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LITTLEWOOD-PALEY AND MULTIPLIER THEOREMS
FOR VILENKIN-FOURIER SERIES

WO-SANG YOUNG

ABSTRACT.  LetS,;f be the 2/-th partial sum of the Vilenkin-Fourier series of f € L!,
andset S,-1f = 0.Forf € 17,1 < p < 00, we show that the ratio

CE 130f = Sy 1o/ Wl

is contained between two bounds (independent of f). From this we obtain the
Marcinkiewicz multiplier theorem for Vilenkin-Fourier series.

1. Introduction. Let {p;};>0 be a sequence of integers with p; > 2, and G =
[12°, Zp, be the direct product of cyclic groups of order p;. For x = {x;} € G, let ¢x(x) =
exp(2mixy/pi), k = 0,1,2,.... The Vilenkin system {x,} is the set of all finite prod-
ucts of {¢k}, which is enumerated in the following manner. Let my = 1, m; = Hff;(} Dis
k=1,2,.... Express each nonnegative integer n as a finite sum n = 322 ; axmy, where
0 < o < py, and let x,, = I1;2 ¢;*. The functions {x,} are the characters of G, and
they form a complete orthonormal system on G. For the case p; = 2,i = 0,1,2,..., {¢:}
are the Rademacher functions and {,} are the Walsh functions. In this paper there is
no restriction on the orders {p,-}, and the constants C, ¢, and C, that appear below are
independent of {p;}.

We consider Fourier series with respect to {x,}. Let u be the Haar measure on G
normalized by p(G) = 1. For f € L, letf(j) = [ofOX@®)du),j = 0,1,2,..., and
Sif = Z]'-':'Ol f(j)xj, n = 1,2,.... We prove the Vilenkin-Fourier series analogue of the
Littlewood-Paley theorem [7, 11, p. 224].

THEOREM 1. Let 1 < p < oo. There exist positive constants c, and C, such that for
anyf € L?,

(.1 ol < (32 foors = 521

where S,-.f = 0.

) <t

Forp; =2,i=0,1,2,..., Theorem 1 is Paley’s result for Walsh-Fourier series [3].
On the other hand, if pg — 00, S,f resembles the n-th trigonometric partial sum. Thus,
when restricted to one cyclic group, Theorem 1 can be viewed as a discrete version of
the Littlewood-Paley theorem for trigonometric Fourier series.

As a consequence of Theorem 1, we obtain the Marcinkiewicz multiplier theorem for
Vilenkin-Fourier series (see (7, II, p. 232]).
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THEOREM 2. Let 1 < p < oo. There is a constant C, such that if {\(n)}n>0 is any
sequence of numbers satisfying

IAXm)| <B, n=0,1,2,...

and "
2411
2 A+ D=Am|<B, j=012,...,
n=2
and iff € L?, then 372 Nn)f(n)xn is the Vilenkin-Fourier series of a function T\f € LP
and

ITfllp < CoBIIflp-

The proof of Theorem 2 is the same as that given for the trigonometric case (see
[2, pp. 148-151]). Instead of using the vector-valued inequality for the partial sums of
trigonometric Fourier series, we use the corresponding inequality for Vilenkin-Fourier
series:

LEMMA 3. Let 1 < p < 0o. There exists a constant C, such that for any sequence
of functions {f; } in L? and any sequence of positive integers {n;},

|(S1s- )" <qf (2 )"

p

This lemma is proved in [6].

The proof of Theorem 1 will be given in two parts. In §2 we show that it can be ob-
tained as aresult of a multiplierlemma. This lemma, which is a special case of Theorem 2,
will be proved in §3.

In what follows, C will denote an absolute constant which may vary from line to line.

2. Proof of Theorem 1. The proof will be presented in several steps. To simplify
our notation, set Aif = Syuf — Syf,j = —1,0,1,.... We first observe that, to prove
Theorem 1, it suffices to prove the right side of (1.1), i.e., for each p € (1, 00), there is a
constant C,, such that

e (S 1a52) ") < oty rere

The left side of (1.1) will then follow by a duality argument. To see this, let f and g be
Vilenkin polynomials, I < p < oo and 1/p +1/q = 1. Using the orthonormality of
{xn}, Holder’s inequality and (2.1), we obtain

o rean] = ]jjfl L @N@g)dy
2.2) < ” (jil ]Ajflz)[/znp“ (j:il IAjg'2>l/2"q

<cif(5 1as2) " el
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Since Vilenkin polynomials are dense in L, (2.2) holds for all f € I” and g € LY. Taking
the supremum over all g € L7 with ||g||, < 1, we get

Il < (ji AP I/QHP’ fer.
Since ||A_if ||, = [IFO)||, < |If]l,» (2.1) will be obtained if we prove
3 [(S1a) | <ol rer.
=0 p

To prove (2.3), we introduce a related operator. Let Ly, k = 0, 1,2,.. ., be the integer
such that 21 < p, < 25+!, Note that L, > 1. Forf € L', define

Li—1
of = LX%< S [Satetm = Sam 1P+ |Smf — St | )]
We shall show that
00 By 1/2
2.4) (2 1ar2) | < coliofl,
j=0 P
Let {n;}i>0 be the enumeration of the set of integers {2'my : € = 0,1,...,L,
k=0,1,2,...} withng < n; < np < ---. Also, let {v;}i>0 be the enumeration of

{2:j=0,1,2,..3U{n; : i =0,1,2,...} withvg < vy <vy <---,and set§;f =
Suf — Suf,i=0,1,2,.... We observe that in each interval [2/,2*!),j = 0,1,2,...,
there are at most two n;. Hence each A;f is the sum of at most three d;f. Therefore,

o0 o0
@.5) YIAfP <y l5f1
j=0 j=0
On the other hand, in each interval [n;,n;11), i = 0, 1,2, ..., there is at most one integer

of the form 2. Hence S, ,f — S,f is the sum of at most two §;f. Moreover, each of
these é,f is a difference of two partial sums of the Vilenkin-Fourier series of the function
Snif — Suf. Hence it follows from Minkowski’s inequality and Lemma 3 that

I(351a2) ], < (180 - 502) ],
=Gl

Combining (2.5) and (2.6), we obtain (2.4). A similar argument shows that we also have

lorlh < & (3 )

(2.6)

Therefore, proving (2.3) is equivalent to proving

(2.7 lofll, <G

fer.
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We shall simplify (2.7) further. Let

B = (3 5 I52ms — St

(If L, <2, we interprete the sum Z?*: ‘12 to be zero.) We have
00 1/2 00 1/2
0F < (o 1Somf = S 12) 4B+ (3 1S200mf — Syt )
k=0 k=0
0 1/2
+ (Z |Smk+1f - SZLkm,(f|2>
k=0

Each of the terms Sym,f — Sm,f, Soripm S — Soti-ty,f @a0d Sy f — Syr,, f 1 the difference

of two partial sums of the Vilenkin-Fourier series of the function S,,, . f — S, f. It thus
follows from Lemma 3 that

0 2 1/2
1071 < 187l + Col (32 I8m.f = SmfI?) ]
Since {S,,f} is a martingale (see, e.g., [6]), Burkholder’s result for martingales [1] gives
1/2
(X 15m.s =) | < ol

Therefore (2.7) will be proved if we show

(2.8) IRfllp < Gollfllpn feEL”.
We shall prove (2.8) using a multiplier transformation. Let k = 0,1,2,... . If L; > 2,
define, for £ = 1,2,. — 2, the sequence {ayey, (1) }r>0 by
1 if 20my < n < 2%my
a () = 57 fFRC + )m <n< QY4+ Dmy, j=0,1,...,2001 — 1
14 — .
2 L= 2 i@ 4+ jme <n < @ 4+ Dmy, j=0,1,...,207 — 1
0 otherwise,
and set

Ay f =3 azemk(n)f(n)Xn'
n=0

Let r;(¢),i = 0,1,2,..., be the Rademacher functions defined on [0, 1]. For ¢t € [0, 1],

N=12,...,1let
N—1L;—

Tf=3% Z "2m DAzt f
k=0 ¢=
We shall show that (2.8) will follow if we have

(2.9) 1T, < Collfll,, fEL, N=1,2,..., t€[0,1].
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To see this, we note that, from (2.9),

| WN=1L—

/. / !}: = rzzmk(t)Azpmkf(x)‘pdtd,u(x) < Glifln.

k=0 (=

By Khintchin’sinequality [7, I, p. 213], there is a constant B, (depending only on p) such

that
1 N=1L— N—1 Ly—

L E i O f O] > B, (= Z At ).

k=0 (=

Therefore,
N—1L—2 5 1/2
[(Z 5 1sns?) | < ol
k=0 ¢=1 P
Now, fork =0,1,2,...,0=1,2,..., Ly — 2,

SZ“‘mkf - S2€mlf = S2“'mk(A2”mkf) - S2[mk (Aztmkf).

Combining this with Lemma 3, we get

O 500 = s < (5 5 )

<Glf I|p~

Letting N — 00, we obtain (2.8).
We shall prove (2.9) in a slightly more general form. Since a,/,, (n) = 0 for n ¢

[my, mier),
mN—

=" [ 5 raz oforve

k=0 (=

Let A e(n) = 1o DAy, (n), n = 0,1,2,..,k = 0,1,2,..., £ = 1,2,...,Ly — 2,
t € [0, 1]. We notice that each sequence { A ¢(n) }»>0 has the following properties:

(2.10) Ake(n) = A e(amy)  forall n € [amy, (o + Dmy), o =0,1,2,...;

(2.11) Mee(amy) =0 fora ¢ 2714 1,22 —1;
(212) [)\kg(amk)| S 1, o = 0, 1,2,...;

1
(2.13) PeeCam) = A (0 — Dmy)| < == sor a=12...

Hence (2.9) will be proved if we have the following lemma.

LEMMA 4. Suppose, fork = 0,1,2,...and { = 1,2,...,L; — 2, {\c¢(n) }uxo are
sequences satisfying (2.10)—(2.13), and

Li—2

2.14) An) = i > Me(n), n=0,1,2,....

k=0 (=1
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Then, for 1 < p < oo, there is a constant C,, independent of { i ¢(n)}, such that
N mN—l ”
T°f = > Mn)f(n)xa
n=0
satisfies
(2.15) ITfll, < Gollfll,
foreveryf € P, N=1,2,....

The proof of this lemma will conclude the proof of Theorem 1.

3. Proof of Lemma 4. Because of (2.11), we notice that for each n, at most three
terms on the right side of (2.14) can be nonzero. From this and (2.12), we get

Mm)| <C, n=0,1,2,....
Thus it follows from Parseval’s identity that
(3.1) Il < Clifll, fELL N=1,2,....
The lemma will be proved if we have the weak-type inequality
(3.2) p{ITVfl >y} <oy UIflli, feL,y>0N=1,2,....

The case 1 < p < 2 of (2.15) will follow from (3.1), (3.2) and the Marcinkiewicz
interpolation theorem [7, II, p. 112]. A duality argument will then give us the case
2 < p < ooof (2.15).

We shall use the following notation. For k =0, 1,2,.. ., let

Lk—2
>\k(n) = E )\k,[(n), n = 0, 1,2, ceey
=1
and -
Tif = ZOAk(n»?(n)xn.

Observe that A\y(n) = 0 for n ¢ [my, my,;). We have
N-1

(3.3) ™f =3 Tf.
=0

We shall write T;f in an integral form. By (2.10),

(a+Dymy—1

00 Pl
Z M(m)xn = Z M(amy) 2 Xn
n=0 a=1

n=amy

Pr—

!
= Y Mlam)dgDp,,

a=1
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where D, = Z]’.’:_O‘ xj>» n = 1,2,..., denotes the n-th Dirichlet kernel. To describe D,y ,
let {G,} be a sequence of subgroups of G defined by

k—1 o0
Go=G, Gy = [[{0} x[[Z,, k=1.2....
=0 i=k

It is proved in [4] that D,,, = myxg,. Note that (Gy) = mk". Therefore

Tif (x) = /Gf(l){z A(R)xn(x — t)] du(t)
(3.4) | n=0
~ WGy /x+ckf(t)M’<(x — ) du(),
where

p—1
Mi(t) = 7 Mlam)dg (o).
a=1

We shall identify G with the unit interval (0, 1) by associating with each {x;} € G,
0 < x; < p;, the point 2 xim;‘l € (0,1). If we disregard the countable set of p;-
rationals, this mapping is one-one, onto and measure-preserving. On the interval (0, 1),
cosets of Gy, are intervals of the form (jm,j‘, G+ l)m,:‘),j =0,1,...,m,—1. Aninterval
I C (0,1)is said to belong to 7, k = 0,1,2,...,if I is a proper subset of a coset of G
and is the union of cosets of Gy,,. For I € J,, we define the set 3/ as follows: Suppose
I Cx+Gpx € GIf ) > p(Gy)/3,1et 31 = x + Gy. If pu(I) < p(Gy)/3, consider
x + G, as a circle, and define 37 to be the interval in this circle which has the same center
as I and has measure p(37) = 3u(]).

We are now ready to prove (3.2). Let f € L' and y > 0. We can assume ||f]|; < y.
Otherwise, there is nothing to prove. Applying the Calderén-Zygmund decomposition

lemma (see [5]), we obtain a sequence {/;} of disjoint intervals in (J;2 J such that

1
. —_— < .
3.5) y<u(1j)/6(f[a’p*3y, for all I,
and
fx)| <y forae.x¢JI; =Q.
J
Let f = g+ b where

e ifx ¢ Q
8(x) = iy fdu fxelj=12,....

Then g and b have the following properties:

(3.6) lg)| <3y ae;

(3.7 el < Iflls

(3.8) b)=0 ifx¢Q;

(3.9) /1 bdu=0 foralll;
(3.10) /lj[bldu, < 2/11 fldp for all I;.
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Since
p{ITf] >y} < p{|TVg| > y/2} + p{|T"b| > y/2},

(3.2) will be proved if we show that each term on the right is bounded by Cy~!||f||;.
For the first term, we use (3.1), (3.6) and (3.7) to get

w{|TVg| > y/2} < Cy 2T g|I3 < Cy?ligll3 < Cy'If Il
To estimate TVb, let Q* = (J;(31)). Then
W) <3l < Syl
by (3.5). From (3.3), we have
plx g Q|| > y/2y <oy [ 1TV dp

lN—l
o

Hence (3.2) will be proved if we show
o0
(3.11) > /CQ* |Tibl du < ClIf |-
k=0
Letx ¢ Q, 1 = x+ Gy and I' = x + Gy,,. From (3.4),
Tob(x) = —— f B(OM(x — 1) du(?)
¢ w17 '

We shall split the integral over I’ and I \ I’. Note that neither I nor I’ is contained in Q.
Fortel', Mi(x —t) = Z’;";l A(amy). Therefore

pi—1
[[ b(OM(x — ndu(t) = Z. Aormy) /1 bdu

pi—1

= O;I NCZADY /1 bdu =0,

Lcr

by (3.8) and (3.9). As for the second integral, we have, by (3.8),

Sy bOMi =Dty = 5 [ bMy(x ~ 1) dutr)

LcLLgr

= ¥ [ boMx—nduo

LCLLES ™
+ [ bMe = du),

LahLgr
L¢3
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Forl; C I ;md I; §é Ji» M(x — t) is constant on I;. Thus the last term vanishes by (3.9).
Let # = {#, }x>0 be any fixed point in /;. Again, by (3.9),

/1 BOM(x — ) dp() = 0

for any /;. Therefore

1
= 2 J, PO =) = Mytx = )1 du(o).

If I is any coset of Gy,
e lka(x)Idu(x)< Z / |b(t)] — (,) ey MO0 =Mi =) () dpu).

We shall show

1 .
(3.12) o Iy MG =0 = Mix =] du) < €

for any coset I of Gy, I; C 1, I; € Jyand 1, # € I;. With (3.12) we get

o | Tibldu < C . /,v|b|du

Ll

cc ¥ 11,

Lcl,  Liedk

by (3.10). Summing over all cosets I of Gy and then over all k, we obtain

z/ | Teb| dp < ckzo > [ ftdu < cliflh.
l€ Tk J
Thus (3.11) will be proved if we have (3.12).

Set
Pl

Mk,((t) = Z )\k,g(amk)d),‘f(t), {=1,...,L —2.
a=1

Then
Li—2

M (1) = ;;1 Mo (D).

To prove (3.12) it suffices to establish the following inequality:

1

;_(B INC(3L) |Mio(x — 1) — Mo (x — t’)l du(x)

1/2 Nq1/2
gcm%[z-"%} ,[25%%} } (=1,...,L—2,
i

for any coset  of Gy, I; C 1,1; € Jyand ¢, ¥e I;. Then (3.12) will follow if we sum over

all £, using the second estimate for ¢ < log, ((1”) and the first for £ > 10g2 #(1)

(3.13)
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We shall now prove the first estimate in (3.13). Note that

1

1 ) \ 1/2
m -llﬂ"(_%l_,) 'Mk,Z(x — )l dux) < (m /l |Mjo(x — D) pr(x — 1) — 1 dp,(x))

! 1/2
* (m /lﬁ('(.%l) |Glx — 1) — ll_z du(x)) ,

by Holder’s inequality. A direct computation shows

1 -2 ph
(3.14) oD Jireany [prlx — 1) — 1| " du(x) < C—U—)-

From (2.11) we have

20+2

(3.15) My @)¢xx) — 11 = 3 [Aer((o— Dmi) — A elomy) |65 (x).

a=2(-1
By Parseval’s identity and (2.13) we get

2642

1
D [I|Mk,z(x“ DP gk =0 = 17 du) = 35 [hee((e— Dmy) — )\k,[(amk)‘z

a= 2€
<cC 2t
Therefore
1

p0)]'"?
w(l) Jirean _] '

pd;)
The same inequality holds if we replace ¢ by #. From these we obtain the first estimate
in (3.13).
To obtain the second estimate in (3.13), we use the inequality
1
w() Jircan)

|Myo(x — )] dp(x) < C[T

Mo (x — 1) — Mo (x — ¥)| d(x)
1/2
( (1)/1Mk/(-x t)"Mkp(x——t})' l¢k(x_t)_ 1|2du(x))

1/2
X (_/m(wj) |pr(x — 1) — ll‘zdu(x)) )

Let s = ¢ — t. We observe that
My (x) — My o(x — $)][p(x) — 1]
= My o ()[Pp(x) — 11 = My o(x — 5)[p(x — 5) — 1]
— My (x — $)[pr(x) — dp(x — )]

2(+2

= 3 [Me(@=Dmy) = Aolamp)]l1 — ¢, ()l ()
a=2/-1
2l‘+2
— 3 el = Dmy)dy *®)I1 — ¢ ()1 (),
=21
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by (3.15) and (2.11). Using Parseval’s identity, (2.13), (2.12) and the fact that ¢, e,
we obtain

l' .
H(_I) /1 My o(x — 1) — My o (x — t’)|2|¢k(x —— 1|2 du(x)

2i+2

<C Y Pue(@=Dm) = Molam 1 — ¢ — )P
a=20-1

2[+2

+C Y Pee(@—Dm)[1 ;'@ — P
=271
<! [”—(112]2
- p()
Combining this with (3.14) we get
L zem]‘”
u(l) Jincany) wh| -

This proves (3.13) and hence concludes the proof of Lemma 4. The proof of Theorem 1
is now complete. (]

Mo x — 1) — Myo(x— 9] dpa(x) < c[
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