HERMITIAN VARIETIES IN A FINITE
PROJECTIVE SPACE PG, ¢»

R. C. BOSE AND I. M. CHAKRAVARTI

1. Introduction. The geometry of quadric varieties (hypersurfaces) in
finite projective spaces of IV dimensions has been studied by Primrose (12)
and Ray-Chaudhuri (13). In this paper we study the geometry of another
class of varieties, which we call Hermitian varieties and which have many
properties analogous to quadrics. Hermitian varieties are defined only for
finite projective spaces for which the ground (Galois field) GF(¢?) has order
q?, where ¢ is the power of a prime. If / is any element of GF (¢2?), then & = h?
is defined to be conjugate to k. Since k¢ = k, k is conjugate to h. A square
matrix H = ((hy)), 4,7 =0,1,..., N, with elements from GF(g?) is called
Hermitian if h,; = h;; for all 4,j. The set of all points in PG (N, ¢?) whose
row vectors X7 = (xo, %1, ..., %y) satisfy the equation XTHX@ = 0 are said
to form a Hermitian variety Vy_i, if H is Hermitian and x(? is the column
vector whose transpose is (xo¢% %1% ..., %y%). The properties of the curve
Kt + 2,9t 4 x,2F! = 0 in PG(2, ¢?), which is a Hermitian variety, have
been studied in some detail by one of the authors (3). The present paper
generalizes these results to N dimensions. The theory of tangent and polar
hyperplanes of Hermitian varieties has been developed, and the sections of
these varieties by hyperplanes have been studied and the number of points
on a Hermitian variety obtained.

It has been shown that if N = 2t 4 1 or 2t + 2, a non-degenerate Her-
mitian variety Vy_; contains flat spaces of ¢ dimensions and no higher. The
number of such subspaces contained in Vy_; has been derived. Finally the
geometry of the surface

KottL 4 010 - xp0H! -y, 0+ =

has been studied in some detail, leading to a geometric interpretation of some
designs. For example if ¢ = 2, the surface contains 45 points and is ruled by
27 lines, three of which pass through each point. Corresponding to any point
P on the surface we get a set of 12 points that are joined to P by a line on
the surface. The 45 sets so obtained form the blocks of a balanced incomplete
block design with parameters v = b = 45, » = k = 12, X = 3. There are
many other interesting designs and configurations connected with Hermitian
varieties which will be discussed in a separate communication.
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2. Correspondence between the elements of GF(¢) and GF(¢?). Let
g = p™, where p is a prime number and m is a positive integer. Let GF(q) be
a Galois field with ¢ elements, and GF(g?) an extension of GF(g). If 8 is a
primitive element of GF(¢?), then the elements of GF(g?) are

(2.1) 0,6,62...,001 =1,
Any non-zero element x of GF(¢?) satisfies the fundamental equation
(2.2) x-1 =1,
Writing
(2.3) ¢ = 01,
it follows that
(2.4) 0,0,¢% ..., =1,

are all different and are elements of GF(¢g). Hence ¢ is a primitive element
of GF(g), and all of the elements of GF(g) are given by (2.4).

Corresponding to a given element x of GF(q?), there is a unique element vy
belonging to GF (q), given by

(2.5) y = xl,

But for a given non-zero y belonging to GF (q), there are precisely g + 1 dis-
tinct elements x of GF (¢?) which satisfy (2.5).

Thus if
(2.6) y=¢'=0"D,  1Li<qg—1,
then
2.7) x =i 5 =12 ...,¢+ 1.

If, however, y is zero, then the corresponding element x of GF (¢?) is zero.

3. Conjugate elements of GF(¢?). The primitive element 6 of GF(g?)
satisfies a quadratic equation

(3.1) x2—sx+¢t=0,

where s and ¢ belong to GF (¢), and the left-hand side of (3.1) is irreducible
over GF(q).

Using the relation 6* — s6 + ¢t = 0, every element x of GF(¢?) can be
expressed as

(3.2) =a -+ b0
where @ and b belong to GF(¢). We then define
(3.3) T = x9,
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as the conjugate of x. Since

(3.4) x? = x,
the conjugate of & is x. If x is given by (3.3), then
(3.5) = (a+ 0b0)?=a -+ b0? = a -+ b0.

Since x — x? is an automorphism of GF(¢?), the second root of (3.1) is
67 or 8. Hence

(3.6) 9+8=s 60=1
3.7) x+ & = 2a + bs,
(3.8) xZ = a® + abs + b2t.

Hence the sum as well as the product of two conjugate elements of GF (q?)
belongs to GF (¢).

It should be noted that the necessary and sufficient condition for any element
of GF(q?) to be self-conjugate is that it belong to GF(q).

The elements s and t of GF (q) appearing in the equation (3.1) are mon-zero.
From (3.6), ¢ = §7%! 5 0 since 8 is a primitive element of GF(¢?). Again if
s =0, it would follow from (3.6) that 6 4 6¢ = 0, i.e. either § = 0 or
671 = —1. Obviously 6 # 0. Also #%! # —1, otherwise 22 = 1, which is
contradicted by the fact that 8 is a primitive element of GF(¢?).

LemMA 3.1. If h is a non-zero element of GF(¢?), we can find a non-zero
element \ of GF (q?) such that hX + h\ 5 0.

Let # = a + 50 and N = u + 98, where @, b, %, v belong to GF(¢). Then
using (3.6) )
AN + AN = (2a + bs)u + (26t + as)v.

Case I. If 2a + bs # 0, we can choose # =1, v =0, i.e. A = 1.

Case II. If 2a + bs =0, then a 5 0, since ¢ = 0 would make 4 = 0, con-
tradicting % 5 0. Now (2b¢ 4+ as) = a(s* — 4t)/s # 0, since s2 — 4t =0 is
the condition for the roots of (3.1) to coincide, i.e. for 8 to be equal to 6¢,
which is obviously false since 8 is a primitive element of GF(¢?). Hence in
this case we can choose u = 0, v = 1, i.e. A\ = 6.

4. Hermitian matrices and Hermitian forms. A square matrix

(4-1) H = ((hl:i))v i»j =0,1,..., N,
with elements from GF (¢?), will be defined to be Hermitian if
4.2) hi; = Eﬁy

for all 7, j. Hence the diagonal elements of a Hermitian matrix belong to GF(q),
and symmetrically situated off-diagonal elements are conjugate to each other.
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Given a matrix 4 = ((a;;)) with elements from GF(q?) we define the
conjugate of A by

(4.3) A@ = ((a:9) = ((@:).

Clearly, the conjugate of 4@ is A4 itself. Thus the relation of conjugacy s
symmetric. So far as this definition is concerned, 4 may or may not be a
square matrix. In particular 4 may be a row vector or a column vector.
Clearly, the necessary and sufficient condition for 4 to be self-conjugate is
that all of its elements belong to GF(g).

The transpose of A will be denoted by A”. Clearly the transpose of the
conjugate s the conjugate of the transpose, i.e.

(4.4) AT = 4T,

LemMa 4.1. A square matrix G = ((gi;)) with elements from GF (¢%) is
Hermaitian if and only if

4.5) G = G7.
The proof is obvious.

LEMMA 4.2. Suppose A and B are two matrices of order m X n and n X h
with elements from GF (q?), and C = AB; then

(4.6) CO = 4@ B,
Proof. Now C = ((ci)), where ¢y = Z]- @;; b, Hence

n q n n
= 7 q = N
Cu = Ca" = (Z Qij bJ‘k) = Z ay' by = Z @5 by
=1 =1 =1
Hence by definition C@ = A@ B,

LeEmMA 4.3. If H is a Hermitian matrix of order N + 1, and A 1s any matrix
of order (N 4+ 1) X m with elements from GF (q?), then

G =ATHAW,
is a Hermitian matrix of order m.
From Lemmas 4.1 and 4.2, and the equation (4.4),
GT = AWTHTA = ATWO HO4 = GO,
The required result follows from Lemma 4.1.

COROLLARY. If X is @ (N 4+ 1) X 1 column vector, and H is a Hermitian
matrix of order N + 1, then XTHX? 1s an element of GF (q).

Proof. X*HX®@ is a 1 X 1 Hermitian matrix. Hence it is a self-conjugate
element of GF(g?).

The elements of all of the vectors and matrices which we shall consider
belong to GF(g%). When we speak of the dependence or independence of a set
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of vectors, we shall mean dependence and independence over GF (¢%). The rank
of a vector space or the rank of a matrix will mean rank over GF (¢?).

Two Hermitian matrices H and G of the same order N 4+ 1 with elements
from GF(¢?) will be called equivalent if we can find a non-singular square
matrix 4, with elements from GF (¢?), such that

ATHA® = G.

If H and G are equivalent, we may write H ~ G. It is readily seen that this
relation satisfies the three axioms of equivalence, i.e. (1) H ~ H, (ii) if H ~ G,
then G ~ H, (iii) if H ~G and G ~ K, then H ~ K.

The above follows by noting that

(1) I" = I = I where I is the unit matrix of order N + 1,
(if) (A7)t = AT, A@)7 = (4@,
(iii) BTAT = (AB)", AWB@ = (4B)®@ from Lemma 4.2.

THEOREM 4.1. A Hermitian matrix H of order N + 1 and rank r > 0, with
elements from GF(q?), us equivalent to a diagonal matrix of order N + 1, the
first v diagonal elements of which are unity and the rest zero.

(a) We can permute the columns of H in any desired manner and permute
its rows in the corresponding manner by postmultiplying H with a suitable
permutation matrix P = P, and premultiplying H with P?. Hence, by such
operations, we can rearrange the rows and columns of H so that all null rows
and columns are at the end. The transformed matrix is equivalent to H.

(b) We shall denote by E,,(\), a matrix of order N + 1, for which each
diagonal element is unity, the element in the uth row and wth column is A,
u # v, and all other elements are zero. Such a matrix will be called an ele-
mentary matrix of order N + 1. Clearly

EuvTO\) = Ey ()\)

The effect of premultiplying H with E,,”(\) is to replace the vth row of H
by the sum of the vth row and the uth row multiplied by A. The effect of
postmultiplying the matrix so obtained with E,,(2(\) is to replace its wth
column by the sum of the #th column and the uth column multiplied with
). Thus if H is given by (4.1),

EuvT()\)I{Euv(q) ()\) = G = ((gw))
where

Zo—1,0-1 = hv—l,v-l + )\hu—l,v—l + th—l,u—l -+ )\-Xhu—l,u—l
go—-1,; = hv—l.j + )\ku—l,]‘y gj—1 = hj,v-—l + )_\hj,u—l (] v — 1),
gij = hyy G#v—1,7#v—1).

If the vth row and column of H are non-null but all diagonal elements are
zero, then we can find non-zero conjugate elements %,_;,,_; and h,_j..—;
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belonging to the (¥ — 1)st row and column respectively. By Lemma 3.1 there
exists an element \ of GF(g?) such that NMiu_;,,—1 + MNey—14-1 # 0. Then the
matrix E,,f(\)HE,, @ (\) is equivalent to G and the element g, ;,,; in the
vth row and column is non-zero.

(c) By using (a) and (b) suppose H has already been transformed to an
equivalent form such that the first row and column are non-null and Ag # 0.
We now reduce the non-diagonal elements of the first row and column to
zero, in NV steps, the (v — 1)st step consisting of premultiplying the matrix
obtained in the previous step by E1,7(—%,—1,0/k00) and postmultiplying it by
Elv(q)(—hv_q,o/hoo), v = 2, 3, ooy N + 1.

If any null rows and columns appear, they are transferred to the end by
using (a). If now all the diagonal elements other than kg, are zero and there
is a non-null row, by using (a) and (b) we can bring a non-zero element at
the diagonal position of the second row. Then as in (c), we can reduce the
non-diagonal elements of the second row and column to zero. Proceeding in
this manner, we reduce H to an equivalent diagonal matrix D, in which the
first 7o diagonal elements are non-null, and the remaining diagonal elements
are null. Since all our transformations have been rank preserving, 7o = 7.

(d) Since D is Hermitian, the diagonal elements belong to GF (g). Let the
4th diagonal element be d;. From the correspondence described in § 2, we can
find an element a; of GF(¢?) such that

di=ai“+1=az&i (’I;=0,1,...,1’—1).

‘We denote by A(a;) the diagonal matrix whose 7th diagonal element is ay
and the other diagonal elements are zero. We can finally reduce D to the
form desired in the theorem in 7 steps, the (¢ + 1)st step consisting of pre-
multiplying the matrix obtained in the previous step by D7(a;)~! and post-
multiplying it by D@ (a;)~ (¢ = 0,1,...,7r — 1). This completes the proof
of the theorem.

Let x7 be the row vector (xo, %1, ..., %y), and X the corresponding column
vector, where xg, X1, . . ., Xy are indefinites. Then the form xTHX@ is called
a Hermitian form if H is a Hermitian matrix. H is called the matrix of the
form. The order and rank of the form are defined to be the order and rank
of H. Note that x”HxX® is a homogeneous polynomial of the (g + 1)st degree
in the indefinites xg, X1, .. ., Xx.

The Hermitian form Xx7HxXx@ is transformed into yTATHA@y@ by the
linear transformation X = Ay. Two Hermitian forms are defined to be equiva-
lent if one can be transformed to the other by a non-singular linear transforma-
tion. Clearly the necessary and sufficient condition for two Hermitian forms
to be equivalent is that their matrices be equivalent.

COROLLARY. The Hermitian form XTHX® of order N + 1 and rank r can be

reduced to the canonical form yi1 51 + va¥y:+ ...+ v, ¥, by a suitable non-
singular linear transformation x = Ay.
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5. Hermitian varieties in PG(N, ¢?). We denote by PG(N, s) the finite
projective space of N dimensions over the Galois field GF(s) where s is a
prime power. The points of the space can be made to correspond to ordered
(N 4 1)-tuplets

(51) (xOy X1y oo ny)y
where the x,'s belong to GF (s), and are not all zero. The ordered #n-tuplets
(X0, %1, . « ., xy) and (xo*, x1%, . .., xx™) correspond to the same point if and

only if there exists a non-zero element p of GF(s) such that
px1*=x,~, 'i=0,1,...,N.

If P is the point corresponding to (5.1), then the row vector X7 = (x,,

X1, ...,%y) is called the row vector of P, and its transpose X is called the
column vector of P. The elements xo, %1, . . ., xy are called the coordinates
of P.

If C is a matrix with N + 1 rows and of rank N — m with elements from
GF (s), then the set of points whose row vectors satisfy

(5.2) X7C =0

is called an m-flat or a linear subspace of m dimensions, and (5.2) is called
the equation of the m-flat. Points are linear subspaces of zero dimensions.
Linear subspaces of 1, 2, and N — 1 dimensions are respectively called lines,
planes, and hyperplanes.

A set of points will be said to be dependent or independent according as
the corresponding row (column) vectors are dependent or independent. Any
m + 1 independent points determine a unique m-flat containing them.

Let E; be the point for which the (¢ + 1)st coordinate is unity, and other
coordinates are zero (# = 0,1,..., N). Also let E be the point all of whose
coordinates are unity. Then Eg, Ey, ..., Ey are called the fundamental points
and E is called the unit point. Clearly any N of the N 4 1 points E,, Ey, . . . , Ey,
E are independent. Together they are said to constitute the reference system.

Let 4 be an (N 4+ 1) X (N + 1) non-singular matrix with elements from
GF (s). Then the homogeneous linear transformation

(5.3) y = 4x

defines a transformation of coordinates. If x is the original column vector
of P, the transformed column vector is y. This transformation defines new
fundamental points Fo, Fy, ..., Fy and a new unit point F. Their transformed
coordinates are (1,0,...,0), (0,1,...,0),...,(0,0,...,1), and (1,
1,...,1) and the original coordinates can be calculated from (5.3). An
important theorem states that given any N + 2 points Py, Py, ..., Py, and
and P, no N + 1 of which are dependent, there exists a unique linear trans-
formation, which would make P,, Py, ..., Py the fundamental points and P
the unit point. Thus in PG(N, s) any N + 2 points, no N + 1 of which are
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dependent, may be chosen as the fundamental points and the unit point. This
choice uniquely determines the coordinates of all other points (up to a non-
zero multiple of GF (s)). Projective geometry studies those properties that are
invariant under linear homogeneous transformations and are thus independent
of the choice of a reference system. An excellent account of finite projective
spaces will be found in (1; 10; 15).

In particular, let us choose s = ¢?, where ¢ is a prime power, and consider
the finite projective space PG (N, ¢%). If H is a Hermitian matrix of order
N 4+ 1 and rank 7 with elements from GF (¢?), then the set of points whose
coordinates satisfy the (¢ + 1)st degree equation

(5.4) xTHx@ = 0

are said to be the points of a Hermitian variety Vy_; of N — 1 dimensions
and rank 7. The equation (5.4) is said to be the equation of Vy_i. If we apply
the linear transformation (5.3) the new equation of Vy_; becomes

(5.5) yTATHA@y = 0.

Now ATHAW is a Hermitian matrix of rank » equivalent to F. Hence
the rank of a Hermitian variety is invariant under a non-singular linear trans-
formation. It follows from Theorem 4.1 and its corollary that by a suitable
choice of the frame of reference, the equation of a Hermitian variety of N — 1
dimensions and rank 7 can be reduced to the canonical form

(56) ngo + xlil + e + Xr—1 25,_1 = O

A Hermitian variety Vy_; of N — 1 dimensions is said to be non-degenerate
if its rank is N 4+ 1. Now PG (W, ¢?) contains linear subspaces of dimensions
r < N. Let Z, be such a subspace. Then each point of =, can be characterized
by a set of » + 1 coordinates (yo, ¥1, ..., ¥,). For example, if we choose the
frame of reference so that the equations of 2, are y,41 = y,40 = ... = yy = 0,
then if the point P, when regarded as a point of PG(W, ¢?), has the row
vector Y7 = (yo, ¥1,...,¥1»0,0,...,0), regarded as a point of Z, it has row
vector y*T = (vo, ¥1,...,%,). Then if H* is a Hermitian matrix of order
r + 1, the points of 2, which satisfy the equation y*?H*y*@ = 0 will be
said to form the Hermitian variety V,_; of dimensions r — 1 and rank equal
to the rank of H*. We shall in what follows always denote a Hermitian variety
by the letter V' and choose our notation so that the subscript of 7 denotes
the number of dimensions of V.

Let us consider the special case N = 1. Our space is now the projective
line PG(1, ¢%). Let V, be a non-degenerate Hermitian variety in this space.
Then the equation of V), can be taken as

(5.7) XoTo+ x1T1 =0 or x4 x,7 = Q.

The point (0, 1) obviously does not lie on V. Hence for points satisfying
(5.7), x0 # 0. Now (5.7) gives (x1/x0)%! = —1. The correspondence described
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in § 2 shows that there are precisely ¢ + 1 values of x;/x, which satisfy (5.7).
Hence a non-degenerate Hermitian variety Vo on a projective line (over a field
of order q*) contains exactly ¢ + 1 distinct points. Again suppose the rank of
Vo is one. Then by a suitable choice of the frame of reference its equation
can be reduced to x,%*! = 0. The only point satisfying this equation is (0, 1).
Hence in this case Vy comsists of a single point.

The properties of the curve

(5.8) KT 4 T - gt =

were studied in some detail in (3). In particular, it was shown that a non-
degenerate Hermitian variety Vi in PG(2, ¢%) has exactly q® + 1 points.

6. Conjugate points, polar spaces, and tangent spaces. Consider a
Hermitian variety Vy_; with equation (5.4). A point C with row vector
c? = (co, €1y ...,cy) will be called a singular point of Vy_; if ¢”H = 0 or
equivalently Hc®@ = 0.

Of course a singular point must lie on Vy_;. A point of Vy_; which is not
singular is called a regular point of Vy_;. A point C will be called a non-singular
point if it is not a singular point of Vy_;. Thus a non-singular point may be
a regular point of Vy_; or a point not lying on Vy_;.

A non-degenerate Hermatian variety cannot possess a singular point, since in
this case there cannot exist a non-null ¢? satisfying ¢’H =0 as H is non-
singular. If Vy_; is degenerate, let 7 < N + 1 be the rank of H. Then ¢c’H = 0
has N + 1 — 7 independent solutions

(6.1) cih, el .., Cypies

Thus the singular points of Vy_; are the points of the (V — r)-flat deter-
mined by the points with row vectors (6.1). This will be said to constitute
the singular space of Vy_i.

All points whose row vectors satisfy the equation

(6.2) XTHc® = 0

constitute the polar space of the point C with row vector ¢?. When C is a
singular point of Vy_i, the polar space of C is identical with the whole space
PG(N, ¢?). When however C is non-singular, the rank of Hc(® is one and
(6.2) is the equation of a hyperplane, which may be called the polar hyperplane
of C. If d7 is the row vector of a point D, then the necessary and sufficient
condition for the polar space of C to pass through D is d”Hc? = 0, which
is equivalent to ¢c?Hd@ = 0. This shows that if the polar space of C passes
through D, then the polar space of D passes through C. Two such points
whose polar spaces mutually pass through each other are said to be conjugate
to each other with respect to Vy_i. In case Vy_; is degenerate, the polar
space of C passes through every singular point of Vy_; and thus contains the
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singular space of Vy_;. Hence any two points at least one of which is singular
are always conjugate to one another.

The condition for the point C to be self-conjugate, i.e. to lie on its own
polar space, is that ¢’Hc@ = 0. Hence a point C is conjugate to itself with
respect to Vy—: if and only if C lies on Vy_i.

The polar hyperplane of a regular point C of Vy_; is defined to be the
tangent hyperplane to Vy_; at C. The tangent hyperplane is defined only for
regular points of Vy_; and when Vy_; is degenerate it contains the singular
space of Vy_1.

When Vy_1 is non-degenerate, there is no singular point. To every point
there corresponds a unique polar hyperplane, and at every point of Vy_;
there is a unique tangent hyperplane.

7. Sections of Hermitian varieties with flat spaces. Let Vy_; be a
Hermitian variety of rank 7 in PG(N, ¢?) with equation (5.4). The set
of points common to Vy_; and the m-flat 2, with equation (5.2) is defined
to be the section of Vy_i by 2,. If m = N, then Z, is the whole space and
the section is Vy—1 itself. Let m < N. Let Z,, be defined by m + 1 independent

points Fo, F1,..., Fn. We can find a non-singular linear transformation
y = Ax such that Fo, Fy,..., F, become the fundamental points of the
reference system. Then the points of =, will satisfy the equations
(7.1) Ymt1 = Ymyz = ... = Yy—1 = 0,
while the equation of Vy_; will become
(7.2) yIGy@ = 0
where G is a Hermitian matrix equivalent to H. Writing (7.2) in full we have
N N
(7.3) 2 2 gy = 0.
7=0 =
Hence the points common to Z, and Vy_; satisfy (7.1) and
(7-4) 'Zo ;)gu y,-yj(“) = 0.
= =

Let G* be the matrix obtained from G by retaining only the first m 4 1
rows and columns of G. Evidently G* is Hermitian and the points on the
section of Vy_1 by Z, satisfy (7.1) and

(7.5) y¥G*y*@ = 0,

where y* = (¥, ¥1, . . . » ¥m). Regarding Z, as a projective space of m dimen-
sions, it is clear that the section of a Hermitian variety Vy_; in PG(%V, ¢2) by
a flat space 2,, of m dimensions is a Hermitian variety V,_; contained in Z,,.
Clearly the rank of V,_; cannot exceed m 4 1. However, this rank could be
less and, in particular, it may happen that G* is null so that every point of
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2. belongs to the section, which therefore coincides with the section. In this
case, the flat space 2, is contained in Vy_;. We shall therefore adopt the
convention that a flat-space Z,, of dimensions m can be regarded as a Her-
mitian variety V,_; of dimensions m — 1 and rank zero.

As a particular case, let m = 1. Then Z, is a line. Since the intersection
of a line with Vy_; must be a Hermitian variety V7 of rank 2, 1, or 0, we see
that a line intersects Vy_y in (1) ¢ + 1 points, (i) a single point, or (iii) les
completely in Vy_1. We shall now prove the following theorem:

THEOREM 7.1. If the Hermitian variety Vi_i with equation XTHX@ = ( 4s
degenerate with rank v < N + 1 and Z,_, is a flat space of dimensions r — 1
disjoint with the singular space Zy—, of Vu_i1, then Vy_y and Z,._, intersect in
a non-degenerate Hermitian variety V,_o contained in Z,_;.

Let Fo, F1,..., F,—1 be any r independent points in Z,_;. Also let F,,
Fri1, ..., Fy be any N — r + 1 independent points in Zy.,. Now make a
non-singular linear transformation x = Ay such that Fy, Fi,..., F,_y,
F., ..., Fy become the fundamental points of the reference system. The
equation of Vy_; now becomes y7’Gy® = 0 where

G = ((gzj)) (1.,].20,1,...,]\7),

is equivalent to H and is therefore of rank r. Using y-coordinates, the row
vector of F; is e, for which the (¢ 4 1)st coordinate is equal to unity and
all other coordinates are equal to zero. The condition for F; and F; to be
conjugate to each other is e, Ge,® = 0 or g,; = 0. Since F,, Fry1,..., Fy
are singular points of Vy_;, F; and F; are conjugate if (i) 0 <7< — 1,
r<j<N, () <7< N, r<j<N. This shows that we may write

G* 0
G‘[O 0]’

where G* is a Hermitian matrix of order 7. Since the rank of G is 7, the rank
of G* must also be equal to r. Now the points of V,_, satisfy

y¥G*y* @ =0, y,=yqna=...=9yy =0,

where ¥*7 = (yo, ¥1, ..., ¥,_1). Hence V,_; is a Hermitian variety of rank 7
contained in 2,_;, and is therefore non-degenerate.

CoROLLARY. If Vy_1, Zy—r, Z,-1, and V,_o have the same meanings as in
the theorem, C* is a point on V.o and Z,_s is the tangent space to V,_o at C*,
then the tangent space to Vy_1 at C* s the flat space Zy_y of N — 1 dimensions
contarning 3, g and Zy_;.

THEOREM 7.2. If Vy_i is a degenerate Hermatian variety of rank r < N + 1
in PG(N, ¢?) and if C is any point belonging to the singular space of Vi_i
and D is an arbitrary point of Vy_i, then any point on the line CD belongs
to VN—I-
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Let the equation of Vy_; be xTHX® = 0 and let ¢” and d” be the row
vectors of C and D respectively. Now C and D are self-conjugate, and also
C and D are conjugate to each other. Hence

(7.1)  ¢"He® =0, dTHAW =0, ¢’Hd® =0, d"Hc® = 0.

If B is any point on the line CD, then its row vector b? must be of the
form l1 ct + lz d? or (ll c + l2 d)T But

(l] c+ 1 d)TH(lz c+ 1l d)(q) =0,

which proves the theorem.

COROLLARY. If Vy_1 is as tn the theorem and V,_s 1s the section of Vy_1 by
an (r — 1) flat =,_y disjoint with the singular space Zy_, of Vy_1, then every
point of Vy—1 lies on some line joining a point of Zy_, with a point of V,_s.

From the theorem, if C is a point of Zy_, and D is a point of /,_, then
any point on the line joining CD belongs to Vy_i.

Conversely, let Dy be any point on Vy_;. We have to show that it lies on
some line joining a point of Zy_, with a point of V/,_,. This is obviously true
if Dy belongs to Zy_, or Z,_;. We may therefore suppose that D, does not
lie on either of these flat spaces. Let 2, be the r-flat containing Dy and Z,_,.
Then Z, intersects Zy_, in a point Cy and Cy D, intersects X, ; in a point
Py. From the theorem, P, must be on Vy_; and therefore on V,_,. This proves
the corollary.

We shall next study the nature of the section of a Hermitian variety with
a tangent space. We shall first prove the following:

THEOREM 7.3. The tangent spaces at two distinct regular points A and B
of a Hermatian variety Vy_1 arve identical if and only if the line joining A and
B meets the singular space of Vy_y in a point. In particular, if Vy_1 is non-
degenerate, then the tangent spaces at A and B must be distinct.

Let the equation of Vy_; be xTHX@ = 0, and let the row vectors of 4 and
B be a” and b”. Then the tangent spaces at 4 and B have the equations
xTHa®@ = 0 and x"Hb® = 0. Hence the two tangent spaces are identical if
and only if there exists a non-zero element / of GF(g?) such that

(7.2) Ha® = [Hb® or (a — [9Ob)TH = 0.

First suppose Vy_; is non-degenerate. In this case, H is non-singular. Hence
the homogeneous linear equations ¢’H = 0 can only be satisfied by ¢’ = 0.
Hence a” = I9b”. The vectors of 4 and B differ only by a non-zero multiple
of an element of GF (¢?). Hence the points A and B must be identical.

Now suppose that Vy_; is degenerate and of rank r < N + 1. The singular
space Zy_, of Vy_; consists of all points with row vector ¢7 satisfying ¢’H = 0.
Hence (7.2) implies that a¥ — [@bT = ¢T where c” is the row vector of some
point C belonging to Zy_,. Hence the line 4B meets Zy_, at C.

https://doi.org/10.4153/CJM-1966-116-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-116-0

HERMITIAN VARIETIES 1173

COROLLARY. Let Zy_,11 be the flat space of N — r + 1 dimensions containing
a regular point A and the singular space Zy_, of a degenerate Hermitian variety
V-1 of rank v < N + 1. Then any point B on Zy_,+1 (which is not on Zy_,)
has the same tangent space as A.

THEOREM 7.4. Given a non-degenerate Hermitian variety Vy_i, the tangent
space at a point C of Vy_, intersects Vy_1 in a degenerate Hermitian variety
Vw—s of rank N — 1 contained in Zy_. The singular space of Vy_» consists
of the single point C.

Let the equation of Vy_; be X"HxX®@ = 0. Let Zy_; be the tangent space

to Vy_1 at C. Let Fo = C, Fy,..., Fy_1 be N independent points in Zn_;.
We can find a non-singular linear transformation y = AXx such that F,,
Fi, ..., Fy_1 become the fundamental points of the reference system. Then
the equation of Zy_; becomes xy = 0, and the equation of Vy_; becomes
y’Gy®@ = 0, where G = ({g;;)) (¢, =0,1,...,N) is Hermitian and of
rank N + 1. Since Fy is self-conjugate and is conjugate to Fi, Fy, ..., Fy_;,
we have
g; =0 and g4 =0 (4,7j=0,1,...,N —1).

We can therefore write

0O -0 0 ---0 - oy

o - © g
(7.3) G=10 : G** © 4on ’

0o - © gN-1N

| &vo * 8&n1 Ene En—18 * &N

where G** = ((gi;)), 4,7 =1, 2,..., N — 1. Now goy and gyo are non-null
since G is non-singular. Also

(7.4) det G = —goy gvo det G**,

It follows that det G** is non-null so that the rank of G** is N — 1. Regarding
In_1 as a projective space of N — 1 dimensions, we have seen that the equa-
tion of the section Vy_, is y™*G*y*@ = 0 where y** = (yo, Y1, . - + , Yy—1)
and G* is the Hermitian matrix obtained by retaining only the first N rows
and columns of G. Since G* is the same as G** except that it has an additional
null row and column, rank G* = rank G** = N — 1.

The row vectors of C = F, when regarded as a point of projective space
Sv-1is e*? = (1,0,...,0). Since e**G* = 0, C is a singular point of Vy_;.
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Since the rank of Vy_; is N — 1, the singular space has dimension 0, and
must therefore consist of the single point C.

COROLLARY. Let Vy_; be a degenerate Hermitian variety of rank r < N + 1,
with singular space Zy_,. Let Zy_1 be the tangent space to Vy_1 at a regular
point C. Then Zy_. intersects Vy_, tn a Hermitian variety Vy—s of N — 2
dimensions and rank v — 1 whose singular space is the (N — r + 1)-flat
Zy—ry1 containing C and Zy_,.

8. Number of points on a Hermitian variety. Let Sy,1(¢®) denote the
vector space of row vectors of order N + 1 with elements from GF (¢?), and
let Sy4+1(g) have a similar meaning with relation to GF(g). To any vector
xT = (x9, X1,...,%y) belonging to Syi1(¢?), let there correspond a vector
y* = (¥o, Y1, . - . , Yw) belonging to Sy;1(¢) where y;, = x,2*, 7 =0,1,..., N.
It follows from the correspondence between the elements of GF (¢?) and GF (¢q)
discussed in § 2 that to each x” there corresponds a unique y?, but to each
y7 with 7 non-zero coordinates there correspond (¢ + 1)7 vectors X7 belonging
to Sy11(q), each with 7 non-zero coordinates.

Now let X be any point of PG (X, ¢%) with row vector x” having » non-zero
coordinates. Then any one of the ¢> — 1 row vectors px” of Syy1(g?) will
represent X, where p is any arbitrary non-zero element of GF(¢?). Let y” be
the row vector of Sy;1(g) which corresponds to x7, and let ¥ be the point
of PG(WN, ¢) with row vector y¥. We then say that ¥ corresponds to X. The
point ¥ of PG(N, q) is given uniquely by the point X of PG(N, ¢?); for if
we take px” as the vector representing X, then the corresponding vector of
Sv11(q) is ay” where a = p®1, and represents the same point of PG (X, q)
as yT. Conversely, let y7 be a vector of Sy;1(¢) representing a point ¥ of
PG(WV, q). If y7 has r non-zero coordinates then we get (¢ + 1)7 distinct
vectors of Syt1(q?) corresponding to y7. Now Y can be represented by any
one of the ¢ — 1 row vectors ay” of Sy;1(q), where a is any non-zero element
of GF(g). To each of these vectors there correspond (¢ + 1)” vectors of
Sy+1(¢%). Thus to the ¢ — 1 vectors ay? (where a ranges over all the non-zero
elements of GF(g)), there correspond (¢ — 1)(¢ + 1)7 vectors of Sy.1(¢?).
But any ¢? — 1 of these vectors which differ merely by a multiple of some
non-zero element p of GF(¢?) represent the same point of PG(N, ¢*). Hence
to each point of PG(N,¢) with » non-zero coordinates there correspond
(g — 1)@+ 1)/(g>—1) or (¢ + 1) points of PG(NV, ¢?).

Now let Vy_; be a non-degenerate Hermitian variety in PG(¥, ¢?). By a
suitable choice of the frame of reference we take its equation in the canonical

form
N
=0
or
8.1) X2t 4 x99t 4 L 4 xpttl = 0.
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Let = be the hyperplane of PG (W, ¢) with equation

8.2) Yo+ yi+ ...+ =0.

In the correspondence between the points of PG(&V, ¢) and PG(NV, ¢2) just
described, if X lies on Vy_;, then T lies on = and conversely. Let

n, = (¢ —1)/(¢ — 1)

denote the number of points on an r-flat in PG (¥, ¢). The number of points
on Z which have exactly » non-zero coordinates is

D P A W SNSRI

_ (Nj 1)[@ — 1) = (=) /g

Hence the total number of points on Vy_; is

N1

o) =5 (VD@ - 0 - c0 kg

r=1

= [ — (=)' — (=D)"/ (" — D).
We have thus proved:

THEOREM 8.1. The number of points on a non-degenerate Hermitian variety
Va—1 in PG(N, ¢%) s

(8.4) oV, ¢*) = [¢" — (=D)"][¢" — (=1D)*)/(¢* — 1).

COROLLARY. The number of points on a degenerate Hermitian variety Vy_,
of rank r < N 4+ 1 in PG(N, ¢?) is

8.5) (—DfWN —=r,¢)o(r —1,¢) +f(N —r,¢") + ¢ — 1,7,
where ¢(N, ¢*) is given by (8.4), f(k, ¢*) = [¢**D —1]/(¢* — 1).

Let Zy_, be the singular space of Vy_;; then the number of points in Zy_,
is f(N — r,¢%). Also let 2,_; be an (r — 1)-flat disjoint from Zy_,. Then
from Theorem 7.1, ,_; intersects Vy_; in a non-degenerate Hermitian variety
V._s contained in Z,_;. The number of points on V,_s is ¢(r — 1, ¢%). Now
from the corollary to Theorem 7.2, every point of Vy_; belongs to some line
joining a point of Zy_, with a point of V,_,. Two such lines cannot have a
point in common outside of V,_, or Zy_,. Suppose, if possible, that the points
A; and A4, be in Zy_, and the points B; and B, in V,_,. If possible, let the
lines A; B; and A, B, intersect in P, a point neither in Zy_, nor in V,_s. Then
A; and A4, are distinct. If not, they would coincide with the point of inter-
section of the two lines, which would mean that P lies in Zy_,. Similarly B;
and B are distinct. However, both 41 B; and 4. B: lie in the plane P4, 4.,.
Hence the lines 4, A2 and B; B; intersect in a point Q, which therefore must
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be common to Zy_, and X,_;. This contradicts the fact that 2,_; and Z,_,
are disjoint. Each line joining a point of Zy_, and V,_, contains ¢ — 1
points not contained in either Zy_, and V,_.. Hence Vy_; contains

f(N -7 q2)¢(r - 1! QZ) (g2 - 1)

points not on Zy_, or V,_s. This proves the corollary.

9. Flat spaces contained in Hermitian varieties. We shall first prove
the following lemma.

Lemma 9.1. The line jowming two points C and D on a Hermitian variety
Vw_1 is completely contained in Vy_1 if and only if C and D are conjugate with
respect to Vi_1.

Let the equation of Vy_; be XxTHX@ = 0 where H is Hermitian of order
N 4 1. Let ¢” and d? be the row vectors of C and D. Then

(9.1) C’THe® =0, dTHd® = 0.

The row vector of any point 4 lying on the line CD can be written as
a’ =L, ¢’ +1,d" = (l,c+ 1, d)?. If CD is completely contained in Vy_j,
we must have

(92) (ll c+ 1 d)TH(ll c+ 1l d)(q) =0 for any (ll, l2) # (0, 0)
Hence from (9.1),
(9.3) I 1,%c"HA® + [, [,d"Hc@ = 0 if (Iy,15) # (0,0).

This implies that cTHd@ = 0, i.e. C and D are conjugate. If this is not so,
suppose ¢THA@ = h % 0. Then from Lemma (3.1), we can find a non-zero
element \ of GF(¢?) such that zX + A\ # 0. Now let us choose /; = 1,1, = \;
then Iy 1,? = X, Iy 12 = \, d”Hc®@ = h so that from (9.3) we have X + AN=0.
This is a contradiction.

Conversely, suppose C and D are conjugate. Then ¢’Hd@ = 0 and
d?Hc® = 0, so that (9.2) is satisfied. Hence every point of the line CD is
on Vy_1.

COROLLARY. The mecessary and sufficient condition for any t-flat =, to be
completely contained in Vy_; is that any two points of 2, are conjugate with
respect to Vy_i. If Z;1is contained in Vy_1and a point C of Z,1s a regular point
of Vi_i, then Z,1is contained in the tangent space to Vy_y at C.

The first part of the corollary is obvious. For the second part, we observe
that if D is any point of Z,, then D is conjugate to C and is therefore con-
tained in the polar hyperplane of C, which in this case is the tangent space
to Vy_: at C.

THEOREM 9.1. If N =2t 4+ 1 or 2t + 2, then a non-degenerate Hermitian
variety Vy_1 contains flat spaces of dimension t and no higher.
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We can without loss of generality take the equation of Vy in the canonical
form x"x(@ = 0, i.e., we take H = Iy,,, the unit matrix of order N 4+ 1. Sup-
pose Vy contains a t-flat determined by the ¢ + 1 independent points U,,

Ui, ..., U, with row vectors Uo, Uy,...,u,. Any two of these points are
conjugate to each other with respect to Vy_;. Hence
9.4) u u,@ =0, 4,7=0,1,...,¢%
Let
Uoo  Uol o U
(9.5) UT = uy0 un e uw |,
U Un crc Uy
be the (¢ + 1) X (V + 1) matrix whose row vectors are u,7, u,%,...,u”.

Since the rows of U7 are independent, its rank is ¢ 4+ 1. Hence we can find at
least ¢ + 1 independent columns. We can suppose the first ¢ 4+ 1 columns
of U” to be independent; for if this is not true, we can achieve it merely by a
permutation of coordinates. Now the equation (9.4) may be rewritten as

(9.6) Uru® = 0.
Let U,T be the matrix consisting of the first £ + 1 columns of U7, and

U,T the matrix consisting of the last N — ¢ columns. Then rank (U,7) = ¢ + 1,
rank (U.T) < N — ¢t. Now from (9.6)
9.7 U,@
©.7) (U7, Uy"] ,:U;(q):l =0
Hence
(9.8) U,T U+ UT U2 = 0.
Since x — x@ is an automorphism of GF (¢?), rank U, = rank U,? = ¢ + 1.
Hence
9.9) t + 1 = rank(U," Uy?) = rank(— U, Us9) N — ¢,

which shows that N > 2¢ 4 1.

Changing ¢ to ¢ 4+ 1, we find that if Vy_; contains a flat space of dimension
t+ 1, then N > 2¢ + 3. Hence if N = 2¢t 4+ 1 or 2¢ 4+ 2, then Vy_; cannot
contain a flat space of dimensions higher than :.

We shall next show that if N =241 or 2t 4+ 2, we can always find
t + 1 mutually conjugate points on Vy_;. The flat space of ¢ dimensions deter-
mined by these points must lie in Vy_;. Choose any point U, on Vy_;. Let
Zn_1 be the polar space of U,. Then Zy_; intersects Vy_; in a degenerate Her-
mitian variety Vy_, contained in Zy_; of which U, is the singular space; cf.
Theorem 7.4. Now we can find an (N — 2)-flat Zy_, lying in Zy_,, disjoint
from U, and intersecting Vy_s in a non-degenerate Hermitian variety Vy_;
contained in Zy_;; cf. Theorem 7.1. Let U, be any point on Vy_s. Since U,
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lies in Zy_y, it is conjugate to Us. Now let Zy_; be the tangent space to Vy_3
when considered as a variety of the space Zy_s, and let it intersect Vy_;3 in
the Hermitian variety Vy_4 of which U, is the singular space. Again in Zy_3
we can find a flat space Zy_4 of dimension N — 4 disjoint from Uy and inter-
secting Vuy—s in a non-degenerate Hermitian variety Vy_s contained in Zy_s.
Let U, be in Vy_s. Then U, is conjugate to both U; and U,. Continuing in
this way we obtain points Uy, Uy, ..., U, mutually conjugate to one another,
U,lying on Vy_g,—1. If N =2t 4 1 or 2¢ 4 2, we shall not be able to carry
this process further. The flat space Z, determined by U,, Uy, ..., U, lies
completely in Vy_i. ‘

Let ¢(V, t, ¢2) denote the number of ¢-flats contained in a non-degenerate
Hermitian variety Vy—_i in PG(, ¢?). Then we know that

(9.10) ¢ (WV,0,¢%) = ¢(N, g%, Y2t +1,k¢") =92t + 2,k ¢*) =0
for & > i,

where ¢ (V, ¢?) is given by (8.4).

We shall next calculate the value of ¢ (IV, ¢, ¢%) when N = 2¢ 4+ 1 or 2¢ 4 2.

First suppose N = 2t + 1. Let C be any point on Vs, Then the tangent
space I3, at C to Vs, cuts it in a Hermitian variety V,,_; contained in Zs,,
for which C is the singular space. We can find a (2¢ — 1)-flat Z,,_; contained
in 35, and disjoint from C intersecting V2, ; in a non-degenerate Hermitian
variety Va,—s. Now Vs, 2 contains ¢(2¢ — 1,¢ — 1, ¢*) (¢ — 1)-flats. Any of
these (¢t — 1)-flats together with C determines a ¢-flat contained in Vy_i.
Conversely if 2, is a ¢-flat contained in Vy_; and passing through C, then it
is contained in Z.; and intersects Z»,; in a (¢ — 1)-flat contained in Vy,_o.
Hence the number of ¢-flats contained in Vy-1 and passing through a fixed
point Cisy(2¢t — 1,¢ — 1, ¢?). But the number of pointson V3, is ¢ (2¢ + 1, ¢2),
where ¢ (V, ¢?) is given by (8.4). We thus obtain ¢ (2t—1, t—1, ¢%)¢ (2t+1, ¢2)
t-flats by considering all points of Vs, Here each ¢-flat has been counted
flt, g*) = (@D — 1)/(¢*> — 1) times since this is the number of points on
a t-flat. Hence

£, 4"

= (q2t+1 + l)lp(Zt - lrt - 1! q2)

Y@+ 1,t¢)

It

By successive reduction
Y+ 1,4 ¢) = (T + D@+ D). @+ 1),

since ¥(1,0,¢?) =q + 1.
In the same manner we can prove that

Yt +2,4¢) = (@ + D@+ 1) .. (@B +1).
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THEOREM 9.2. If ¢ (N, t, g*) denotes the number of t-flats on a non-degenerate
Hermitian variety Vy—y1 mn PG(N, g%), then

(9.11) Y2t +1,4¢) = (@ + 1)@+ 1) ... (g + 1),
(9.12) Y2t 42,862 = (@ + 1) (@ + 1) ... (¢ +1).

10. Some designs associated with a non-degenerate Hermitian
variety of two dimensions in PG(3,¢?). Let V. be a non-degenerate
Hermitian variety in PG(3, ¢%). It follows from Theorem 8.1 that ¥V con-
tains (¢® + 1)(¢?> + 1) points. The case ¢ = 2 is of special interest. In this
case I/s is a cubic surface with 45 points. Again from Theorems 9.1 and 9.2,
Vs, does not contain any plane but is ruled by lines, (¢>+ 1)(¢ + 1) in
number. In the special case ¢ = 2, the number of lines is 27. The lines lying
on Vs will be called generators of V.

From Theorem 7.4, the tangent plane to V, at any point C intersects V,
in a degenerate Hermitian variety V; of rank 2 with C as a singular point.
It follows from Theorem 7.1 that if we take a line / in the tangent plane at
C, disjoint from C, then / would intersect ¥y in a non-degenerate Hermitian
variety V), of dimension 0, contained in . It was shown in § 5 that ¥V con-
sists of a set of ¢ + 1 distinct points Py, Py, ..., P, It now follows from
the corollary to Theorem 7.2 that V; consists of the set of ¢ + 1 concurrent
lines CPy, CP4, ..., CP, Thus the tangent plane to V, at any point C meets
Vs in a set of ¢ + 1 generators passing through C. Conversely, from the
corollary to Lemma 9.4, any generator through C is contained in the tangent
plane at C. We have thus shown: Through any point C of Vs, there pass exactly
q + 1 generators which constitute the intersection with Va of the tangent plane
at C. Now through C, there pass ¢? + 1 lines lying in the tangent plane at
C, out of which ¢ 4 1 are generators. The remaining ¢ — ¢ lines through C,
which lie in the tangent plane meet V5 only in the single point. Lines meeting
V. in a single point C will be called fangents to V. at the point where they
meet Vs Through C, there will pass ¢* lines not lying in the tangent plane
at C. Now the ¢ + 1 generators through C contain ¢® 4+ ¢% + 1 points of V.
Hence there are ¢° points of V', not lying on the tangent plane at C. On the
other hand, any line through C not lying on the tangent plane must meet V,
in a Hermitian variety V¥, which must consist of either ¢ 4+ 1 points or a
single point, according as the rank is 2 or 1. Since each of the ¢° points of V',
not contained in the tangent plane must lie on some line through C, each
of the q* lines passing through C and not contained in the tangent plane at C
maust intersect Vo in exactly ¢ + 1 points, one of which is C. This shows that V*
must be of rank 2. Lines intersecting Vs in ¢ 4 1 points may be called secants.
Any arbitrary line not a generator of ¥V, must either be a tangent or a secant.

Let I be any generator of V, From Theorem 7.3, the tangents to V, at
two distinct points of / must be distinct. There are exactly ¢? 4+ 1 points on
1, and exactly ¢ + 1 planes pass through I. Hence any plane through a generator
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1is tangent to Vo at some point, and intersects Vs, in a set of ¢ + 1 gemerators
through the point of contact. Let P be a point on V, disjoint from a given
generator . Then the plane = containing P and / must be tangent to V, at
some point C on /. Since P is on the intersection of V, and =, CP must be
a generator of V. Since 7 can be tangent to V» at only one point on CP, so
w is not the tangent plane at P. Let 7* be the tangent plane to V, at P. Then
the ¢ + 1 generators of V: through P lie on 7*. Thus = and #* intersect in a
single generator CP. We have thus shown that given a generator | of V. and
a point P of Vs not on Iy there passes through P exactly one gemerator which
meets |l 1n a point.

The concept of a partial geometry (r,k,t) was introduced by one of the
authorsin (4). [tis a system of two kinds of undefined elements called ‘“points”
and “lines’” and an undefined relation of ‘“‘incidence’ satisfying the following
axioms:

Al. Any two points are incident with not more than one line.

A2. Each point is incident with r lines.

A3. Each line 1s incident with k points.

A4. If the point P is not incident with the line I, there are exactly t lines (t>1)

through P intersecting l.

THEOREM 10.1. The configuration of points and generators of a Hermitian
variety Vs in PG(3, q%) form a partial geometry (¢ + 1,¢* + 1, 1).

All the axioms A1-A4 are satisfied in view of the results already proved.

From the connection established between partial geometries and partially
balanced incomplete block (PBIB) designsin (4), it follows that by identifying
the points of V, with treatments, and the generators of 1, with blocks, we
obtain the PBIB design with parameters

(10.1) v = (@ +1)(@+1), b= (+1)(@+1), r=q¢+1, k=¢qg>+1,
nl:qz(q—*_l)) '}12:95, P111=Q2“‘1, P112=Q+1, )\1: 1v )\‘2:0.

This design was otherwise obtained by Ray-Chaudhuri (14). The case
¢ = 2 was obtained earlier by Clatworthy and one of the present authors
(6). For the definition and other properties of PBIB designs the reader is
referred to (5; 7; 8; 9).

Let Cpand C; be two distinct points of V5 not on the same generator. Denote
the line joining Co and C; by ;. Then /; must be a secant to V; and intersects
Vy in ¢ — 1 other points Cs, ..., C,. Let mp and m; be the tangent planes
to Vs at Co and C; respectively. Now my cannot pass through C;. Otherwise
C; would be on the section of V3 by my and this would make C, C; a generator,
contrary to the hypothesis. Similarly, =; cannot pass through Co. Let I, be
the line of intersection of wy and ;. Then I, must be skew to /;. Since I, is a
line on , disjoint with Cy, /s meets V3 in ¢ 4 1 distinct points Do, Dy, . .., D,.
Now D; ( =0,1,...,¢) is conjugate to both Cy and C;. Hence the tangent
plane X; at D; passes through C, and C; and so through the line /;. Thus C;
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and D; are conjugate (7,7 =0,1,...,¢ — 1) and the lines C; D; are gene-
rators of V, We have incidentally shown that of two points Cy and Cy on V,
do not lie on a generator then there are exactly q + 1 points D; on V; such that
both D; Co and D; C; are generators of V.

Now consider the special case ¢ = 2. Then V, is the cubic surface
x0® + x1® + x2® 4+ x3® = 0 in PG(3, 22). It has 45 points and 27 generators.
Through each point there pass three generators and on each generator lie
five points. To each point P of V, we may associate a set of 12 points, viz. the
points (other than P) lying on the three generators through P. This set of
points will be called the block corresponding to P. There are exactly 45 blocks,
and each point P of V, belongs to 12 blocks, viz. the blocks corresponding to
the 12 points (other than P) lying on the three generators through P.

Given two distinct points P and Q on V,, we shall show that there are
exactly three blocks containing both P and Q. We have to consider two
separate cases. First let P and Q lie on a generator /*. Now /* contains three
other points besides P and Q, and both P and Q belong to the blocks corre-
sponding to each of these points. Again suppose P and Q lie on a secant. Then
from what has been shown above, the line of intersection of the tangent
planes at P and Q meets V, in ¢ + 1 = 3 points D,, Dy, D: such that D; P
and D;Q (: = 0,1,2) are both generators. Hence both P and Q belong to
the blocks corresponding to Dy, D;, and D..

Now a balanced incomplete block (BIB) design is a set of » objects or
treatments, arranged into & sets or blocks such that (i) each block contains
k distinct treatments, (ii) each treatment appears in exactly » blocks, (iii)
any pair of objects occurs in exactly X blocks. The numbers v, 8, 7, k, \ are
called the parameters of the BIB design (2, 11). We may thus state:

THEOREM 10.2. If Vs is a non-degenerate Hermitian variety in PG (3, 22), and
if the points of V. are identified with treatments, and if corresponding to each
point P on V, we define a block consisting of all points (other than P) on the
generators through P, then the treatments and the blocks form a BIB design with
parameters

v =20 =45 r="Fk =12, A= 3.

This design has been otherwise obtained by Shrikhande and Singh (16)
and by Takeuchi (17).

There are many other interesting balanced and partially balanced incom-
plete block designs associated with Hermitian varieties. These will be dis-
cussed in a separate communication.
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