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1. Introduction. In the analysis of mixed boundary value problems by Hankeltransforms,
one often encounters dual integral equations of the form

L wi Gy dx =f(y)  (yely), (L.1)

j "G =g0) el 12)

where I, = (0, 1), I, = (1, ©); w(x), wy(x) are weight functions, y(x) is the unknown func-
tion, and f(y), g(y) are functions continuously differentiable on J, and I, respectively. Many
successful attempts have been made to solve (1.1) and (1.2). These are all discussed in a recent
book by Sneddon [7]. As pointed out in a recent paper by Erdogan and Bahar [4], in mixed
boundary value problems of semi-infinite domains involving more than one unknown function
such as those arising in elastostatics, viscoelasticity, and electrostatics, the formulation will
lead to a system of simultaneous dual integral equations which is a generalization of (1.1) and
(1.2). These equations may be expressed as follows:

{3 b 033} =00 (xe) a9
{5 00w 05 =09 (wel) 14

withi =1, 2,...,n, where we use the notation
Q
H{Y(0);x} = '[ tp(1)J (xt) dt
1]

Erdogan and Bahar [4] solve (1.3) and (1.4) by reducing them to an infinite set of algebraic
equations, using a natural generalisation of the method developed by Tranter [9] for dual
integral equations. In this note, we pay particular attention to the cases which are of most
physical interest—namely w; () = t~ 2%, ;and v, (1) =1~ %b,;, a;; and b;; being constants.

By using the Erdelyi-Kober operators of fractional integration described in Erdelyi
and Sneddon [3], we are able to solve the equations in a fairly straightforward manner. In
§ 3 and 4, we show all the details for the cases of two and three sets of equations while in § 5
we outline the procedure for n pairs of simultaneous dual integral equations.

t This research was supported in part by the United States Air Force under grant AF-AROSR 435-63, with
Duke University, monitored by the Air Force Office of Scientific Research and in part by a National Science
Foundation Science Faculty Fellowship.
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If we make the substitutions w;;(t) = t~?%a,;, v,(t) = t~*#b,;, we find that equations (1.3)
and (1.4), assuming the validity of an interchange of order of summation and integration, may
be written in the form:

T ey, [0 =) (xel), (1.5
P b;; #,, [t-”l//j(t)ix] = g(x) (xely), (1.6)
withi=1,2,...,n. Erdoganand Bahar [4] show that(]1.5)and (1.6) may be reduced to the pair
of equations
121 iy, [0 x] =p(x)  (xely), (1.7
2, [ #P(1);x] =0 (xely), (1.3
where
8= ¥ by 0=, 1

¥

7(f) = 1 f " xgi0T, (x0) dx, (1.9)
1

P == T, oy L1035, |

with (¢;)) = C=AB™', A = (a;), B=(b;)),i,j=1,2,...,n. Hence we shall only discuss the
solution to (1.7) and (1.8), as the solution to the pair (1.5), (1.6) follows immediately from (1.9).

It should be pointed out that the pair of simultaneous dual integral equations considered
by Westman [10], are a special case of (1.5), (1.6), namely thatin whichn =2, u; = v, = v+2,
U=V, =V, G, =0y =08y =b;,=b,, =1. His method involves a straightforward
generalization of the techniques used by Copson [2] and Lowengrub and Sneddon [5] to solve
dual integral equations.

2. The Erdelyi-Kober and modified Hankel operators. Throughout this note, we shall make
use of various operators of fractional integration whose properties are discussed in Erdelyi
and Sneddon [5]. Ifa > 0, > —4, we define the operator 7, , as follows:

2x-’2{1—2r] x
oS0 = 2 [ ey, 2.1)
(o) o
I, is the identity operator and, if —1 < & < 0, we define J, , by the relation
x~2¢—2r,—1 d x ) 5 g
I = — = —_ &y 2nt d . 2.2
L dx[ j O ) u] @2
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Similarly, if « > 0, > —4, we define the operator K, , by the equation

2 21 ffo0
K, f() = o | u=x?rtu= 2204 du, (2.3)
" @)«
while K, , is the identity operator and, for —1 < « < 0, we define K, , by the relation
Kyaf )= A" a2y 24
= —x“)Yu . .
wed = Tayay ax| ), W T wau

The modified operator of Hankel transforms is defined by the formula

Spof(X) = 2“x'°‘Jj 117 (X0 f(D A, 2.5
Erdelyi and Sneddon [3] show that the following relations connecting these operators hold:
IyiapSa=Sparps (2.6)
Sp+aplna= Spatp 2.7
KyaSytap = Spatps (2.8)
SnaKytap = Spats (2.9)
Sp+apsSpa=Iparp> (2.10)
SnaSn+ap = Kpatg- (2.11)
The inverse operators are given by
Ir;al = Ir]+a,—a:
Kya = Kyia-as 2.12)

Sr;:al = Sq+a,—a .
In addition, we shall have occasion to use the following identity connecting S, / and K :

So‘,t = Sa+y,t—ﬂ—yKa+r—ﬁ,ﬂIo',y (213)

3. Two pairs of dual equations. In this section, we shall consider the solution to the set of
equations

j=1

Si‘l‘l—a.ZaI: Z Cij ¢J(x)] = pi(x) (x EII): (31)

Sivi-p.2p $i(¥) =0 (xely), (3.2)
i=1,2,1,=(0,1),1,=(1, ).
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Following the techniques of Copson [2] and Peters [6] for dual integral equations, we set
G1(X) = Sgv 48,31 —vi)—a-8 B1(X) + Sgv; 48,3042 vy —a—p B2(X), (3.3)

d2(x) = S{-v;+ﬂ,§(u;—v;)—a—ﬂ h3(x), (34)

where h(x) =0, xel,,i=1,2,3.
From (2.13), it is clear that the representation (3.3) and (3.4) satisfies equation (3.2).
Substituting into the relations given by (3.1), we find that the case i = 1 yields

I, +8.4(m1—vi)+a—p [cl 1 hl(x)] + Sim—a.Za Sq}vz +B,4(u2=v2)—a~g [01 1ha(x)+cys h3(X)] = py(x).

(xely)
If we choose h, and A, such that
¢y ha(X)+e ha(x) =0 (xelyuly), 3.5)
then it is clear that
hy(x) = cl_lll-}m+a.-\}(m—vx)-a+:ﬂ pi(x), (3.6)

provided that ¢,, # 0.
Substitution of (3.3) and (3.4) into (3.1) for i = 2 yields the following relation:

Loy 4p,40u2-vi)+a-p [sz hy(x)+c,, h3(x)] = py(x)—¢2, Siuz~a,2a S{-vg+ﬂ.-}(m—vx)—a—ﬂ hy(x).
Inversion of the preceding equation with the use of (3.6) and (2.7) yields
21 ha(X) 4 €23 (%) = Iy 40— s(ua—va)—a+p P2(X)
—€21 Sgur—a,~ 2 -va) +a+8 Stvi + 841 —vi) a g hy(x).
Thus we find that
hy(x) = — L Lypsva,-3Gu-va)—a+p P2(X)
€22€11—C21€12

€21C11

Stuz-a, = 4(ua-va) +a+ g Sgvi + B, 41~ vi)~a-p hy(x),
€22C11—C21Cy2

provided that ¢,, ¢,y — ¢z, €12 # 0, while Ay(x) = —cyc;, h3(x). The solution for ¢, and ¢,
is then given by the representations (3.3) and (3.4).

4. Three pairs of dual equations. We shall now discuss the solution to the set of dual
relations

\ .
S!‘m'a,Za( Z Cij ¢,(x)) = pi(x) (xely), “4.1)

j=1
Svi-p,28 (%) =0 (xely), 4.2)
wherei=1,2,3, 1, =(0, 1) and I, = (1, ).

F
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Using the methods described in § 3, we set
G1(x) = Sy, 4.3 -viy-a-p P1AX) + Sgry 48,40 -v2)—a- 8 120D+ x4 .3 us - viy)-a-p F3(x),  (4.3)
‘$a(x) = Si-vz +8.4(22-v2)—a—8 ha(x), 4.49)
P3(X) = Syvy+p,1(us~vs)—a—p Hs(X) 4.5)

where h(x) =0, xel,,i=1,2,3,4,5.
It is a simple matter (by use of (2.13)) to verify that (4.3)-(4.5) satisfy the relatlons 4.2).
Substituting (4.3) into (4.1), for i = 1, we obtain

I-}vl +8,4(u1—vi) +a—8 [Cu hl(x)] + Sﬂl —a,2a S3v; + B4 (ua-va)~a—p [01 1ha(x)+¢,2 h4(x)]
+ 840,20 Stvs 484 Gus vy —a=p 1€11 B3() €3 hs(x)} = pa(x)  (xely).
If we select hy(x), h3(x), ha(x), hs(x) such that

ey hay(X)+cqp ha(x) =0, }

cy1 ha(x)+c 3 hs(x) =0, (4.6)

we see that
hy(x) = ‘:1_111«}”,+a.—4}(m—v,)-a+ﬁ Pa(x) (xely), 4.7

provided that ¢,, # 0.
In the like manner, we find that substitution of (4.3)~(4.5) into (4.1), for i = 2, yields, using
the properties (2.6)2.12),

€21 ha(x)+ 22 ha(x)

= F(X)~ Sypr-a,-1u2=va) +a+8 Spva+8.aGus—vy-a—p [C21 Bs(X) + 23 hs(x)]  (xel,),  (4.8)
where

F(x) =Ty, 40, 3ua-va)~a+p P2(X) = C21 S«}pz—a,‘-}(pz—vz)+a+ﬁ Sivi+patn+vy-a-p h1(x),  (4.9)
while substitution into (4.1), for i = 3, gives us the relation
€3y h3(x)+c33 hs(x)

= G(X)~ Sypy-a,~3us—va) +a+8 Spva + 32 —vaya-p [C31 12() Fe32 h(x)]  (xely), (4.10)
with

G(x) = Ly b, - gus-vo)-a+p P3OV = C31 Sgpyma, = 4(us —va) +a+ 8 Svy + 8,30 vy —a~p 1 (%), (4.11)

By making use of equations (4.6), we see that
hs(x) =y, G(x)—y, S-}M;;—a,—*(yg—v;)-f'a"‘ﬂ Sivz +8,4(u2—v2)—a—p hy(x), 4.12)

while '
ha(x) = y4 F(x)—7s Ss}uz—a,—-}(uz—vz)+a+ﬂ S-}v;+ﬂ,-§(u;—v;)—a—ﬂ hs(x), (4~13)
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where
_ €11 _ €32€11—C31 €12
'YI - 3 V2= ’
€33C11—Cy3C3y €33€C11—C13€31
_ C11 _€23€11—C21Cy3
Vo= ——, Vs=————.
€22€11—C12C23 €22€11—C21 €12

We must, of course, make the assumption that
€33€11—C13C3y #0 and €22€11—C21 €12 # 0.

If we substitute (4.13) into (4.12) and make use of the fact that I, 4 is the identity operator,
we find the following simple result for hg(x):

Y274
1—-y57s

hs(x) = y‘m G(x)~

=y Stus-a,-1us=va)+a+ 8 Spvr+pagn-vo-a-p FX) (x€ly), (4.14)

provided that y, ys # 1.
Putting (4.14) into (4.13) we find that, for xel,, h,(x) is given by

Y1 7s

hy(x) = 74 F(x)— Stuz—ad(uz—va) +a+p Stvs+ 8,4 (us—vs) ~a—p G(X)
1=y275

+ Y27Y47s

I___—_ Siuz‘ﬂ.-i(nz“’z)“'ﬁ'ﬁ [S&Vz* ﬁd‘(uz-vz)—a-ﬂF(x)]
—7V27s

Ya

- F(x) Y1Ys
1—7,9s

1—-y,7s

Siur-a—4(uz=v2)+a+s Sivs+B.4(ns—vs)—a-p O(X),  (4.15)

where F(x) and G(x) are given by (4.9) and (4.11) respectively, and we assume that y, y5 # 1.

The results for 4,(x) and A;(x) are given by (4.6) while the ¢; (i = 1, 2, 3) are easily found
from (4.3)-(4.5).

5. Examples. In this section we consider two examples of sets of simultaneous equations
arising in the mathematical theory of elasticity. (See Sneddon and Lowengrub [8], Chapter 3,
§3.5.) Both sets of equations appear in the solution to the problem of determining the stress
field in the neighbourhood of a penny shaped crack in a solid under shear.

We first consider the set of equations

Holey A+, BE);p] =1, }
Holcas AQ)+cy2 B(O); p] =0, O<p<), (5.1
Ho[ETAE); p] =0,
(p>1),

#,[E7'B(E); p] =0, (5.2)
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It is a simple matter to show that the above equations may be rewritten in the form

So,olc11 A(p)+¢12 B(p)] = 1, }
S1,0lc21 A(p)+¢2, B(p)] =0, (pely),

S_31[4(M] =0, }
S;1[B(p)] =0, (pely),

where I; = (0, 1) and I, = (1, o).
Following the methods indicated in § 3, we see that

A(p) = Sy - hi(p)+ S, _ 3 hy(p),
B(p) = Sg.—* h3(p),

where h(p) =0, pel, (i=1,2,3). Hence, from equation (3.6), we find that

. 2
hy(p) = 01_1‘10,«}[1] =cyy % (pely)

and then
42
A(p) = 7} \—/'EP 117«}(/’),
while (3.7) yields
€21
h = 85,:S001]1=0,
3(p) Cr2Cii—Carcra Mt 0,0[1]

since

J v (and(b)dt=0 for O0<b<a

0

and Rev > Reu> —~1. (See Abramowitz [2], p. 487.)
Hence h,(p) =0 and B(p) = 0. We have assumed that ¢,, # 0.
For the second example, we consider the set of equations

3
%,[2 cu¢,-;p]=p.- (pel,, i=12,3),
J

i=1

H[E101(8);p] =0,
HH[E7192(8);0] =0, (pely),
”1[5—1¢3(f)ip] =0,

wherep, =1, p,=p;=0,1, =(0, 1) and [, = (I, o0).
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Using the notation of § 2, we may rewrite the above set as follows:

- 3 7

SO,O _Z c“¢(p)J =

Si,O 2621¢(p) =1, ¢ (pEIl),

Sy,

o

Z c3l¢ (p)J = 0’

—§,1[¢1(P)] =0, ]
S&,l[‘»bz(l’)] =0, ¢ (pely).
So.1[#3(p)] =0,
Using the relations (4.3)-(4.5), we observe that

¢1(p) = Sy, -3 hy(P)+ 84, -1 ha(p)+ 51,0 ha(p),

¢2(p) = S4.-1 h4(p),

$3(p) = S1,0 hs(p),

where on I, h{p) =0 (i = 1, 2, 3), while on I, (see 4.14 and 4.15)

-1
2cq;

1 (p) \/

J

hs(p) = 71 G(p)~7274S1,0S5,-1 F(p),
ha(p) = 74 F(p)—7s Si,l Si0 hs(p),

ha() = ~2h(o),  ha(e) =~ hs(p),

11

with
= — __Cud .3. 52
F(p) = —¢31 54,1 S4,-4 hi(p)= P anFl(Z,‘l‘a3:P ) O<p<)
11
and
G(p) = —€31S1,054,-41(p) =0 O<p<1).
Hence ‘
Caq 2
=—""—5,68 1]1=0,
hs(p) = c“\/ 1,0 94,~ -] =
hiy(p) =0,
4
ha(p) = — E’—‘—p:F @%3;07)  O<p<i),
1w

,4
hz(P)=—74——02F1(2 1:3;0%) O<p<])),

1.
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while

3 - Ya€21
é2(p) = ~74 CZIS},—I S§,1[2 *P *J,}(P)] == i/221p *J.}(P),

¢3(p)=0

¢1(p) = \/7_21:6;11 l:l + —‘—‘C'Z—I—:IP_*J«}(P),

€22€11—C21 €y

and

where y, = ¢,(¢22¢11— €21 €12)” " and y4, ¥,, ¥3 and 75 are given in §4.

6. The general case. We shall discuss briefly the method of solving the set of n equations
given by (1.7) and (1.8). If we use the representation given for S, , in (2.5), we see that we wish

to solve the set of dual equations given by
S&m—a,zal;z Cij ¢,~(x):| =p(x) (xely),
=1

S}v‘—ﬁ,2ﬁ[¢i(x)] =0 (xely),

(i=12,...,n).
Suppose that we let

$1() = 3 Syt pacu—vo-a-pl1(X)],
i=1

¢g(x) = S«}vz+ﬂ.j}(uz—vz)—a—ﬂ[hn+ 1(x):|,

¢l(x) = S«}vﬁ-ﬁ,?(m—v;)—a—ﬁ[hi+n—l(x)]a

¢n(x) = S-}v,.+ﬂ,;(u,.—v,.)—a—ﬁ[h2n—l(x)])

(6.1)

(6.2)

(6.3)

where h,(x) = 0 for xel,. If we make use of the property (2.13), then we see that the repre-

sentations (6.3) satisfy the equations given by (6.2).

Proceeding as in §§ 3 and 4, we first substitute (6.3) into (6.1) for i = 1. This yields

I«}v,+ﬁ,5~(y1—v1)+a—ﬂ C11 hl(x)+s~}u1—a,2a S{-vz+ﬂ,4}(uz—vz)—a—ﬁ[cll hy(x)+cyphpy 1(-")]

+o+ S -02a S-}v:+[i,1}(m-w)—a—ﬂ[cll hi(x)+cy; hn+(x’— 1)(x)]

+...+ S{ul-a,Za S}v,.+ﬂ,4}(u,.—v,.)—a—ﬂ[cll hn(x)+cln h2n— 1(x)]

= pi(x) (xely).
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If we select the h,(x), x€l; such that

c1ihy(X)+cqp Hpyy(x) =0, )
11 h3(X)+cy3 By a(x) =0,
: : | (6.4)
C11 l’i(x.)+c1ihp:+(l—1)(x) =0,
€11 hn(x)+cln h2n—1(x) = 0; J
then we find that A,(x) for xe I, is given by
hy(x) = cl—111§~u1+a,—i(m-v1)—a+ﬁ p1(%), (6.5)

provided that ¢,, # 0.

The remainder of the analysis proceeds in precisely the same way as in the case n = 3.
The relations (6.3) are first systematically substituted into the remaining n—1 relations in
(6.1) and then, using (6.5) and the various properties of the I operator, we obtain representa-
tions for linear combinations of 4,(x) and A, , ;- 1)(x). By use of (6.4) and these representations
we can obtain the h(x), for xeI,, after noting the same cancellation of operators that occurs
in §4. These results are extremely cumbersome and will not be reproduced here. For most
mixed boundary value problems, the results for n =2 and » = 3 will suffice. 1t should be
pointed out that careful use of the S operator is necessary, for, since we do not know the
component of p,(x) for xeI,, we cannot evaluate S, ,p(x).

By making similar representations as in (6.3), the problem of finding solutions to the set of
equations (1.3) and (1.4) with any continuous functions w; (), v;;(t)isreduced to that of solving
a simultaneous system of Fredholm equations with a singular kernel. This is briefly discussed
in §4 of the Erdogan and Bahar [4] paper. We might just add that for these problems it is
best to let the ¢;’s be represented as follows:

¢i(x) = S v+ B4 (mi—v) —a—8 h(x) (i=12,.,n),

where h;(x) = 0 for xe I,.
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