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ON A SYSTEM OF
NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS

A. SANIH BONFOH

We consider a generalised Cahn-Hilliard system with elasticity based on constitutives
laws proposed by Gurtin, with a logarithmic free energy. We obtain some results on
the existence and uniqueness of solutions.

1. INTRODUCTION

The Cahn-Hilliard equation is central to materials science. It is a conservation
law (in the sense that the average of the order parameter is conserved) and describes
very important qualitative features of two-phase systems, namely the transport of atoms
between unit cells (see [3, 4] and the references therein). Some generalisations of this
equation have been introduced by Gurtin in (5], which are based on constitutive equations
that take into account the work of the internal microforces, the anisotropy and also the
deformations of the material, which are essentially due to the displacement of atoms
in the material. These derivations are based on belief that fundamental physical laws
involving energy should account for the work associated with each kinematical process
(the order parameter in our case). Assuming that the deformations are infinitesimal and
that the displacement gradient is small, we can thus use the theory of linear elasticity.
In this paper, we consider a model of these generalisations which have been derived in
(7] and study the existence and uniqueness of solutions.

We set 2 = ﬁ]O,L,-[, L;>0,i=1,...,n,n =2 or 3, and consider the following

i=1

system:
dp op .
i a.V 5 div(BVy),
p—~bVu=—alp+ f(p) + ,B% - -;—TR(C[VU +'Vu]) + e TR(CI) (0 — Bo),
2
(1.1) ’y% - %div(C[Vu + tVu]) + ediv(p CI) = 0,

ou

P|t=0 = Po, U|t=0 = Uo, 'a-z|¢=0 =up,

p and u are §— periodic;
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where o, 8,7,e > 0, po is a constant, ¢,b € R", B is a symmetric positive definite tensor
with constant coefficients (B is called the mobility tensor), C is the elasticity tensor with
constant coefficients (we assume that it is a symmetric positive linear transformation
which maps symmetric tensors onto symmetric tensors), g is the chemical potential, p
is the order parameter (corresponding to a density of atoms) and wu is the displacement
field. If y is a motion of €2, then y is a field that associates with each material point
and time ¢ a point y(z,t) = = + u(z,t). TR(A) and 'A are the trace and the transpose
of A respectively. The free energy f :[—1,1] — R is given by:

(1.2) f(s)——(l—s2)+ [(1+s)1n( +3)+(1-s)1n(1"3)], s€]-1,1],
f(-1) = f(1)
with 0 <8 < 1.

For the mathematical setting of the problem, we denote by |.|| and (.,.) the usual
norm and scalar product in L?(Q) (which are extended to L?(f2)"). For each p € L!(f),

m(p) stands for the average of p, that is, m(p) = (1/|Q|) / p(z)dz (for a vector
Q

u = (uy,...,u,) € L}N)", we have m(u) = (m(ul),...,m(u,.)) € R"). For a space
X, we denote by X the space {q € X, m(q) = 0}, and by X' the dual space of X. We
define by N = —divBV a linear, self-adjoint, strictly positive operator with compact
inverse N~! on HZ,(Q). We set Qr =Qx]0,T[ and § = ¢ — m(q). We endow (H;e,(Q))'

with the norm ||.||-; defined by [[l|-1 = IN~/%g||, Vg € (HX(Q))". Furthermore, there
exist ¢y, c; > 0 such that ||g]j-1 < aillgll < c2||Vqll, Vg € H}(Q). We finally note that

N and — 4 , and thus N"! and —, ¢ =1,...,n, commute.
oz;’ Oz;
We mtroduce a weak formulatlon of the problem:
Find

(P, u, u) [0 T] - per(Q) x per(Q) X per(Q)n

such that p(0) = po, u(0) = uo, E(O) = u,, and for almost everywhere ¢t € [0,T], VT > 0,
(2,9) + (2.0.94) = (N2, NV2%), Vg € Hi(0);
ot’ o’ per
(1.9) + (1.6.99) = (V. V) + ((6),0) + B(32,0) - £ (TR(CIVu +Vui) )
(1.4) +e> TR(CI)(p — Po,q), Vg € Hper();

(1.3)

8%u 1 ‘ 1
(1.5) 7(——— ) +5(C(Vu+ V), V) = e(p(CI), V) = 0, Vn € Hlu()™;

atz ’ 77 per

noting that .V and 4.V are antisymmetric on H,.(f), that is, (¢.Vp,q) = —(p, a.Vy),
Vp,q € H}.(Q). We take ¢ = 1 in (1.3) and observe that the average of p is conserved:

(1.6) m(p(t)) = m(p), Vt > 0.
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We now take ¢ = 1 in (1.4) and obtain
(1.7) m() = m(f'()) + 2 TR(CL)(m(p) — /o).

Setting ¢ = N~ in (1.3), we get u = —N‘lg + a.VN‘I% + m(u); and substituting

in (1.4) by standard computations and noting that

= div((a'b + ba) /2N 19 2,

b.V(a.VN‘1 9p 5

ot

we can reformulate problem (1.3)-(1.5) as follows
We first look for (p,u) : [0, T] = HL(Q) x H], (Q)" such that

[(N 7,4) + (BVNT'5,Vq) + (N7'3,d.Vq)] + a(Vp, V)
(1-8> ~ £(TR(CIVu +'Vul),q) +€* TR(C(p — 70,D) + (£ (), D) = O,
Vg € Hp (90);
’Y(gztz ,77) + - (C(Vu+tVu) Vn) - e(p(CI) V"I) =0, Vne H;er(Q)n§

and then set

% +a VN2 1 m(£(9)) + ¢ TR(CI) (m(p) - &)

where d = a+b and B = B — (ab+ b'a)/2. We proved in [2] that B is a positive tensor,
thanks to thermodynamical considerations:

(1.9) p=—-N"1

Bz’ +dyz+ By.y > 0,Vz € R,Vy € R"

(see [5]).
Throughout this paper, the same letter ¢ (and sometimes ¢;, ¢ = 0,1,2,...) shall
denote positive constants that may change from line to line.

2. A REGULARISED PROBLEM
We denote by 1 and ¢ the functions

(2.1) ¢(s)=-§-[(1+s)ln(1;3)+(1—s)ln(1;s)],

and ¢(s) = 9¥'(s), for s €] — 1,1 We then have f(s) = (1 — s?)/2 + 9(s) and
f'(s) = —s + &(s).

The major difficulty in the study of problem (1.3)-(1.5) is that ¢(s) is singular at
s = %1 and, therefore, has no meaning if p = %1 in an open set of non-zero mea-
sure. To overcome this difficulty, we consider a regularised problem as in [1]. The
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logarithmic free energy f(p) is replaced by the twice continuously differentiable function
fe(s) = (1 — s%)/2 + ¢e(s), where € €]0,1[, and

g(l—s)ln[l;—s] +4%(1+s)2+g(1+s)1n[§] —-0—45 s —1+e¢,
(2.2) we(s) = { () sl < 1—¢,

0 1+s 6 . 0 €1 6e

5(1+s)ln[ 5 ] Zg(l—s) +§(1—3)1n[§ vy szl—e.

The monotone function ¢, = . has the following properties (see [1]),

(23)  FU = 5) < Llr) = uls) + 50 =), vrs
1 O(r — 5)2 < (@e(r) — ¢(s))(r — 3), Yr s,
GH vesy {5(¢s<r) .)€ (Bl) = 8 (r = 5), Vs

for € sufficiently small, for example, if £ < g9 = /8, then

(2.5) fe(s) = g([s 12 +[-1-s2)—12> -1 Vs,

where [.]; = max{.,0}.
We now study the corresponding regularised problem:
Find (p;, pte, ue) : [0, T] — per(Q) x Hl (2 )nger(Q)", such that p.(0) = pg, u:(0) = uy,

3aute (0) = uy, and for almost everywhere t € [0,T], VT > 0,
d = a1 e
(NP, 0) + (BVNT'2,, V) + (N7'7,,d.Vq)] + «(Vpe, V)
[ ~
(2.6) - §(TR(C[Vu5 +Vu]), a) + € TR(CI)(pe — 7, 7)

+ (fel(pe))a) =0, Vg€ H;er(Q)
62u5 1 t n,
(2.7 ’Y(W,Tl) + 5(C(Vue +Vu), V) — e(pe(CI), V) =0, Vn € H ()™

and

(28)  pe=-N"2 4 e YN L m(11(0)) + ETRIC) (m(e) — ).

LEMMA 2.1. We assume that (po, uo,u1) € Hlor () x Hl ()" x L2(Q)", with
[Pollzeo() < 1, and that |m Po | 1-4, 6 €]0,1]. Then, for all ¢, there exists a unique
trio of functions (p., pe, u.) solution of (2.6)-(2.8) such that

p € L™(0,T; H} . (92)) N L*(0,T; H2, () NC([0, T); L*(Q)), pe € L*(0, T Hyer (V)

per per

and

€ L2(0, T; Hye ()") N C([0, T); L2()),

https://doi.org/10.1017/50004972700038442 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038442

(5] Partial differential equations 439

with 9pe € L*(Qr) and Oue € L=(0,T;L*(Q)"). Furthermore, we obtain uniform

estimates with respect to £, when € < €, for a sufficiently small ;.

PROOF: (i) Existence. For a fixed ¢, the existence of solution (p, p.) of (2.6)-(2.7)

follows from standard arguments using Galerkin approximations and then passing to the

C op: .
limit. In order to derive a priori estimates, we formally take g = 2% in (2.6). We note

that o
(d.VN"'q,q) =0, (—div(BVN"Yq),q) = | BY2VBY2UNq|?, vq € L*(Q).

Furthermore, the mapping g — ||BY2VBY2VN-1q|| defines a norm in L?(Q) that is
equivalent to the usual L?(Q)—norm (see [2]). Therefore,

29) 34 (auweu? + ATRCDIad +2 [ 160 dx)

> - aPe 3/’5 € ap
/20 R1/2 1 _t t 9P\ _ (.

+||Brrv BN | | 22| - 2 (TRIC(Vu + V)], o2) = o;
and then

d 2 2 2 ) € 2
@10)  Z( Vol + S TRODI +2 [ felp) dz) + | Fe < calTul®
We now take n = u, in (2.7) and obtain
(2.11) 7(@ u ) + 2(C(Vue +'Vu,), Vi) = e(pe(CT), V).

at2 y Ye 2 & (FB] € € }) €

We have (C(Vu, +'Vu,), Vi) = (C(Vu +Vu,), Vu, +tVu,) /2 and thanks to Korn’s
inequality, there exists a positive constant ¢q such that

(2.12) (C(Vue +'Vu,), Vue) > ool Vue||%

and therefore

d (u,

(2.13) 12 (G ) +allVul? < "+l

p— ue 3

Bt

Ou, (|2 4t Ou, Ou,
(2.14) . dt” C(Vus Vu,), VE) = (pe(CI) v )
We have

(C(Vu +1v,), v ) l(C(vu + V) v-a—“i+'vi9l‘£)

(-3 € 2 (3 (U] at

(2.15) = %g-(C(VuE+ Vu,), Vu, + 'Vu,);
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and

(2.16) (pe(CI) v

Therefore,

Ou,

i) _ 4,00, u) - (D22, v

e &%

+ %(C(Vue + 'Vu,), Vu, + 'Vu,) — 2¢(p:(CI), Vug))
” Ope ||2

+ ()| Ve |,

for any positive real 7. _
We now add (2.10) and (2.17) with a proper 7, and obtain an estimate of the form

dE,

dp.
(2.18) i 1” 2ol < call Vel

where,

|50

1
(2.19) Ey(t) =~ + E(C(Vue +'Vu,), Vu, + 'Vu,)

— 2¢(pe(C), Vue) + | Vel + € TR(C) | eI2 + 2 / folpe) do
[

We now combine 4(2.13), 0(2.18) and (2.10), (8, ¢ > 0) and then obtain

dFE. Ou.
Opc * e ||* npen*’),

ot

(2.20)

@ vl

+ el Vuell? < e (||Vu5||2 +[|5

where,

(2.21) Ey(t) = 75(%,%) + %(C(Vue + V), Vue + Vi)

(PE(CI)a Vue) + afo + 1)||Vpsl|2

+ETROD( + Dilad? + 20 +1) [ fulpo)ds
We first fix o such that
(2.22) %(C(Vue +tVue), Vu, + *Vu,) — 2e0(p:(Cl), Vu,)
+e* TR(Clpell* > e (| Vuell® + llpell?),

where c¢; > 0; and we then fix 4 such that

Ou, |12
ot

(2.23) 'ya” + %(C(Vus + ‘Vu), Vu, + *Vu,) + ’76(6 )

ot’
(|2

+ nweu?),
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where ¢, > 0. Estimates (2.22) and (2.23) come from the fact that, using Poincaré and
Young inequalities, we have

2
~(pe(CD), Vi) > —11/2lel* =~ 1/2n|| Vu,

|

for any strictly positive reals 7; and 7.
Thanks to (2.21), (2.22) and (2.23), together with Poincaré’s inequality, there exists
ct and ¢, such that

(224) B >a (||a;t ’

We finally obtain from (2.20) an inequality of the form
dE. 2 “ ape
a9

Using Gronwall’s lemma and noting that f.(po) < f(po) for € < €y, o sufficiently small,
we deduce the following estimates:

?

and

= 1/27)|Vue|?,

+ ol + il e + [ flp)d2) = o

(225) "2 + 62”‘1115”2;};“(9)" S C3E2 + 4.

Ope
(2.26) esssup oo + | F 1 oy <
(2.27) ess sup/([Pe —12 +[-1-p]3)dz < ce
te(0,T)
(2.28) e‘sssup“ a5t “ +esssup Huellm (@ SG
€[0,T]

where ¢ is independent of €. The existence of p, and u, are deduced from (2.26) and
(2.28) using classical compactness results (see for instance [6] or [8]). The existence of
. is deduced from (2.8).

We further obtain some uniform estimates in £, for € < &, & sufficiently small. We

note that
o2 <2, <42
and 2 3
—19P¢ Pe
< el =X
HV( w2 <l %
and therefore 9
IVl < of| 2
and thanks to Poincaré’s inequality and the regularised counterparts of (1.6) and (1.7),
we obtain
2
(2:29) llsellzao,7. ., ) € 1 + ”m fe(pe)) lm(nr))
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We now want to prove that "m( Fip)

2(c1p) is bounded independently of €.
T
We formally take ¢ = 7, in the regularised counterpart of (1.4), and obtain

(230) allVpdl + (F2(pe). 7o) = (e = b.Te - B2 + STR(CITu, + V]

ot
—€ TR(CI)(pE - 50))?5)

Noting that

(£1pe)sPe) = (£2(Pe)s e = X) + (£2(pe)s A = m(pe)), VA ER,
and using (2.3), it follows that
(2'31) (fel(ps)v A= m(Pe)) < (fs(’\) - fe(pz)’ 1) + l"pe - )‘"2 + Cl“Vps"2

a
+ eIl + 1l + 19l + 22

)nwen-

)ive].
J1osre];

Choosing A = %1 and using (2.5) and the assumptions on gy, we deduce

! a (-4
(232) 810 |m(fi(p))| < c[l + IVl + (nweu + Vel + || 52

and, therefore,

233) ||| < c[1 +1Vadll* + (umn? +Ivu? + |22

hence

(2.34) ||m fi(pe))

L ar) .
Taking now g = ¢.(p:) — m(@e(pe)) in the regularised counterpart of (1.4), we obtain
(2.35) a(¢'€(ps)Vpe, Vps) + (¢e(pe) = Pe, ¢e(pe) - m(¢€(pe)))
- (ﬂs — bV, - ﬂ%’:‘ += TR(C[Vu +'Vu))
~e TR(CI)(pe = B), $elpe) = m(de(00))).

We note that ¢.(p.) > 8 (which follows from (2.4)), and then deduce the following
estimate

(2.36) of|Voc|l*

+ % ¢e(pe) - m(¢e(pe)) r £a (1 + ”l"’sllz

9p
FIVHeI? + 1900 + 1Vl + ||

)
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which yields £ c and, therefore,

$e(p0) —m(9(p0))| I

(2.37) |¢e(pe)l 27y < €

Finally, the uniform estimate on p, in L?(0,T; HZ,(?)) follows from the estimate

(2.38) 1Ap|Z20p) S €1 (1 + leellZaary + 1 Va2 ap + 1Vuelliz

+|%

< C3;
L’(ﬂ'r)) <x €2,

which follows from the second line of the regularised counterpart of (1.1) and the fact
that the following regular inequality

+ ”¢€(p€ ”L?(QT)

(pO) = C||Aps||'i=(nT)

lu(o T;H2,.())
is held.

(ii) Uniqueness. Let (py, t1, uy) and (pa, p2, ug) be two solutions of (2.6)—(2.8) with
the same initial data. Setting p = p; — p; and u = u; — ug, we have p(0) = 0, u(0) =0,

66—1:(0) =0 and
2 [(N"10,9) + (BYN"5, ) + (N~'p,d.Va)] +a(Vp, V)
(2.39) - E(TR(C[W +Val),q) + € TR(CI)(,7)
(f (1) = fe(p2),7) =0, Vg € Hy.(Q);
(2.46) 7(%1—?,7]) + E(C(Vu+ 'Vu), Vn) — e(p(CI), V) = 0, Vn € HL ()"
We take ¢ = p in (2.39), and noting that m(p) = 0, we obtain

d . = _ e
(241) ZUIBVVBVEIN AP + ll2,] + &l Vol - 3 (TR(CIVu + *Vui), o)

+ @ TRCDII + (6e(on) = 9elo), ) = Il ~ (32, 4.VN"p).

We have (:(p1) — #e(p2), p) 2 Bllol|? (which comes from (2.4)) and flpllz. (@) < clIVl
(Poincaré’s inequality). Therefore,

(2.42) (||B‘/2VB‘/2VN‘ PP+ l1ol2,) + eallollfn o < 02(||P||2+"V“”2+ || “)

We now take g = % in (2.39) and obtain

L2 (alVal? + S TRCD o) + | B2V 29N a”“ “ 4

(2.43) - £(TR[C(Vu +tvw)), E) + (4l = delea), E) = (o, %f).
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We note that @:(p;) — @e(p2) = pd.((p + (1 — ()p), with { € [0,1}; and that
#.(s) < 671, Vs, (which follows from (2.4)). We thus have

(8eto) = e(62), 22) < 0| 2| + e=~2lol, ¥ > 0,

and
(2.44) —(auw||2+eTR CDllel?) + e atﬂ < o1+ ll? + o5 Vul .

We combine 0(2.42) and (2.44) with a proper positive o and obtain
d; .5 -
7 [0l B/2VB2VN""p|I* + ollp|2, + || Voll* + € TR(C)||of]?]
8p112
(2.45) +elloliyy, o + | || < cale) (ol + 1Vull®).
On the other hand we take 7 =  in (2.40). Proceeding as above, we obtain
d (6u

(246) 15 (Gvw) + alvalt < S| + el

We finally take 7 = % in (2.40) and noting that (p(CI),V%tE) = —((CI)Vp, %)

(247) dt( |51 + 5 (C(vu+ 7w, vU+‘Vu)) <T||vp||2+cr-1||%'t‘.||2,

for any strictly positive 7.
We combine (2.45), 6(2.46) and (2.47) with a suitable 7, and then obtain

d ~ _
(a8) 2 [aquVBmwv 2 + oupnil +all Vo + ¢ TRCD) Jof?

+76((:’;t, )+ H ” +5 C(Vu+‘vu) Vu+‘vu)]
+||pnm)+c1|| R e 2
We now fix § such that
(2.49) 'y“ ” + = (C (Vu + 'Vu), Vu+‘Vu)+'y¢5((69t ) >cz(||%“2+HVu||2),

where ¢c; > 0.
Setting

(2.50) Es(t) = of| BY*VBY/?VNpll* + o|lol2, + C\flIVﬂH"’ + e TR(CI)]oll”
Ou
+76(6t’ ) + ” ” + - (C’ (Vu + 'Vu), Vu + tVu));
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we find
> (|5 + 19ele + 19ul?).

And therefore, we deduce an estimate of the form
(2.51) — < cE;

and then the uniqueness of p. and u,. The uniqueness of y. is deduced from (2.8). 0
THEOREM 2.1. Let the assumptions of Lemma 2.1 hold. Then, there exists a trio

of functions (p, 4, u), solution of (1.3)-(1.5) such that p € L°(0,T; HL.(Q)) N L*(0, T;
2 () nc(0,T); L*()), p € L*(0,T; HL (Q)), Ipl < 1 almost everywhere in Qr,

e L), ¢(p) € L*(Qr); and u € L®(0,T; HL (") N C([0, T); L*(Q)"), with

per

per
52 € L*(0,T; L2 Q)" ). Furthermore, we have the uniqueness of solution when d = 0.
ProOF: It follows from Lemma 2.1 that there exists a trio of functions (p, 1, ) and

a subsequence (p¢, Ue, Ue)e>o (Which we still denote by (pg, fe, uc)e>0) such that

pe, Vp. = p, Vp  strongly in L*(Qr) and almost everywhere in Qr,
Op: _ 9
ot ot

pe, Ve = p, Vi weakly in L*(Qr),

e, Vue = u, Vu  weakly-star in L®(0, T; L*(Q)),
Ou,  Ou . oo i9
5 5 weakly-star in L>(0,T; L*(Q)),

¢e(pe) = ¢(p)  weakly in L*(Qr).

weakly in L*(Qr),

Passing to the limit in the regularised problem, we find that (p, u,u) is a solution of
(1.3)-(1.5). The other points of the theorem also come from passing to the limit in the
uniform estimates (2.27) and (2.37), as € goes to zero.

We don’t succeed in obtaining the uniqueness of solution for (1.3)-(1.5) when
a # 0 or/and b # 0, The difficulty appears in getting an estimate of the term
(¢(p1) — ¢(p2), %) as we wanted. But, when we consider the case d = 0, it is a simple
matter to obtain the uniqueness of solution (p, 4, u). Indeed, we take ¢ = p, n = u,

n = % in the corresponding non-regularised versions of (2.39) and (2.40) respectively.
Combining estimates obtained as above, we get an estimate of the form (2.51), therefore
the result. 0
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