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( rece ived J a n u a r y ZO, 1969) 

1. We wish to study the p r o b l e m of finding condi t ions under which 
a fami ly of m a p s f rom one space into ano ther , with a su i tab le topology, 
is c o m p a c t . Some of the r e s u l t s obtained in this d i r e c t i o n a r e in 
[1; 2; 3 ] . We p r o p o s e to give condi t ions , to be called un i formly r e g u l a r 
and r e g u l a r (the t e rmino logy is mot iva ted by [4]), under which " A s c o l i " 
t h e o r e m s can be p r o v e d . These notions t u rn out to be equivalent to even 
cont inui ty of Kel ley [1 , page 235] under such condi t ions that a l l the 
t h e o r e m s in the sec t ion on even continuity in it s t i l l hold when in the i r 
s t a t e m e n t s even continui ty is r ep l aced by e i ther un i form r e g u l a r i t y or 
r e g u l a r i t y ( see T h e o r e m A be low) . 

Let X , Y be topologica l s p a c e s . We denote by (X , Y) the se t 
of a l l cont inuous functions f r o m X to Y . This se t with the c o m p a c t 
open topology wil l be denoted by C(X , Y) and with the poin twise topology 
by P ( X , Y ) (see [1 , Ch. 7] for t e r m i n o l o g y ) . 

( 1 .1 ) . F C (X , Y) is said to be uni formly r e g u l a r if for any open 
cover ing V of Y t h e r e ex i s t s an open cover ing U of X such that U 

-1 -1 -1 
r e f ines f [V] (U > f [V]) for each f in F , w h e r e f [V] = 

{ f _ 1 [v ] : v c V} . 

(1 . 2), F C (X , Y) is said to be r e g u l a r at x £ X if for any open se t 
V in Y and G C F such that U^x) C V , w h e r e G(x) = {g(x) : g e G} , 
t h e r e ex i s t s an open se t U containing x such that g[U] C V for each 
g in G . F is said to be r e g u l a r if it is r e g u l a r at each point of X . 

We r e c a l l a l so the definit ion of even continuity f r o m [1] , 

( 1 . 3 ) . F C (X , Y) is evenly continuous if for each x in X , each 
y in Y and each open se t V containing y , t h e r e ex i s t s a neighbourhood 
W of y and U of x such that f[U] C V whenever f(x) e W . 

The m a i n r e s u l t s a r e the following: 

THEOREM A. Suppose Y is a r e g u l a r space , F C (X , Y) and 
F(x) is compac t for each x J ^ X . Then the fol lowing a r e equiva len t : 
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(a) F is un i fo rmly r e g u l a r ; 

(b) F is r e g u l a r ; 

(c) F is evenly con t inuous . 

THEOREM B . Suppose Y is r e g u l a r and Hausdorff and X is_ 
s e p a r a b l e , IS F C C(X , Y) is r e g u l a r and c losed and F(x) is c o m p a c t 
for each x _in_ X , then F is s equen t i a l ly c o m p a c t . 

We a l so p r o v e T h e o r e m 20 [ 1, page 236] with only a s s u m i n g 
r e g u l a r ( see C o r o l l a r y (2 .1) be low) . 

2 . The following l e m m a s lead to the proof of T h e o r e m A. 

LEMMA (2. 1) . E F C (X , Y) is un i fo rmly r e g u l a r then it is 
r e g u l a r . 

Proof . Let x £ X and v be an open se t in Y . Let G C F be 
such that G(x) C v . Let V = { v , Y - G(x)} . Given the open cove r ing 
V of Y , t h e r e e x i s t s , s ince F is un i fo rmly r e g u l a r , an open co v e r in g 

-1 
U of X such that U > f [V] for e ach f in F . Let u be a m e m b e r 
of U conta ining x . Since g(x) i Y - G(x) for any g e G , 
g[u] <£ Y - G(x) . Hence for g e G , g[u] C v . Since x and u w e r e 
a r b i t r a r y , th is p r o v e s the l e m m a . 

LEMMA ( 2 . 2 ) . Le t Y be a r e g u l a r (or Hausdorff) space and V 
be an open c ove r ing of Y . Jf F C (X , Y) is r e g u l a r at p e X , and 
F(p) is compac t , then t h e r e e x i s t s an open se t u conta in ing p such 

that U = { u } > f - 1 [ V ] for a l l f m_ F . 

P roof . C l ea r l y F(p) is a r e g u l a r c losed space whe ther we a s s u m e 
Y to be r e g u l a r or Hausdorff . Thus t h e r e e x i s t s a cove r ing W of F(p) 
by s e t s w open in the s u b s p a c e F(p) such tha t W = {w : w t W} > V . 
Let {w, , . . . , w } be a f ini te s u b s e t of W that c o v e r s F(p) . Let 

I n 
F . = {f e F : f(p) e w.} , 1 < i < n . Then s ince {w, , . . . , w } 

l l 1 n 
n 

c o v e r s F(p) , LJ F . = F . Since W > V t h e r e ex i s t s v. e V such 
i=l 1 1 

that w~. C v. and consequen t ly F . (p) C w C v. , 1 < i < n . Since 
l i ^ l i i — — 

F is r e g u l a r at p , t h e r e ex i s t s for each i an open se t u. conta ining 

n 
p such that fru.l C v. for f e F . . Le t u = O u. . Then for e ach 

i i i - i i 
1=1 

f e F , f[ul C v. for s o m e i , 1 < i < n . Hence the r e s u l t that 
l — — 

U = {u} > f _ 1 [V] for each f in F . 
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LEMMA ( 2 . 3 ) . Suppose Y is r e g u l a r (or Hausdorff) , F C (X , Y) 
and F(x) is c o m p a c t for each x _in_ X . If F is r e g u l a r then F is 
un i fo rmly r e g u l a r . 

P roof . Let V be any given open cover ing of Y . F o r each x e X 
and V find an open se t u(x) as in L e m m a ( 2 . 2 ) . Then the open cover ing 
U = {u(x) : x £ X} thus obtained has the r e q u i r e d p r o p e r t y . 

LEMMA ( 2 . 4 ) . Suppose F C (X , Y) and_ F(p) is compac t for 
p in X . If F is evenly cont inuous then F is r e g u l a r a t p . 

P roof . Let v be an open se t in Y and G C F such that G(p) C v . 
Given p e X , y e Gfp) and v = v(y) , t h e r e ex i s t s a neighbourhood u(y) 
of p and w(y) C v(y) of y such that if for f e G , f(p) e w(y) then 
f [ u (y)] c v (y) • Ca r ry ing out this c o n s t r u c t i o n for each y in G(p) we 
get an open cover ing W = {w(y) : y e G(p)} of G(p) and c o r r e s p o n d i n g 
to it a fami ly U = {u(y)} of ne ighbourhoods of p . Let u be the 
i n t e r s e c t i o n of m e m b e r s of U c o r r e s p o n d i n g to a finite subse t of W 
cove r ing G(p) . C l ea r ly then for any g e G, g[u] C v . Since v was 
a r b i t r a r y , F is r e g u l a r at p . This c o m p l e t e s the proof. 

LEMMA ( 2 . 5 ) . Suppose Y is r e g u l a r . If F C (X , Y) is r e g u l a r , 
then it is evenly con t inuous . 

P roof . Let x e X , y e Y and let u , a neighbourhood of y , be 
g iven . Le t w be a neighbourhood of y such that w C u . Let 
G = {g e F : g(x) e w} . Then G(x) C w" C u , and by r e g u l a r i t y of F , 
t h e r e ex i s t s a neighbourhood v of x such that g[v] C u for any g e G . 
Thus if g e F , and g(x) e w , then g e G, and consequent ly g[v] C u . 
This i m p l i e s that F is evenly con t inuous . 

P roof of T h e o r e m A. L e m m a s (2 .1) and (2 .3) imply that (a) and 
(b) a r e equivalent ; L e m m a s (2 .4) and (2 .5) imply that (b) and (c) a r e 
equ iva len t . Hence (a), (b), and (c) a r e equiva len t . This c o m p l e t e s the 
proof. 

Le t e : (X, Y) X X -> Y be defined by e(f , x) = f(x) for f e (X , Y) 
and x e X . If for a topology on F C (X, Y) , e r e s t r i c t e d to F is 
cont inuous , then we ca l l it a jo in t ly cont inuous topology on F . 

THEOREM ( 2 . 1 ) . ïï F C (X , Y) is compac t r e l a t i v e to a jo in t ly 
cont inuous topology on F , then F is r e g u l a r . 

P roof . Let x e X , v be an open se t in Y, and G C F be such 
that G(x) C v . Let w = Y - G(x) . Then {v , w} is an open cover ing 
of Y . F o r f in F if f(x) e v then we find open s e t s o(f) and u(f , x) 
conta ining f and x r e s p e c t i v e l y such that e (o(f) X u(f , x)) C v . In 
c a s e f e F and f(x) / v , then of c o u r s e f(x) e w ; again in this c a s e 
we find open s e t s as above so that e (o(f) , u(f , x)) C w . F r o m the open 
cove r ing {o(f) : f e F} thus obtained we obtain a finite open cove r ing 
{o(f.) : i e 1} of F , w h e r e I is a finite s e t . Let J be the s u b s e t 
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of I such that {o(f.) : i e J} c o v e r s G , and a l so e a c h o(f.) , i e J , 

con ta ins at l e a s t one m e m b e r of G . Now, s ince o(f.) for i e J , 

con ta ins a m e m b e r g of G and g(x) e v , by the above c o n s t r u c t i o n 
e(o(f.) X u(f. , x)) C v . Let u = D u(f. , x) . Then for g e G , g[u] C v 

i l . _ i 

i e J 
Hence F is r e g u l a r at x . Since x was a r b i t r a r y , F is r e g u l a r and 
the proof is c o m p l e t e . 

F r o m T h e o r e m A and T h e o r e m (2 .1 ) , we get i m m e d i a t e l y : 

COROLLARY ( 2 . 1 ) . J F C (X , Y) is c o m p a c t r e l a t i v e to a 
jo in t ly cont inuous topology on F , and Y is r e g u l a r (or Hausdorff) , 
then F is evenly con t inuous . 

3 e LEMMA ( 3 . 1 ) . Let Y be Hausdorff, and {f } be a s equence 

in (X, Y) r e g u l a r at p _in_ X . Then for any open se t v conta in ing 
q = L i m f (p) ( a s suming tha t the l imi t ex i s t s ) t h e r e ex i s t s an open se t 

n-*oo 
u and a pos i t i ve in t ege r N such that f \\i] C v for n > N . 

1 a n L J — 

Proof . Since L im f (p) = q £ v , t h e r e ex i s t s a pos i t i ve in t ege r 

N such that f (p) E V for n > N. Hence {f (p) : n > N) " C v . F r o m 
n — n — 

r e g u l a r i t y of {f } it fol lows tha t t h e r e e x i s t s an open s e t u conta in ing 

x such that f [ul C v for n > N . 
n — 

THEOREM ( 3 . 1 ) . Suppose {f } C (X, Y) is r e g u l a r , and 

{f (x)} c o n v e r g e s for each x _in_ X . Let f : X -> Y be defined by 

f(x) = L i m f (x) for x e X . If Y is Hausdorff and r e g u l a r , then f 
n — ° 

is con t inuous . F u r t h e r m o r e , f is a l imi t point of {f ) in C (X , Y) . c «. n J 

Proof . Let x e X and v be an open se t conta in ing f(x) . Since 
Y is r e g u l a r t h e r e e x i s t s an open se t w conta ining f(x) such that 
w C v . F r o m L e m m a (3 .1) t h e r e e x i s t s an open s e t u conta in ing x 
and a pos i t i ve in t ege r N such that f [u] C w for n > N . Hence 

n 
f[u] C w" C v . Thus f is cont inuous at x . Since x is a r b i t r a r y f 
is cont inuous on X . 

To show that f is a l imi t point of {f } in C(X , Y) , it is enough 
n 

to show that any s u b - b a s i c open se t in C (X , Y) conta in ing f con ta ins 
a l l but a f ini te n u m b e r of f . Le t M(k , v) = { h e (X , Y) : h(k) C v} , 

w h e r e k is c o m p a c t in X and v is open in Y , be a s u b - b a s i c open 
s e t conta in ing f . F o r each x in k , s ince L i m f (x) = f(x) e v , 

n-> co 
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there exists a positive integer N(x) such that, for n > N(x), f (x) e v . 
~~ n 

S i n c e Y i s H a u s d o r f f , {f (x) : n _> N(x)} C v . F r o m r e g u l a r i t y of 

{f } , t h e r e e x i s t s a n o p e n s e t u (x) c o n t a i n i n g x , s u c h t h a t 

f [ u ( x ) ] C v f o r n > N(x) . T h e f a m i l y { u ( x ) : x e k} y i e l d s a f i n i t e 

o p e n c o v e r { u ( x ) , . . . , u ( x )} of k . if N = m a x { N ( x ) N ( x )} , 

t h e n f o r n > N , f (k) C v . T h i s c o m p l e t e s t h e p r o o f . 
— n 

L E M M A ( 3 . 2 ) . L e t A C X b e d e n s e , and {f } b e a s e q u e n c e i n 

( X , Y) s u c h t h a t {f (a)} c o n v e r g e s f o r e a c h a e A . If Y i s H a u s d o r f f 

a n d r e g u l a r , {f (x)} i s c o m p a c t f o r e a c h x iin_ X , a n d {f } is_ 

r e g u l a r , t h e n {f (x)} c o n v e r g e s f o r e a c h x i n X . 

P r o o f . L e t x e X and s u p p o s e t h a t {f (x)} d o e s n o t c o n v e r g e . 

S i n c e {f (x)} i s c o m p a c t and Y i s T , w e find t w o s u b s e q u e n c e s 

{ g ) and { h } of {f } s u c h t h a t {g (x)) c o n v e r g e s to s a y p , and 
n n n n 

{ h (x)} c o n v e r g e s to s a y q , w h e r e p ^ q . S i n c e Y i s T , t h e r e 
n 2 

e x i s t d i s j o i n t o p e n s e t s v and v c o n t a i n i n g p and q r e s p e c t i v e l y . 

F r o m L e m m a ( 3 . 1 ) t h e r e e x i s t o p e n s e t s u and u c o n t a i n i n g x and 

p o s i t i v e i n t e g e r s N , and N s u c h t h a t g \\iÂ] C v , , f o r n > N , and 
r ° 1 2 n 1 1 — 1 

h fu 1 C v f o r n > N . L e t u = u , O u^ . S i n c e A i s d e n s e in X , 
nL 2 2 — 2 1 2 

t h e r e e x i s t s a n a e A C\ u . C l e a r l y {f (a)} d o e s n o t c o n v e r g e to a n y 

p o i n t c o n t r a r y t o t h e h y p o t h e s i s . H e n c e {f ( x ) } c o n v e r g e s , and t h e l e m m a 

i s p r o v e d . 

T H E O R E M ( 3 . 2 ) . L e t Y b e Hausdcfr f f a n d r e g u l a r , A C X b e 

d e n s e , a n d {f } C ( X , Y) b e a s e q u e n c e s u c h t h a t {f (a)} c o n v e r g e s 

f o r e a c h a _in_ A . T h e n t h e f u n c t i o n g d e f i n e d on A b_y g (a) = L i m f (a) 

f o r a i n A , h a s a u n i q u e e x t e n s i o n t o a c o n t i n u o u s f u n c t i o n f : X -* Y 

p r o v i d e d t h a t , (1) {f (x)} i s c o m p a c t f o r e a c h x i n X , and (2) 

{f ) i s r e g u l a r . 
^ n

J o 

Proof. From Lemma (3.2) it follows that {f (x)} converges 

for each x in X. Hence f(x) = Lim f (x) is a well-defined function 
n 

n-* oo 
on X which agrees with g on A . From Theorem (3.1) it follows that 
f is continuous on X . Since f is a continuous extension of a continuous 
function g on a dense subset A in X and Y is Hausdorff, f is unique. 

This completes the proof. 
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Proof of T h e o r e m B . Since X i s s e p a r a b l e , t h e r e e x i s t s a 

countab le dense s u b s e t A in X . Since {f (a)} for (f } C F is 
n n J 

c o m p a c t for each a in A , by the Cantor d iagona l p r o c e s s [5, T h e o r e m 9, 
page 45] t h e r e ex i s t s a s u b s e q u e n c e {g } of {f } such tha t {g (a)} 

c o n v e r g e s for e ach a in A . By T h e o r e m (3 .2) the funct ion g : A -*- y 
defined by g(a) = L i m g (a) ha s a unique ex t ens ion to a cont inuous 

n 
n-*oo 

function f : X -*• Y . By T h e o r e m (3 .1 ) , f is a l imi t point of {g } C F , 

and consequen t ly , s i nce F is c losed , f l i e s in i t . Thus an a r b i t r a r y 
s equence {f } of F h a s a c o n v e r g e n t s u b s e q u e n c e conve rg ing to a 

point of F . This p r o v e s the t h e o r e m . 

R e m a r k . In v iew of T h e o r e m A , "even con t inu i ty" can be 
r e p l a c e d by " r e g u l a r i t y " in T h e o r e m s 22 and 23 [ 1 , page 237] . 
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