 
shown by Bien (1980). 

Equations (l) are applied here for 5 Trojan asteroids, all 
around L , which were not included in the earlier investi­
gation. ^Table 1 shows the limits of the variations of e 
and co of these asteroids and also the approximate periods 
of the variations of e and co , obtained from Equations (l) 
using the osculating orbital elements at the epoch December 
27.0, 1980 ET. 

Table 1. Variations of e and co of 5 Trojan aster-
oids around Iy. 

—-p OJ '£.00 

1871 Astyanax 0.029-0.059 291Y3-331V33230 years 
1872 Helenos 0.029-0.060 267.7-329.6 3320 
1870 Glaukos 0.030-0.066 279.4-323.4 3600 
1867 Deiphobus 0.012-0.077 262.9-356.1 3290 
1873 Agenor 0.077-0.172 0 -360 3590 

Thus in the case of the asteroid 1873 Agenor the perihelion 
circulates and in the other four cases the perihelion 
librates. That means that from 35 known Trojan asteroids 14 
asteroids have librating perihelion. (It must be mentioned 
that in Equations (l) and also in Table 1 5 is counted from 
the perihelion of Jupiter. ) 

Figure 2 shows the e,co trajectories for 10 known Trojan as­
teroids around L̂  
cluded in Table . 
per (Erdi, 1979). 

teroids around L^. For those asteroids which are not in­
cluded in Table 1 the trajectories were taken from the pa-
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Figure 2. Variations of 
oids around L 

5' 

•>• CO 

and co of 10 Trojan aster-
The circles indicate the 

values at the^epoch Dec. 27, 1980, 

3. A CRITERION FOR THE LIBRATION OF THE PERIHELION 

Considering Equations (l), (8a) and (8b) the condition for 
the libration of the perihelion is 

° s s^ v/A't+A't 

where ê  is defined by the equation 

^ ^ 

(9: 

(10) 

In order to determine such initial conditions which result 
in the libration of the perihelion the condition (9 ) should 
be expressed by the initial conditions of the motion. For 
the sake of simplicity only the planar motion of Trojan as­
teroids will be considered here. 

Let the initial conditions at-u-=\r0be 

d o c _ 
dUr 

(11) 
toCr 
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Then using the approximate solution (Erdi, 1981) 

o<==o<0+£[-2^51^4-^)+^] +0(£x) 

where o^ is a known function of •U. and % , and 

it follows that at-y=\r0 

<gAcosY^ = - ( ^ ^ o 4-Xc<.0V)cos-v-0 —/To siwv», 

S^sm"^ = - ^ o cos-U"0 -t-Cb-To + lot'ooHinVo, 

Using the equations (Erdi, 1981) 

A. 

171 

(12a) 

(12b) 

(12c) 

and Equations (12b) , the constant g^ can be expressed by 
the initial conditions. Thus the criterion (9) can be sub­
stituted by the following criterion for the libration of 
the perihelion 

+2eA o 
o J 

si*(va4-oO-f 

+leA(3r0+2^;o)coiV0+2e^o^^) = 0 . (13) 

Note, that in this inequality and Ai/Ho depend on the 
initial conditions through Equations (12a), (5), (7), (8e ), 
(8f). Given the initial conditions -To > o<. 00 > '0 » o<c at AT =vc 
it can be determined from (13) whether the perihelion makes 
libration (the inequality is satisfied) or circulation (the 
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inequality is not satisfied ). Two special cases will be con­
sidered next. 

INITIAL CONDITIONS FOR PERIHELION-LIBRATION 

4.1 Limit-velocity curves at L. 

The following problem is considered. Putting 
into the point L. and starting it in a given 
different initial velocities increasing from 
that critical velocity where the libration of 
of the orbit of the body changes to circulati 
cal velocities in different directions form a 
ity curve inside which all velocities, given 
initial velocity, will result in the libratio 
helion. At different values of ^o , that is at 
itial configurations of the three bodies, the 
ity curves are different. 

a small body 
direction with 
zero, determine 
the perihelion 

on. The criti-
limit-veloc-
to the body as 
n of the peri-
different in-
limit-veloc-

Substituting -t"0=0, ̂ 00= ̂ "/3 into (13) the condition for the 
libration of the perihelion in this case is 

where 

and g = 2 - e - \ ( Fs>iY\\r0 +Gcos \To) , ~\ 

C = W o , +e;K2FHH^oC(Fcos\r0-Gsintf-0
>) 

G ~ Z Ao 2.A0' 

According to Equations (12a) and (5) in the case ^0=0, 

n — T[ -+• y <*-0<> 

and from Equation (7 ) approximately 

(14) 

(15) 

y (16) 

(17) 

Considering Equations (8e), (8f ) and (16 ) now it can be 
seen that in (15) B and C depends only on °<©o and *%> . It can 
be shown that the minimum of K according to ^ is 

rf\Mf\ 
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and 
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fc-\ i \ l — I N m i » i (18) 

for every <̂ oo in the interval (-0.6, 0.6) where Equation 
(17 ) gives those values of ̂  for which the solution (6 ) is 
sufficiently accurate. The equality holds at oC' =0, when 

It follows from (15 ) and (18 ) that for every values of <T0 
and at a given value of oCoo from the interval (-0.6, 0.6) 

K^O 
if 

whe 

03. 0-1 

^01.=-&i for every ̂  . At oti=0 *, --t » 

Figure 3 shows the limit-velocity curves for V0 =0, T/2, IT, 
31T/2. The curves for any v-„and v0 + T are mirror-images of 
each other for the centre of the coordinate system. The 
curves are open in the investigated region of oc'0o . For 
larger values of |ô 0'0| a numerical integration is necessary 
to determine the limit-velocity curves. 

Jupittv 

.v„=ir 

Sun 

F i g u r e 3 . L i m i t - v e l o c i t y c u r v e s a t L . . 
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Considering the extremum values of -T0\ and J~ol according 
to -tfo, an estimation can be derived for the allowed region 
of <r0* at a given value of o£'00 which is valid for every v; . 
According to this estimation 

tote - e W F l + Gx ^-iH^+eH/l-lF)-^e,<0VF1+Gx i f < £ 0 

| ^ | 4 - e , \ [F r ^G r ^-k oc£+<[i-2F)^e,o(-0\|FN- G1 i f < < 0 

for every -<J"0 . The corresponding limit-velocity curve is 
also shown on Figure 3 (dashed line). Inside that curve 
every velocity as initial velocity at L will result in the 
libration of the perihelion of the small body for every in­
itial configurations of the three bodies. 

4.2 Libration with zero initial velocity 

Let us determine that region around L. in which a small 
body starting from any point with zero" initial velocity (in 
the rotating coordinate system in which Equations (2) are 
valid) will have an orbit with librating perihelion. A simi­
lar problem was studied by McKenzie and Szebehely (1981) but 
they determined initial positions around L and LR with zero 
initial velocities for librational motions around-5!, and LR 
in the Earth-Moon system. 4 b 

Now ^0=0, oCoo=0» and- 0-3) takes the form 

- < ^ + ^ =K =0 (19) 

where K = 9-r*+BH; + C . (20) 

and B = £ e^( Fcos-O-o — GurwTo) , ~̂  

C=eJ(ZF-f), 
A A T (21) 

no Ho 

Those values of X0, <*00 are to be determined for which the 
inequality (19) is satisfied. 

It follows from Equations (12a), (5) and (J) that 

<*- THf ~^+ *[«**..-2">l - «* "•.)" *] ) (22) 

and according to Equations (8e ), (8f) and (21) the parameters 
Band C in (20) depend on both "̂0 and ot^. Thus the solution 
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of the inequality (19 ) can be obtained only numerically. 

Figure 4. shows a solution which has been obtained by the 
following method. For a given value of o<00the values of K 
are calculated for different values of -r0 increasing and 
decreasing from zero. Then it is decided whether (19)is 
satisfied or not. The procedure is repeated for different 
values of oC00 around c^00=T/3. 

According to Equation (22) as 1̂ 1 increases •£ also increases 
and after a value of L about 0.6 the solution(£)will not be 
accurate enough. Figure 4. has been obtained by fixing the 
upper value of i as 0.5 which is valid for most of the known 
Trojan asteroids. Thus the curve on Figure 4 corresponds to 
those values of ^ and oC00for which 1=0.5. Along and inside 
this curve the inequality (19) is satisfied for every value 
of \r0. 

The region in which the small body at any point with zero 
initial velocity will have an orbit with librating peri­
helion is certanly more extended than shown on Figure 4. 
However, its accurate size can be determined only by numeri­
cal integration. 

Figure 4. A region around L. for the libration of 
the perihelion with zero initial velocity. 
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