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Abstract

We show how some Ulam stability issues can be approached for functions taking values in 2-Banach
spaces. We use the example of the well-known Cauchy equation f(x +y) = f(x) + f(y), but we believe
that this method can be applied for many other equations. In particular we provide an extension of an
earlier stability result that has been motivated by a problem of Th. M. Rassias. The main tool is a recent
fixed point theorem in some spaces of functions with values in 2-Banach spaces.
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1. Introduction

The question of how much a function satisfying an equation approximately (for
example, a difference, differential, functional or integral equation) may differ from
a solution to the equation arises naturally in applications of mathematics. The theory
of Ulam (also called Ulam—Hyers or Hyers—Ulam) stability provides some efficient
tools to evaluate such errors (see [11, 21, 22] for further details and references).

Ulam pioneered these investigations when he posed a problem in 1940 in his talk at
the University of Wisconsin (see [20, 21]). Roughly speaking, a functional equation is
said to be stable in a class of functions if any function from that class, satisfying the
equation approximately (in some sense), is near (in a given way) to an exact solution of
the equation [1, 11, 21, 25]. The following definition corresponds to our considerations
in this paper and makes this notion a bit more precise for a metric space (¥, d) and an
equation in two variables. (Here, A® means a family of all functions mapping a set
B # () into a set A # @ and R stands for the set of reals.)

Derniion 1.1, Let S # 0 be a set, Dy € D C Y5 and E ¢ RS*S be nonempty, and
considermaps S: E RS, H: Y xY — Yand 7 : D — Y5> The equation

(TY)(s, 1) = HW(s), (1)) (1.1)
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is said to be S-stable in Dy if, for any ¥ € Dy and § € S with

d(TY)(s, 1), HWY(s), Y1) < 6(s,1), 1,5€ES,
there is a solution ¢ € D of the equation such that d(¢(t), Y(r)) < (S6)(¢) for t € S.

Such stability problems have been investigated mainly in classical spaces [9, 11, 21—
24] and one of the most classical results is the following (see [10] and also [5, 7]).

THeOREM 1.2. Suppose that p € R\ {1}, V and W are normed spaces, O + D ¢ W \ {0}
and consider the following three conditions (where N stands for the positive integers):

(i) ifp>1,then Dc?2D:={2x:x¢e€ D},
(i) ifpel0,1), then2D c D;
(iii) if p <O, then —x,nx € D for x € D and n € N, n > ny, with some ny € N.

Assume that ¢ € R, := [0, o) and g € VP are such that

llgCxy + x2) = g(x1) — gl < c(llxi I + [lx2]I”) (1.2)
for x1, x, € D with x| + x5 € D. Then the following two statements hold.

(@) IfVis complete and (i) or (ii) holds, then there is a unique h € VP that is additive
on D (that is, h(x +y) = h(x) + h(y) for x,y € D with x +y € D) and such that

llg(x) = h(Oll < |l =277 [T Ixy|l”,  xeD. (1.3)
(b) If (iii) holds, then g is additive on D.

However, it is clear that the concept of an approximate solution and the idea of
nearness of two functions can be understood in various, nonstandard ways, depending
on a particular situation. One such nonclassical way of measuring a distance can be
introduced by the notion of 2-norm, proposed by Gébhler in [18] (more information is
provided in the next section). To the best of our knowledge, the first paper on the Ulam
stability of functional equations in 2-Banach spaces is [19] (see also [8, 12-16, 26]
for some later related results). We show how to deal with some Ulam stability issues
(analogous to Theorem 1.2) in such spaces. We believe that those ideas can be applied
in many other similar problems.

We also suggest an open problem concerning optimality of estimates (4.7) and (5.1)

(see Remark 4.4).
2. Preliminaries
By a 2-normed space (see [17]) we mean a pair (X, ||, +||) such that X is a real linear
space of dimension not smaller than 2 and ||, || : X X X — R, (R, denotes the set of

nonnegative reals) is a function satisfying the following conditions:

(a) |lx,yll = 0if and only if x and y are linearly dependent;
(®)  llx, yll = Ily, xIl for x,y € X;
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©) xy+zll <llxyll + llx, zll for x,y,z € X;
(d) lax,yll = lal ||lx, yll for@ € R and x,y € X.

A sequence (x,).en (N denotes the set of positive integers) of elements of a 2-

normed space X is a Cauchy sequence if there exist linearly independent y, z € X with
lim ||x, — X, y[|=0= lim ||x, — xp, 2ll;
n,m—oo n,m—oo

whereas (x,),en 1S said to be convergent if there exists x € X (called a limit of this
sequence and denoted by lim,_,« X,,) such that lim,,_,« ||x, — x,y|| = 0 for y € X.

In a 2-normed space a sequence has at most one limit and the standard property
of the limit of a linear combination of two sequences is valid. A 2-normed space, in

which every Cauchy sequence is convergent, is called a 2-Banach space. We recall a
property from [26] and formulate an obvious, but useful, remark.

Lemma 2.1 [26]. If X is a 2-normed space and (x,),en IS a convergent sequence of
elements of X, then lim,,_,, ||x,,, y|| = [|lim,, e X,,, Y|| for each y € X.

Remark 2.2. Let X be a 2-normed space and y, z € X. According to the condition (a)
of the definition of a 2-norm, ||z, y|| # O if and only if the vectors z,y are linearly
independent.

Note that (in view of the Cauchy—Schwarz inequality), if (-, -) is an inner product
in a real linear space X of dimension at least 2 and

llx, I == \/lellzllyll2 -y xyeX, 2.1)

then conditions (a)—(d) are fulfilled. Moreover (see [8, Proposition 2.3]), if (X, (-, "))
is a real Hilbert space, then X is a 2-Banach space with respect to the 2-norm given
by (2.1).

If we take in R? the classical inner product: {(x1, x2), V1, y2)) = x1y1 + X2y, for
(x1,x2), 1, ¥2) € R2, then the corresponding 2-norm, given by (2.1), takes the form

Cxr, %2), s Il = |xiy2 = xay1ls  (xr, x2), (91, y2) € R,

Clearly, if ||-,||; and ||-, || are 2-norms in a real linear space X and a,f € R,
o+ B%>0,then ||, = all-,-ll; + Bl |l is also a 2-norm in X.
An analogue of Definition 1.1 for 2-normed spaces could be formulated as follows.

Dernirion 2.3. Let (Y, ||, -||) be a 2-normed space and S # 0 be a set. Let E ¢ RS™Y
and Dy C D C Y5 be nonempty, and S: E 5> RS*Y H:YxY - Yand 7 : D - Y5,
Then (1.1) is said to be S-stable in Dy if, for any ¢ € Dy and § € E such that
(T ¥)(s, 1) — HW(s), y(2)), yl| < d(s,t,y) for every s,t € S and y € Y, there is a solution
¢ € D of (1.1) with [l(r) — (1), yll < (SS)(t,y) for 1 € S, y € V.
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3. Fixed point theorem

Now, we present a fixed point theorem from [8, Theorem 1] that is the basic tool in
the proof of our main result. To this end let us introduce three hypotheses.

(H1) E#0 is a set, (Y,]|-,-]) is a 2-Banach space, Yy C Y contains two linearly
independent vectors, j €N, f; € EE, g; € Yg‘) and L; e REY fori=1,..., .
(H2) 7 : YE — YF is an operator satisfying the inequality

ITE) = (T w0yl < ) LiCx, IECSi(x) = p(fi(x)), &I,

1
&,ueYE xeE, yeY,.

J

1

(H3) A:R,B¥ 5 R EXY is an operator defined by

J
(Ad)(x,y) := Z Li(x, )5(fi(x), gi()), 6 €RS, x € E, y e Y.
i=1

Now, we are in a position to present the fixed point theorem mentioned above.

TueoreM 3.1. Suppose that the hypotheses (HI)—(H3) hold and that the functions
e: EXYy—> Ry and ¢ : E - Y satisfy the two inequalities

(o)

T ©)(x) = (), ¥l < &(x,y),  &(x,y) = Z(Als)(x, y) <o (3.1)
1=0

for x € E and y € Y. Then the operator T has a unique fixed point € Y with
llp(x) = (), yll < &°(x, y) for x € E, y € Yo; and y(x) = limo(T'¢)(x) for x € E.

4. Stability

In this section we show that an analogue of the following theorem, proved for the
classical normed spaces [6, Theorem 1.3], can be obtained also for functions taking
values in 2-Banach spaces (actually, we prove it in a somewhat more general form).

TueorEM 4.1. Let p <0, V be a Banach space, W be a normed space and D c W \ {0}
be nonempty. Assume that there is a positive integer ny with nx € D for x € D and
neN, n>ng. Ifc €R, and g € VP satisfies (1.2), then there is a unique h € VP that is
additive on D and such that

lg(x) = (Il < cllxill”,  x€D. (4.1)

This result was motivated by an open problem raised by Th. M. Rassias and
complements Theorem 1.2 by showing that the situation changes (because (4.1) is
optimal) if we drop the assumption in (iii) that —x € D for x € D. For some further
comments and several other related outcomes, we refer to [2-5, 7, 10, 27-29].
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In what follows, Y is a 2-Banach space, (S, +) is an abelian semigroup and

0 # X c S. We assume that there exists a positive integer ko > 1 with
koxe X, xeX, “4.2)

where 1x = xand (n + 1)x = nx + x for x € § and n € N. We write Ny := {kj : n € N}.
Let A|,A; : S — Y be additive (that is, A;(x + z) = A;(x) + A;(z) for every x,z € §),
C,D:Y—Y,c,deR,, p,qge(—,0)and ¢ : X> x Y — R be a function such that

Ui 6y = ) (A y) <o, xeX,yeYi=12keNo k>k  (43)

n=0

with some k € N (see Remark 5.1), where we write ¥y (x,y) := ¥(x, kx, y),
Wi (x,y) = Yikx, x,y), A : R — RYY ig given by

(Ak)(x,y) 1= 6((k + D)x,y) + 8(kx,y), x€X,yeY,5eRXY, (4.4)

and A% =6, A} = Ay o A7 for 6 e RV neNN.
Moreover, we assume that the images of C and D, C(Y) and D(Y), are not ‘too
small’, that is, the following hypothesis is valid (Ry := {ay:a e R} fory € Y).

(H) Theset D-'(Y \ Ru) N C~'(Y \ Rv) contains two linearly independent vectors for
everyu,veY.

Define ¥ : X? x Y — R by the formula
W(x1, x2,y) 1= cllA1(x1), COIIP + dllAx(x2), DO

when
lA1(x1), COII - [1A2(x2), D(Y)I| # O 4.5)

and W(x1, x3,y) := ¥(x1, x2,y) otherwise.
Our main result reads as follows.

TueoreMm 4.2. Let f : X — Y satisfy the inequality

f e+ x2) = f(x1) = f(x2), yll < Wy, 22, ) (4.6)

for every y €Y and x1,x, € X such that x; + x, € X. Then there exists a unique
h: X — Y that is additive on X and such that

1/(x) = h(x), ¥l < min{cllA;(x), COII”, dllA2(x), DI} 4.7)

forevery x € X and y € Y with ||A1(x), CO)|l - |A2(x), D(y)|| # 0.
Moreover, for all x € X and y € Y with |[|A1(x), COY)|| - |A2(x), D(y)|| = 0,

) = RIS nf 0.,

where ‘/’Z,o(x’ y) = min{zj/;:’l (x, ), ‘/’Z,z(x’ )} and gl/,’:’l. is given by (4.3).
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Proor. Fix k € Ny, k > k, with k¥ + (1 + k)? < 1 and k7 + (1 + k)? < 1. It is easy to see
that x, = kx; in (4.6) gives

lf((k + Dxp) = f(x1) = flkx), Yl < cllAr(xn), COIIP + k?dl|Ax(x1), DOOIIT - (4.8)
for x; € X and y € Y such that
lA1(x1), COII - 1A2(x1), DI # O 4.9)

and

If((k + Dxi) = fxr) = flhxr), yll < @xi, kxi, y) (4.10)

for x; € X and y € Y with ||A;(x1), COY)|| - l|A2(x1), D()|| = 0. Let g9, & : X XY = R
for k € N be defined as follows:

go(x1,y) = cllA1(x1), CONIP,  &(x1,y) = kTd||A2(x1), DO)II?

for x; € X and y € Y satisfying (4.9) and gy(x1,y) = ex(x1,y) = %w(xl, kx,,y) otherwise.
Let & = g + & and A; : RY — RY be given by (4.4).
Define the operator 75 : Y* — YX by

(TrE)(x) := E((k + 1)x) — ékx), xe X, €Y,

Then Ay has the same formas A in (H3) (with E =S, j =2, fi(x) = (k+ Dx, fo(x) = kx
and L;(x,y)=1,g,(y)=yforxe X,ye Yy:=Y,i=1,2) and (H2) holds with 7~ = 7;
moreover, (4.8) and (4.10) can be written jointly as

I(TeHxD) = fx)yll < &(xi,y),  x1€X,yel.
Note that
go(mxy,y) = mPeo(x1,y),  &(mxi,y) =mie(x1,y), meN. (4.11)
So, it is easy to prove by induction that, for every x; € X and y € Y satisfying (4.9),
(Ageo)(x1,y) = (K7 + (1 + k)P)'eo(x1,y),  (Age)(x1,y) = (k7 + (1 + k)Y g (x1,y)

for every n € N and, consequently,

D (Afe)(x1,y) = 0(x1,3) Y (K + (1+ K + e(x,y) Y (KT + (1 + 07"
n=0 n=0 n=0

_ £o(x1,y) er(x1,)
1—kr—(1+kp 1-ki-(1+k4

If x; € X and y € Y are such that (4.9) does not hold, then, by (4.3),

4.12)

D AR(,y) = D AR, Y) = P (1)) < oo.
n=0 n=0
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Thus, we have shown that (3.1)isvalidwith E =S, Yy =Y, 7T =T, o =f, A=Ay
and € = Y4 ;. Hence, in view of Theorem 3.1, there is a solution 7} : X — Y of the

equation
T(x)=T((k+ 1)x) - T(kx) (4.13)
such that
fCer) = Tie(x) yll < &7 (x1, ) = Z(AZS)(Xl,y), xeX, yey, (4.14)
n=0

and it is given by the formula

Tk(xl) = lim ﬂ”f(xl), x; € X. (415)

Next, we prove by induction that, forevery n e Ny :=NU {0}, ye Y and x;,x, € X
such that x; + x, € X and (4.5) holds,

7% G+ 22) = T f () = T f (), yll < (K7 + (k + 1)P) " eo(x1, )
+ (k9 + (k+ DI)'e(x1,y).  (4.16)

Clearly, the case n = 0 follows from (4.6). So, take n € Ny and assume (4.16) for
every y € Y and xp, x, € X such that x; + x, € X and (4.5) is valid. Hence, by (4.11),

T3 fer + x2) = T f ) = T eyl
<NTL K+ Dy + (e + Do) = T f((k+ Dxr) = T f(K + Do), yll
T fkxy + kxp) = T f (k) = T3 f (k) V|
< (kP + (k+ D)P)Y'eo((k + Dxy,y) + (k7 + (k+ D) 'gr(k + 1)xp,y)
+ (kP + (k + 1)"Y'eolkx1,y) + (kT + (k + 1)) egr(kxa, y)
= (k? + (k + 1)PY" eo(x1,y) + K1+ (k + D" ep(x2,y)

for y € Y and x;, x, € X such that x; + x; € X and (4.5) holds, which proves (4.16).

Fix x1, x, € X with x; + x, € X. Now, by hypothesis (H) (with u = A;(x;) and
v = As(x)), there are linearly independent vectors z;,2, € Y such that the pairs of
vectors Ai(x;), C(z;) and A;(x), D(z;) are linearly independent for i = 1,2, which
means that (4.5) holds for y = z; (see Remark 2.2). Now, letting n — oo in (4.16)
withy =z fori = 1,2, we get (see Lemma 2.1) ||Tx(x1; + x3) — Ti(x1) — T (x2), zi|| = 0,
whence Ty(x; + x3) — Ti(x1) — Tie(x2) = 0, because zj,z are linearly independent.
Thus, we have shown that T} is additive on X.

Next, we prove that T} is the unique function from Y* that is additive on X and

Beo(x1,y) N Bey(x1,y)
1-kt—(k+1) 1-ki—-(k+ 1)
for some B >0 and every x; € X and y € Y satisfying (4.9). So, suppose that
By € (0,00), Ty : X — Y is additive on X and
Boeo(x1,y) Boei(x1,)
—kP—(k+ 1) 1-ki—(k+ 1)1

Il (x1) = Ta(x), ¥l <

1f(x1) = To(x1), yll < -
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for all x; € X,y € Y such that (4.9) holds. Then (see (4.12) and (4.14))

1T (x1) = ToCx), Yl < 1Tx(x1) = fCe), Yl + 11 () = Toxp), I
(Bo + Deo(x1,y) N (Bo + Der(x1,y)
Tl—kt—(k+ 1P 1—ki—(k+ 1)1

= (Bo + Deo(x1,3) ) (K + (k + 1)P)"

n=0
+ (By + Deg(x1,y) Z(kq + (k+ 1)9)" 4.17)
n=0

for x; € X,y € Y such that (4.9) holds.
Now, we show that, for each j € Ny and x; € X, y € Y satisfying (4.9),

1T%(x1) = To(x1), yll £ (B + Deo(x1,y) Z(k” +(k+ DP)"

n=j
+ (B + Dex(x1,y) Y (K + (k+ 17 (418)
n=j

Clearly, the case j = 0 is exactly (4.17). So, fix j € Ny and assume that (4.18) holds.
Note that T and T are solutions to (4.13). Hence, by (4.17),

1T%(x1) = To(x1), Yll = 1Tk ((k + 1)x1) — Tr(kxy) — To((k + 1)x1) + To(kxy), yll
< |Tw((k + D)xy) = To((k + D)xp), yll + [[Tx(kxy) — To(kxy), yll

< (Bo + Dao((k + Dy, y) Y (K + (k+ D)

n=j

+ (Bo + Der((k + Dxy1,y) Z(kq + (k+ D))"

n=j

+ (Bo + Deo(kx1,y) Z(k” + (k+ DP)"

n=j

+ (By + Delkx,y) D (K + (k+ 17"

n=j

for x; € X,y € Y with (4.9). Finally, by (4.11),

ITk(x1) = To(x1), ¥l < (Bo + Deo(x1,y) Z (k" + (k+ D))"

n=j+1

+(Bo+ Dew(x1,y) Y| (K + (k+ D))"

n=j+1

for x; € X,y € Y such that (4.9) holds, which completes the proof of (4.18).
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For each x; € X, there exist linearly independent vectors z1,2, € Y such that the
pairs of vectors Aj(x1), C(z;) and A»(x;), D(z;) are linearly independent for i = 1,2 (see
hypothesis (#)), which means that (see Remark 2.2) (4.9) holds with y = z; fori = 1, 2.
Hence, letting j — oo in (4.18) (withy = z; for i = 1,2), we get Ty, = T.

Arguing analogously, for each [ € Ny, [ > k, we obtain a unique 7; : X — Y that is
additive on X and

go(x1,y) g(x1,y)
“—(+ )y 1—l—(+ 1)

ILf(x1) = TiCx), yll < ]

for x; € X,y € Y with (4.9). Since, for each [ € Ny, [ >k, we have g < g, the
uniqueness of T} implies that T = T}, whence

£o(x1,y) &(x1,y)
1f(x1) = Tr(x1), ¥l € -+ 1y T T+

_ cllA(xD), COIIP N 19d||Ay(x1), DY)
1=l =+ 1P 1—1a—(+ 1)1

(4.19)

for x; € X,y € Y satisfying (4.9). Now, letting [ — oo in (4.19), for every x; € X,y €Y
satisfying (4.9),

£ Cer) = Ti(x1), Yl < cllAr(xp), COIIP. (4.20)
On the other hand, (4.6) with x; = kx, gives
If(k+ D)x; = flkxi) = f(x1), Yl < ckPllA1(x1), CONIP + dllAz(x1), DI

for x; € X and y € Y such that (4.9) holds. So, we can repeat the whole reasoning of
the proof analogously to obtain that

£ Cer) = Ti(xn), ¥l < dllAz(xr), DI (4.21)
for x; € X,y € Y with (4.9), where
Ti(xy) = r}i_{{)lo(ﬁ'f)(m), x; € X. (4.22)

Clearly, formulas (4.15) and (4.22) define the same mapping, whence (4.20) and (4.21)
yield (4.7) with h = T} = T}. The uniqueness of 4 is a consequence of the uniqueness
property proved for T. O

Remark 4.3. Tt follows from the proof of Theorem 4.2 that h = T} for any k € Ny, k > «,
where T is given by (4.15) (or (4.22) with T| = Ty).

RemMark 4.4. Estimates (1.3) in Theorem 1.2 and (4.1) in Theorem 4.1 are optimal (see

[10, Remark 3.7] and [6, Remark 3.2]). Therefore, there arises a natural open problem
if this is also the case for (4.7) and (5.1) (see the next section).
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5. Final comments

The next remark provides an example of a function ¢ : X> X ¥ — R such that (4.3)
holds (many other similar examples can be constructed analogously).

Remark 5.1. Fix linearly independent u;, u, € Y. Then ||z, uqll2 + ||z, u2|l, > O for each
z € Y \ {0} (see Remark 2.2).

Let ay, az,B1,B2 € (0,00), p1, ps € (—0,0) and y1,x2: Y = Y. If 0 ¢ A;(X) for
i = 1,2, then we may define 77,7, : X > R, and ¢ : X> x Y — R, by

7i(x) = (@illAi(x), w1]| + BillAi(x), wo|)?,  i=1,2, x€ X,
Y(x1, x2,y) = x100n1(x1) + xo()ma(x2), x1,x€X,yel.
Then n;(mx) = mPn;(x) form e Nand i = 1,2, whence
(A Y) = Y1) (K + Dx) + 1 (kx)) + x2(0)072((k + Dkx) + 12 (k*x))

< X1k + DP'ni(x) + &'n1(x) + x2(0)(k + D)P2ma(kx) + kP2 np(kx))
S KP4+ (k+ PP+ EP + (k+ D7) (x,y)

and analogously (Axi2)(x,y) < (KP' + (kK + 1)P' + kP2 + (k + 1)P)y2(x, y) for every
k € Ny, x € X and y € Y. Since, for k € N, A, is linear, by induction we easily get

(A )(x,y) < (K7 + (k+ PP+ kP2 + (k+ 1)P2) 'Yy i(x,y),  n€No, i=1,2,
forxeX,yeY.IfkeNand «” + (k + 1)P < 1/2 fori = 1,2, then, for k € Ny, k > «,

Yii(X,y)
1— kP + (k+ DPv+ k22 + (k+ 1))’

Z(Azwk,,-)(x, y) < xeX, yeY, i=1,2.
n=0

Note that the methods, from the proof of Theorem 4.2, can be applied in classical
Banach spaces yielding the following generalisation of Theorem 4.1 (Theorem 5.2 also
complements the main results in [5, 7]). Here S, X, p, ¢, ¢ and d are as before.

TureorEM 5.2. Let V be a Banach space and £,,&, € (V \ {0)X be additive on X. Assume
that there is ko € N such that (4.2) holds. If g € VX satisfies

llg(x1 + x2) — g(x1) — ()l < cllg1 (xDII” + dllg2(x2)II

for x1, x, € X with x| + x» € X, then there is a unique, additive on X, h € YX with

l1g(x) = A()Il < min{cllg1 (DN, dli&DI},  x € X. (5.1
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