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Abstract  Let p be a positive Radon measure on R? which satisfies u(B(z,7)) < Cr™ for any x € R?
and r > 0 and some fixed constants C > 0 and n € (0,d]. In this paper, a new characterization of
the space RBMO(u), which was introduced by Tolsa, is given. As an application, it is proved that the
LP?(u)-boundedness with p € (1,00) of Calderén—Zygmund operators is equivalent to various endpoint
estimates.
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1. Introduction

Let 41 be a positive Radon measure on R? which satisfies the following growth condition:
there exist constants C' > 0 and n € (0, d] such that, for all z € R and r > 0,

w(B(z,r)) < Cr", (1.1)

where B(xz,7) is the ball centred at some point z € R? and having radius r. The measure
@ in (1.1) may not satisfy the doubling condition which is a key assumption in the
analysis on spaces of homogeneous type. We recall that p is said to satisfy the doubling
condition if there exists some constant C' > 0 such that u(B(z,2r)) < Cu(B(z,r)) for all
r € R? and r > 0. Some important examples of non-doubling measures as in (1.1) and
the motivation for developing the analysis related to such measures can be found in [13].
Note that the analysis with non-doubling measures plays an essential role in solving the
long-standing open Painlevé problem posed by Tolsa in [12].

In recent years, there has been significant progress in the study of function spaces and
boundedness of singular integral operators associated with non-doubling measures (see
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[1,2,4-7,9-13]). A prototypical work in this area is [9]. In this remarkable work, Tolsa
found a suitable substitute for the classical BMO space in this setting, RBMO(u), which is
small enough to satisfy the properties of the classical BMO space and large enough that an
L?(u) bounded Calderén—Zygmund operator is also bounded from L (x) to RBMO(p).
It has been proved that RBMO() plays a very important role in the study of function
spaces and the boundedness of operators related to non-doubling measures [1,2,9]. We
should point out that BMO-type spaces with non-doubling measures were also considered
by Mateu et al. in [4], and by Nazarov et al. in [6]. However, the BMO-type space in [4]
cannot guarantee that an L?(u) bounded Calderén—Zygmund operator is bounded from
L*>°(u) to this space (see [13]), and the BMO-type space in [6] does not satisfy the
John—Nirenberg inequality.

The purpose of this paper is to establish a new characterization of RBMO(u). As an
application of this, we prove that the L?(u)-boundedness with p € (1, c0) for a Calderén—
Zygmund operator is equivalent to its several endpoint estimates, respectively. To state
the main result, we first recall some definitions and notation.

By a cube Q C R? we mean a closed cube whose sides are parallel to the axes and
which is centred at some point of supp p, and we denote its side length by I(Q). Let «
and By be positive constants such that 5; > a™. For a cube ), we say that Q is («, §)-
doubling if pu(aQ) < fu(Q), where a@ denotes the cube concentric with ¢ and having
side length «l(Q). In what follows, if a and 3 are not specified, by a doubling cube we
mean a (2,29"1)-doubling cube. For two cubes Q; C Qa, set

Noy .y Qle

6Q1,Q2 1+ Z 2kQ1 (1.2)

where Ng, o, is the least integer k such that 1(2Q1) > 1(Q2).
As usual, in what follows, we denote by L{. (1) the set of all locally integrable functions
with respect to the measure p. We now recall the following definition of RBMO(y) in [9].

Definition 1.1. Let p € (1,00) be fixed. A function f € L{ (u) is said to belong to

the space RBMO(p) if there exists a constant C7 > 0 such that

pQ / (@) — mg ()] dpu(z) < Cn, (1.3)

and, for any two doubling cubes Q1 C @2,
|mQ1 (f) —mQ, (f)| < CléleQQ’ (14)

where the supremum is taken over all cubes centred at some point of supp p, Q is the
smallest doubling cube of the form 2¥Q with non-negative integer k, and meg(f) is the

mean value of f on Q, namely,
1
@ e

The minimal constant Cy in (1.3) and (1.4) is defined to be the RBMO(u) norm of f
and is denoted by || f|[rBMO(u)-
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Remark 1.2. Tolsa [9] proved that the definition of RBMO(y) is independent of
choices of p, a and (4 provided that p > 1 and 83 > a™. Also, we can obtain an equivalent
definition for the space RBMO(u) by replacing cubes centred at points of supp p by all
cubes in R

Definition 1.3. Let p € (1,00) and p € (0,00). A function f € L{ (p) is said to

belong to the space RBMO? (1) if there exist a constant C > 0 and a collection of
numbers {fo} (i.e. for each cube @, there exists a number fg) such that

1
w(pQ)

sup s [ 17(2) = fol? du(x) < (15)
Q Q

and

|fo — fr| < C26q R (1.6)
The minimal constant C in (1.5) and (1.6) is defined to be the RBMO? (1) norm of f
and is denoted by || f|[rmop()-

The main result in this paper is the following new characterization of RBMO(p).

Theorem 1.4. Let p € (1,00) and p € (0,00). The spaces RBMO? (1) and RBMO(p)
coincide and their norms are equivalent.

Note that if p is the d-dimensional Lebesgue measure, then Theorem 1.4 is [8, Corollary,
p. 517]. Moreover, a version of Theorem 1.4 with respect to doubling measures was
established by Long and Yang in [3].

Remark 1.5. The essential new part of Theorem 1.4 is the case p € (0,1). The case
p € [1,00) of Theorem 1.4 is trivial by the Holder inequality and the John—Nirenberg
inequality for the space RBMO(u), which was established in [9].

To give an application of Theorem 1.4, we first recall the definition of the Hardy space
with the measure satisfying (1.1), which was introduced by Tolsa in [9] (see also [11]).

Definition 1.6. Let p € (1,00). A function b € L{ (u) is said to be an H'(u)-atomic
block if

(i) there exists some cube R such that suppb C R,

(ii) [ga b(x)dp(z) =0,
(iii) there are functions a; supported on cubes ; C R and numbers A; € R such that
o0
b=> 1 Aja; and
lajll Loy < (1(pQ5)8q,,m) "

Set

oo

|b‘H;t‘E°(u) = Z Az

Jj=1
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For a function f € L'(u), we say that f € Halt’ﬁo(u) if there are H'!(u)-atomic blocks
{b;}32; such that

F=>0;
j=1
with 3777 |bj‘H1£E°(N) < 00. The H2° (1) norm of f is defined by

g = | 3 Bl
j=1

where the infimum is taken over all the possible decompositions of f as above.

Remark 1.7. Tolsa [9, Proposition 4.1] states that the definition of H, ;{Eo (p) is inde-
pendent of the choice of p > 1.

Let K be a locally integrable function on R? x R?\ {x = y} which has the property
that, for all 2,y € R? with x # v,

|K(z,y)| < Clz —y|™", (1.7)

and, for all ,y,y € R? with |z —y| > 2|y — ¢/| and = # v,

_J
K (2,y) — K(z,y')] + |K(y,2) — K(y/,2)| < 0=

X W? (18)

where v € (0,1] and C' > 0 are two constants independent of x, y and y’. Define the
Calderon—Zygmund operator, T, formally by

Tf)= | K(z,y)f(y)duy). (1.9)
R
This integral may not be convergent for many functions. Thus, we consider the truncated
operators T, for € > 0 defined by

= [ K@, (1.10

For p € (1,00), we say that the operator T is bounded on LP(u) if T, is bounded on
LP(u) with its bound independent of e. The boundedness of T from H.° (1) to L' (u),
and from L*(u) to RBMO(u), is defined similarly. Also, we say that an operator T is
of restricted weak type (H;t’go (w), L*(p)) if there is a constant C' > 0 such that, for any
e >0, A >0 and any H'(u)-atomic block b,

p({x € RY: |Tob(z)| > A\}) < CXNHbl g0 -

Tolsa [10] established the Calderén-Zygmund decomposition and proved that if K sat-
isfies (1.7) and (1.8), and 7T is bounded on L?(y), then T is also bounded from L*(p) to
weak L'(p), and from LP(u) to itself for any p € (1, 00). Using some results on RBMO (1)
and H);>°(u), Tolsa proved the following result (see [9, Theorem 8.1]).
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Theorem 1.8. For p € (1,00), let K satisty (1.7) and (1.8), and let T be the corre-
sponding Calderén—Zygmund operator. The following properties are equivalent:

(1) there is a constant C' > 0 such that, for any € > 0, cube ) and bounded function
f with supp f C Q,

1
5 /Q T2 £ ()| dpa(r) < Cll Il

(2) T is bounded from L*(u) to RBMO(u);

(3) T is bounded from H. ;> (1) to L' (1);

(4) T is bounded on L” () for any p € (1, 00).
Invoking Theorem 1.4, we improve Theorem 1.8, giving the following result.

Theorem 1.9. Let p € (1,00), let K satisty (1.7) and (1.8), and let T be the corre-
sponding Calderén—Zygmund operator. The following properties are equivalent:

(i) T is of restricted weak type (H % (1), L' (1));

(ii) for certain v > 0, there is a constant C' > 0 such that, for any ¢ > 0, A > 0, cube
Q and bounded function f with supp f C Q,

n{z € @ [Tef(z)] > A}) < CATu(pQ) 1 F 7o (1)

(iii) for certain o € (0,1), there is a constant C > 0 such that, for any € > 0 and any
bounded function f with supp f C @Q,

1
w(pQ)

/Q T @) du() < Ol |G

(iv) T is bounded from L>°(u) to RBMO(u);
(v) T is bounded on LP(u) for any p € (1, 00).

We remark that (ii) and (iii) of Theorem 1.9 are essentially equivalent. Obviously, (i)
and (iii) of Theorem 1.9 are much weaker than (3) and (1) of Theorem 1.8, respectively.
Moreover, the equivalence between (i) and (v) of Theorem 1.9 is not explicitly implied
by Theorem 1.8. In the proof of Theorem 1.9, the essential part is that (iii) implies (iv),
in which Theorem 1.4 plays a key role.

From Theorem 1.9, we can, furthermore, deduce the following result.

Corollary 1.10. Let K satisfy (1.7) and (1.8), let T' be the corresponding Calderén—
Zygmund operator and let ¢ be a Young function such that, for any t1,ty > 0,

D(t1tz) < CP(t1)D(t2),
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> 71
/ @()t“ldt < o0.
1 t

If there is a constant C' > 0 such that, for any € > 0, A > 0 and bounded function f with
compact support,

and, for certain o € (0,1),

| /(@)
u({z € RO [Tof(2)] > A}) < c/Rd@( : )du<m>,

then T is also bounded on L?(u) for any p € (1,00).

If we take @(t) = tlog” (2 + ¢t) for ¢ > 0 and certain v > 1, Corollary 1.10 with this &
then indicates that if T is of weak type (Llog” L(u), L*(p1)), then T is also bounded on
LP?(u) for p € (1,00). This cannot be deduced immediately from Theorem 1.8.

Throughout this paper, C denotes a positive constant that is independent of the main
parameters involved but whose value may differ from line to line. Constants with sub-
scripts, such as C1, retain their value at different occurrences. f ~ g means that the
ratio f/g is upper bounded and lower bounded away from zero by constants that do not
depend on the relevant variables in f and g. f < g is similar. For a g-measurable set E,
x e denotes the characteristic function of F.

2. Proof of Theorem 1.4

We begin with some preliminary results.

Lemma 2.1. Letp € (0,1) and 1 < p; < pz < oo. Then RBMO? (1) and RBMO?_ (1)
coincide and their norms are equivalent.

Proof. It suffices to verify that

IfleBymoz, () < [[fllrBMOE, (1) S If IREMOED, (1)-

The first inequality is obvious, so we prove only the second one, which will be deduced
from the argument used in the proof of [9, Lemma 2.6]. Let f € RBMOY (u). For each
fixed cube @ and x € Q N supppy, let Q. be a cube centred at z with side length

H(Q)(p1 — 1)/(10p2). Then I(p2Qx) = U(Q)(p1 — 1)/10 and so p2Qz C p1Q. Applying
the Besicovich covering lemma, we see that there exists a family of points {xj}j»v:l,
xj € (Q Nsupp p), such that

(a) the {Qq, j»vzl are almost disjoint;
(b) (@ Nsuppp) C U; Qu; -
Observe that @, and @ have comparable side length and
[fq., — fol <|fa., = foal +1fne — fel
S IfllrBmoz, (1) (9Q., 1@ + 0Q.01@)

< I lremos, -
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It then follows that

W@ = ol an@ < [ 150)~ fau, I dn@) + @, ~ Sl

zj Qa:j

< p
~ N(pZQIj)”f”RBMog2 (n)°

Summing the last inequality over all j then yields

N
<> #p2Qa) flRmyon,

S Nu(mQ) Hf”%BMng (1)’

where, in the last inequality, we have invoked the fact that paQ., C p1Q. Since N is a
fixed positive integer depending only on p1, p2 and d (see [9, p. 99]), the desired result
then follows from the last estimate directly. O

Lemma 2.2. Let p € (1,00) and p € (0,00). Suppose that f € RBMO} (1) and let
{fo} be a collection of numbers satisfying (1.5) and (1.6). For each positive integer m,

set

f(x) if [f(z)] < m,

Tn@ =9 f@)

mm if | f(z)| > m,
and

fo if [fol < m,

Jma = mf—Q if | fo| > m.
|fal

Then

1
p s /Q )~ Fm.l” die) < 31 o

and, for any two cubes @ C R,

|fm,Q - fm,R' < 35Q’R||f||RBMOg('u).

This lemma can be proved by a straightforward computation. We omit the details for
brevity.
The following result is [9, Lemma 2.7].

Lemma 2.3. Let p € (1,00). Then RBMO(u) and RBMO;(M) coincide and their

norms are equivalent.
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Proof of Theorem 1.4. Note that by the John—Nirenberg inequality established by
Tolsa [9], for any p € (0,00) and p € (1,00), RBMO(u) C RBMO? (1) and, by the Holder
inequality, for p € [1,00), RBMO?S (1) € RBMO(x). Thus, we need to prove only that,
for each fixed p € (1,00), p € (0,1) and any f € RBMO?(u),

[flrBMoqy S [1flRBMOE(1)-

By Lemmas 2.1 and 2.3, it suffices to prove that if f and a collection of numbers {fg}
satisfy the estimate (1.5) with p = % and the estimate (1.6), then

1
5y L 170~ Fal dn(@) £ v, (2.1)

For a fixed f € RBMOZ/3 (1) and a cube Q, let B be a positive constant to be deter-
mined later. As in [9, p. 108], applying the Besicovich covering lemma, we have

{z € Q:1f(2) = fal > Bl flnsmoz,mm} < U@y (22)

where {Q,} is a sequence of cubes with almost disjoint interiors, Q; C %Q, 0(Q;) <
%Z(Q), and @Q; is a maximal doubling cube which satisfies

1
W@y 1) Fal @) > B Iiaon,

Therefore,

ST @) < ! S [ @) - fol? dula)
. Q

p
B Trsior, o 2 Jo,
1

~

/ 1F(@) — folP du(x)
3Q/2

B Tpnior, o
1

[ 10 - ol duta)
3Q/2

3Q/2
+ Br 'u(p /2) |fQ_f3Q/2|p
1 Rerior, 0

p
CT [

C
Bfi’,u@Q)-

We now choose B large enough such that C329+1/BP < % It follows that

320, < 4u2Q) (2.3)

N

Now we claim that, for each fixed j,

[fo = fa;| S IfllrBnmoz - (2.4)

To prove this, we consider the following three cases.
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Case 1 (l(2fé/g) < 107'(Q)). From the choice of Q;, it follows that

1
—= [/ (x) = fol? du(z) < Bpr”ZP){BMOi’

1(2Q;) J2q; ()’

Observing that

\fo; = fsa,] < |fa; = f2q,1 + fo; — f5g,|
<

5Qj,2Qj ”fHRBMOi/S(u) + 52Qj,2’@’j ”f”RBMOZ/S(Hy

we then have

[fo; = fsa,| S IfllrBroz - (2.5)
Thus,
P 1 » 1 »
o= fo < e /5 0 = Jol aute) + o [ 11(0) Sl )
S Bpr”%BMog/g(H) +|fq; — fg@ﬂp + ,11(216]) /5; |f(z) — f25j|p du(z)
S B Irmmos, -

Case 2 (1071(Q) < 1(2Q;) < 10I(Q)). By (2.5) and the fact that 2Q; and Q
have comparable side length, we know that

|fQ - fle < ‘f@j - f26]‘ + |f2AQ/J - fQ' 5 HfHRBMOZ/S([L)'

Case 3 (l(2/6\2/]) > 101(Q)). Let m be a positive integer such that @Q C 2™Q); and
Q) ~1(2™mQ;) < 1(2Q;). Write

[fo = fa,| <Ifq; — 20,1 + faq, — famq,| + S = famayl-
Note that 2"Q; C 222/] It follows that
[f20; = fama,| < 020,27, [ fllrBMOE (1) < b2g, 30, I FIlRBMO? (1) S [IfIRBMOZ 4 (1)

On the other hand, the fact that @ C 2™Q; and I(Q) ~ [(2™Q;) tells us that 6g omq, S 1
and that

[f@ = famas| < I fllRBMOE 4 (100205 S I fIlRBMOZ 4 (1)
which gives the desired estimate (2.4) in this case.

We can now conclude the proof of Theorem 1.4. Set

1
D—swp—is / F(@) — il dua),
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where the supremum is taken over all cubes I C RY. The estimates (2.3) and (2.4) state

that
el / 17() ~ fal dn(z)
el /Q\U_ _If() folute) + s 3 [ 17(0) = fol duto
< Bl o 0+ 37 3 1@lfe - mHQQZ/ ~ fo,ldn(a)
< Ol fllmmnios, 0 }j;t 2,)

where C' > 0 is independent of @ and f. This in turn implies that, for all f € L>(u),

D < [[fllrBymoz,, (u)-

For a general f € RBMO4/3( w), letting f,, and fn, @ be as in Lemma 2.2, we then have
fm € L% () and so, for any cube @,

T) — fm,Q|dM($) S HmeRBMOi/B(,u) S HfHRBMOi/a(,u)-

Since )

tin_ o [ V@) = fmol due /f ~ foldu(a),

Jim gy | 1n@) ~ fualant) = o | 116) ~ Salaute)
we see that the inequality (2.1) holds for any f € RBMOY /3( 1), which completes the
proof of Theorem 1.4. O

3. Proof of Theorem 1.9

To prove Theorem 1.9, we need the following lemma.

Lemma 3.1. Let K satisfy (1.7) and (1.8), let T, be defined by (1.10) and let o € (0,1).
If Theorem 1.9 (iii) with p = % is true, then, for any ¢ > 0 and any bounded function f
with compact support, |T. f|° € RBMO(u) and

7= £17 lrBMmo () < ClFII T () (3.1)
with C' > 0 independent of f and ¢.

Proof. By homogeneity, we may assume that || f|| () = 1. Set

hq.o = mq(IT-(fxra\g/3)|7)-

By Lemma 2.3, we see that the proof of (3.1) can be reduced to proving that

11(2162)/53 T.f(2)|° — ho.o|du(z) 1 (3.2)
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and, for any two cubes @ and R with Q C R,
hq.o = hrol S 00,k (3.3)

We first prove (3.2). For a fixed cube @ and bounded function f with compact support
and || f|[zee(u) = 1, decompose f as

f(@) = f(@)xaq/3(x) + f(@)xra\aq/3(®) = fi(z) + fa(z).
Write

f! € d,Uz X
1& — ] X g x _|_ ; 1 2(T - (] x

1 . L e )
<M(2Q)/Q|Tsf1(m)| dﬂ(x)JrM(QQ)/QHTEfQ( )T = ho.o| du().

Our hypothesis now states that
1

1 o 1 e N
M(2Q)/Q|Tef1($)| du(z) < ) AQ/S . f1 ()] du(z) S 1.

On the other hand, for any z,y € @, a trivial computation gives

Tz fo(@)|7 = T fo(w)I7] < |Tefo(@) = T fa(y)I”

{ [ D = K}

<1

Thus, for any = € Q,

T2 o)l — hool = u(lQ)\ /Q (T fa)|” — T2 fola)]7) du(y)' <1,

which in turn leads to
),
— T. f2(2)|” — hg,o|du(z) S 1.
550) L T2~ bl auta)

Inequality (3.2) then holds.
Now we turn our attention to the estimate (3.3). For two cubes Q and R with Q C R,
we denote Ng r + 1 simply by N. Write

‘hQ,G - hR,a|
< mo(IT:(fxravag3)|”) — m(T(fxra\2v@)])]
+ mQ(Te(fxravono)|7) — mr(|Te(fxrav2vo)|7)]
+ Imr(|Te(fxravar/3)|7) = me(|T:(fXra2nQ)|7)]
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<mQ(ITo(fxavguagys)l”) + Imo (T (fxravan@)7) — me(|T:(fxra\2vg)|7)]
+mr(|T:(fxavo\ary3)|)
=I1+J+H.

The estimate for H is easy. In fact, by (1.1), we see that, for each fixed y € R,

N
IT-(fxanvrary3) )] S /fl((QR)?L) <1,

which implies that H < 1.
Recall that Ng g is the least integer k£ such that 28Q O R. A trivial computation
involving the regularity condition (1.8) proves that, for any z € @ and y € R,

IT=(Fxranen @) ()7 = [Te(fxravav @) (W)|7] < |Te(Fxravon @) (2) — Te(fxma2v @) (W)|°

<{ [ K2 K2l )

<1

Using this result, and the fact that

|mQ(|Ta(fXRd\2NQ)| ) = mr(|Te(fxra\2vo)|7)]
/ / T (Fxinav @) (2)]° — T (Fxinan @) (®)|°] dpa(z) duly).

<

u(Q

gives the desired estimate for J, namely, J < 1.
Finally, we can verify that, for any = € Q,

1
T. S [P
IT=(fxavQuaq/s) (@)l S /ZNQ\QN_lQ |z — 2|

1 1
+ / L du(e) + / L du(z)
aN-10\20 [T — 2|" 20\1Q/3 |T — 2|

dp(z)

p2¥Q) N~ p(2MQ) 1(2Q)
S Tevor 2 e T e
S 0Q.R:
and so
1560 r S0Q.Rs
since o € (0,1) and dg g > 1. This finishes the proof of Lemma 3.1. O

Proof of Theorem 1.9. By [9, Theorem 8.1 and Theorem 7.2], we know that (iv) =
(v) and (v) = (i). Thus, we need only prove that (i) = (ii) = (iii) = (iv).
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(i) = (ii). We will prove that if (i) is true, then (ii) holds for » = 1. Without loss
of generality, we may assume that p = 2 in (ii). Let Q C R¢ be a cube and let a be a
bounded function supported on Q). We employ the idea used in [9, p. 137] and consider
the following two cases.

Case 1 (1(Q) < diam(supp u)/20). Let xop € suppu be a point in R?\ (5Q)°
which is closest to @, where (5Q)° is the interior of 5Q. Set dy = dist(x, Q). We assume
that zo is a point such that some cube with side length 2=%dy, k > 2, and centred at
xo is doubling. Otherwise, we take yo € supp p N B(xg,(Q)/100), which satisfies this
condition, and then interchange xg and yg. Denote by R the cube concentric with @ with
side length max{10dp,1(Q)}. Tt is easy to verify that gz < 1. Let Qo be the biggest
doubling cube centred at xy with side length 2= %dy, k > 2. Then Qo C R, 000,r S 1 and

dist(Qo, Q) = 1(Q). Set
b(y) = aly) + Cqoxq. (¥)

with Cg, = —[1(Qo)] ™" [za a(y) du(y). It is easy to verify that, for z € Q,

17:(Canxa))@) £ Caul et 2oz < Clal= (o

If X < 2C4||al[ oo (), it is obvious that
p({z € Q: [Tea(@)] > A}) S n(Q)A™ lall L= -

Thus, we may assume that A > 2C4||a|| o (,). Observe that b is an H'(u)-atomic block
and

101,00 ) < 0@, Rllal Low ) 1(2Q) + 00, RICQ [1(2Q0) S lla]| Loy (2Q) + llall L),

atb

since Qo is doubling and |Cq,|p(Qo) = ||lal[z1(y). It follows that
p({z € Q:|Tea(w)] > A}) < p({z € Q : |Tb(w)| > A/2})

<
SAT bl
N

A Hlall pos (1 (2Q).

Case 2 (I(Q) > diam(supp p)/20). Since @ is centred at some point of supp y,
we may assume that {(Q) < 4 diam(supp ). Then @ Nsupp o can be covered by a finite
number of cubes {Q,;};, centred at some points in supp p with side length {(Q)/200
and satisfies 4Q); C 2@Q. The number of such cubes {Q,}, is less than a fixed positive
integer N depending only on d. Set

() = XQJ(SU) alz
G = = @
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and write

Mz

p{z € Q: |Tea(x)| > A}) < ) p({w € Q: |Tea;(z)| > A/N})

<.
Il
—

Mz

p({z € Q\2Q; : |Tea;(z)| > A/N})

<.
Il
—

N
£ ul{r €20, ¢ [Teay(@)] > AN},
j=1
Note that, for any = ¢ 20Q);,

|Teaj(x)| < llall Loe gy (Q)IQ)NI™ < llall Loe (-

This, together with (1.1), leads to

u({ € Q\2Q; : [Tea;(@)] > A/N}) < NA~? /Q g, @ t2)
S NI u(@)llall Lo -
On the other hand, by the conclusion in Case 1, we have
u({r € 2Q; : |Tea;(2)] > AN} < A lall o u(4Q5).
Finally, in this case we obtain
p({z € Q+ [Tea(@)] > A}) £ A7 0(2Q)l|all o -
(i) = (iii). Assume that (ii) is true. Choose ¢ € (0, min{1,v}). If f is a bounded

function with support contained in a cube @, a trivial computation gives that

1 £z oo ()
/ T f (@) dp() = o / p({z € Q: T f(@)] > APATdA
—l—o/loo p{z € Q: |T.f(x)] > AHAHdA

Fllizoo ()
oo

S QIS NGy + 1N /| R
Lo (p)
1(P@) AN Zoe ()

(ili) => (iv). For simplicity, assume that (iii) is true with p = 2. Now our goal is to
prove that, for any € > 0 and bounded function f with compact support,

1T fllremo) S Iz (u)-
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For each fixed € > 0 and bounded function f with compact support, Lemma 3.1 tells us
that |7, f| € RBMO(u), where o € (0,1). By the John—Nirenberg inequality, we know
that 7. f is locally u-integrable. For each fixed cube Q C R?, set

hq = mQ(Te(fXRd\4Q/3))~
Repeating the argument used in the proof of Lemma 3.1, we can prove that, for any two
cubes @ and R with Q C R,

lhq = hrl < 6q,rlIf1lLe (1)

On the other hand, as in the proof of Lemma 3.1, a straightforward computation proves
that, for any cube @,
1 /
IT: f(x) — hol” du(x) S FII7e ()
n2Q) Jo ' ° < b=

This leads, via Theorem 1.4, to

1T fllrBMmo(w) S I1fllzee ()
which completes the proof of Theorem 1.9. g

Proof of Corollary 1.10. By Theorem 1.9, it suffices to prove that condition (iii)
in Theorem 1.9 is true. Let @ be a fixed cube and f be a bounded function with
| fllo(uy = 1 and support contained in some cube Q. A trivial computation proves that,
for any o € (0,1),

1
/ T2 £(2)|° du(z) = o / N U({z € Q: [Tof(x)] > A}) da
Q 0
4 0/1 Nz € Q1 T f(2)] > A}) dA

Su@+{ [T xeamarl /Q &(1f(@)]) du()

1
S @),
and the desired estimate holds. O

We end this section with the following remark.

Remark 3.2. By the same argument as above, it is easy to check that the conclusion
of Theorem 1.9 is still true if we replace (1.8) by the following Hormander condition: for
all y,y’ € R,

o ) = Ky + K ()~ K2 dp) S 1

We omit the details for brevity.
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