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A COINCIDENCE THEOREM IN TOPOLOGICAL

VECTOR SPACES

OLea Hapzié

In this paper we prove a coincidence theorem in not necessarily
locally convex topological vector spaces, which contains, as a

special case, a coincidence theorem proved by Felix Browder. As
an application, a result about the existence of maximal elements

is obtained.

1. Introduction

In the recent time many papers are devoted to the fixed point
theory in not necessarily locally convex topological vector spaces [3]1-

{131,
There are many important topological vector spaces which are not
locally convex, as for example P < p < 1), S(0,1) (the space of all

equivalence classes of measurable functions on [@, 1]. ® (0 < p < 1).
So, it is of interest to find fixed point theorems for mappings defined
on such spaces. The book [7] contains the most important results from
the fixed point theory in topological vector spaces. In this paper we
prove some generalizations of Proposition 2 and Theorem 1 from Browder's
paper [ 1] to topological vector spaces which are not necessarily locally

convex.
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First, we shall give some notations and definitions,
Let E be a topological vector space and M c E ., It is assumed

that all topological spaces in this paper are Hausdorff.

By Zgo we shall denote the family of all nonempty, convex subsets
of M . Let F be an another topological vector space, (C a nonempty
subset of E and 7T a multivalued mapping from ( into F . The
mapping T 1is said to be upper semicontinuous if for each neighbourhood

V of zero in F and each point xo € ¢ , there exists a neighbourhood
U of zero in FE such that:

T(x) _C_T(xo) +V , for all x € (x0+U) ncC.
In [5] we introduced the following definition.

DEFINITION 1. Let E be a topological vector space, K < E and
U the fundamental system of neighbourhoods of zero in E, The set K
18 satd to be of Zima's type if for every V e U there exists U e U
such that:
co (Un (K -K)) <V (co is the convex hull).

Remark. 1In [6] we proved the following result: If K is a convex

subset of Zima's type of a Hausdorff topological vector space E then:
(1) A <K, A 1is precompact => c¢o A is precompact.

By (1) we proved in [6] a generalization of Sadovski's fixed point
theorem.

Let us give an example of a subset of Zima's type.

DEFINITION 2. Let E be a vector space over IR and || ||*:
E + [0,=) so that the following conditions are satisfied:

1. For every z e E, |lx||* = |l-zl1* and llxll*<=>0=x=10.
2. For every x,y e E:|lx +yl|* < llxli*+ Ilyll*.
3. If len-xoll*->0(xneE’,nelNu{O}) and tneﬂ?(nelN),
*
t, > t,, when n>e , then ||tnxn—tox0|| >0, n->=,

Then || ||* s said to be a paranorm and the pair (E, ]| [

a paranormed space.
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1f (E, || ||*) is a paranormed space then E 1is a topological

vector space in which the fundamental system of neighbourhoods of zero

is given by the family V = {Vr}r>0 , where:
Vo= {z| ||z]]* < r}.
r
Let K be a nonempty subset of E where (E,ll ||*) is a paranormed

space. The following condition is introduced in [1¢]. Suppose that there

exists C(K) > 0 so that:

2 [ltx[|* < ckIt||x||*, for every t e [0,1] and every =z e K-K.

It is easy to see that from (2) we obtain:

co(U ’ n (K-K)) E-Up , for every r > 0 .
C(K)

Let S(0,1) be the space of finite measurable functions (classes)

on the interval [0,I] with the metric d(%,y), Z,§ € $(0,1) defined by:

() -y (£) fx(t)}e

d(3,5) = f udt)
) I+|z () -y () - Ayt)le g .

The space S(0,1) is also a paranormed space with the paranorm:

1

Hxll*:f A= e ) 5 e sco,10

Ed
1+|x(t) |
let M > 0 and KM be the subset of S$(0,1) defined by:

K, = {&, & e 500,1) , lz(t)| s M, t e [0,1] for some
{x(t)} e X} .

We proved in [6] that C(KM) from (2) is in this case 1 + 2M.

2. A Coincidence Theorem for Multivalued mappings.

The following lemma is a generalization of Proposition 2 from

Browder's paper [1].
LEMMA. Let E and F be topological vector spaces, C a compact
subset of E, T:C > Zio an upper semicontinuous mapping such that for a

given convex subset A of F:
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T(x) n A# g for every z e C
and T(C) be of Zima's type. Let v, be a neighbourhood of zero in F
and Uo a neighbourhood of zero in E. Then there exists a continuous

singlevalued mapping f : C>coM , Mc A , card M < » such that
for each x € C, there exists u ¢ C such that x e u + Uo and

flx) € T(u) + Vo .

Proof. Let Vb be a neigbourhood of zero in F such that
co(vo n (T(c) - T(C))) S_Vé . Since the set T(C) 1is of zima's type such

a neighbourhood exists. Further, the mapping T is upper semicontinuous

and so there exists, for each x € ( , a neighbourhood Ux of zero in F,
such that:
(3) vea+ U =>TI0) clz) +7 .

We shall suppose that Ux E>Uo , for every x € C . Let Vx be an
open symmetric neighbourhood of zero in E such that Vx + Vx E-Ux .

From the compactness of the set C(C it follows that there exists a finite

open covering : {x. + V }jn of the set (.
J - =5g=l
m
let W = n Vi‘ and {vl’UZ""’vn} < C so that:
J=1 "7
n
cc u {v +W}.
- s
s=1
C . . n
let {hl’hZ""’hn} be a partition of unity for the covering {vs+ W}s=1
and y_ € T(vs) nA#¢g , for every s € {1,2,...,n} . BAs in Browder's

paper [1], let us define the mapping f in the following way:

n
flx) = T h (x)y , for every xz e C .
e=1 8 s

It remains to be proved that the mapping f satisfies all the conditions
which are given in the Lemma. Suppose that z ¢ ¢ and let J ¢ {1,2,...,m}

be such that zx € xj + Vi . If s e {1,2,...,n} 1is such that hs(x) #0
J
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then x € vx + W E-vs + Vx . Since V# is symmetric we obtain

J J
v ex +V cwy + V +V  cx.,+ U_ . Then (3) implies that T(v ) ¢
s . = x xr, — x s° -

. Jd .
d J d d

T(x.) + V_ and since y € T(v ) (s € {1,2,...,n}) we obtain:
J o s s
hs(x) #0 => Y€ T(xj) *V

Let us prove that f(z) e T(x,) + V_. From y_ e T(z.) + Vit
J o s J o
follows that there exists zs € Tij) and us € 70 such that
y. = 3_+u_ . Further, since y_e€ T'(v ) and z_e T(x.) it follows
s s 5 s s s g

that u_ ¢ 70 n (T(C) - T(C)). From the definition of the mapping f we

obtain, for every x € C:

flx)

I hglzlyy = ho(x)(z +u) =
s:hs(x)y-‘o s:hs(x);‘o

) hy(x)zg + ) hy(z)ug .
s:hs (x)#0 s:hS (x)5#0
Since Tﬂrj) is convex, from the relation 3 € T(xj), for every

8 such that hs(x) # 0 , we obtain:

(4) ) hy(z)z, e (=)
s:h (z2)#0
s
On the other hand, from ug € Vo n (T(C) - T(C)) , for every s

such that hs(x) # 0 , we obtain:

(5) I h (u e co(?o n (T(C) - T(C))) .
s:h ()70

From (4) and (5) we have that:
flz) € T(x.) + col(V_n (T(C) - T(C))) < T(x.) + V
J o - J o

which implies for u = xj that the condition for f in the Lemma is

satisfied.
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Remark. Since every subset of a locally convex space is of Zima's

type from the Lemma, Proposition 2 follows from [1].

THEOREM. Let C be a compact, comvex subset of a topological

vector space E, C;, a compact, convex subset of a topological vector

c
space F, T:C » Zci an upper semicontinuous mapping, S:CI > 250 an

upper semicontinuous mapping such that the sets T(C), S(Cl) are of
Zima's type. Then there exist x e C and Y, € T(xo) so that

x e S(yo).

Proof. The proof is similar to the proof of Theorem 1, from [11],
By G(T) and G(S) we shall denote graphs of T and § respectively.
Let U be any neighbourhood of zero in E and V any neighbourhood

of zero in F . Let us prove that:
(6) G(T) n (G(S™1) + (W x V) #7 .

Let U be a neighbourhood of zero in £ such that U+ 0T c U,
and 7 a neighbourhood of zero in F such that 7+ 7 c V . From the
Lemma it follows that there exist a continuous mapping fl of € into

Cl such that:

(1) For each zx € C there exists (u,v) € G(T) such that
zeu+U and fl(x) cev + 7, fl(C) < Lin(M), card M < =(M c Cl)

and a continuous mapping f2:01 - ( such that:
(ii) For each y € 01 , there exists (vl’ul) € G(S) such that
y e v, +V and fg(y) cu, + U, fZ(Cl) < Lin(P) , card P < =(P < ()
Since fo&: C + C is a continuous mapping such that fng(C)

is a subset of the linear hull of a finite subset of ( , from Brouwer's
fixed point theorem it follows that there exists xo e ¢ so that

x ) =x.
fzfl(o 0

Let u,v,u and v are chosen from (i) and (ii) for =z = x and

1 1 o

= = . T U d = + 0 i £
y =1, fl(xo) hen x eu+ U and z f‘z(yo) €u, + U and if we
suppose that U is symmetric we obtain u - u; € 0+ 7 c U . Similarly
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<?

v - vl e V+

(u,v) ¢ (ul’vl) + U x V which implies (6).

cV , if we suppose that vV is symmetric. Hence

COROLLARY 1. Let (¢ = Cl , E=F and S = IdC in the Theorem.

Then T has a fixed point.

Remark. If in the Theorem we suppose, instead of the assumption

that S(Cl) is of Zima's type, that S(eoT(C)} is of Zima's type, it
is obvious that the Theorem remains valid, since we can take Ci = eoT(C).

If F is complete and (., is of Zima's type then from the Remark after

1
Definition 1 it follows that it is enough to suppose that CZ is closed
and convex.

If S = IdC in [3] is proved a fixed point theorem if T(C) is of

Zima's type.
COROLLARY 2. Let ( be a compact convex subset of topological

vector space E, C, a nonempty subset of topological vector space F,

1

c
T:C ~ 202 and S:C, + Zgo an upper semicontinuous mapping such that

1
co S(T(C)) is of Zima's type. If for every x e C there exists y € ¢,

such that x e intT-1(y) then there exists x el and Y, € T(xo)
such that =z _«€ S(y )
o o
Proof. as in [14J it follows that there exists a continuous mapping

f:€ + C, such that f(x) € T(x) , for every x ¢ C . For the sake of

1

completeness we include the proof. Since ( 1is compact, from

C= u inT-l(y) , it follows that there exists a finite set {yz,yz,...,
yeCl
o -1
yn} from CJ such that ( = i:J T (yi). Let {fl’fZ""’fh} be a

partition of unity subordinated to the covering {intT-l(yi)}Z—l and let

f:C » F be defined in the following way:
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n
flx) = Z fi(ac)yi s, xeC.
=1

If fi(x) #0 then z ¢ intr 2 (yi) < T—l(yi) and so we have the
implication: f'i(x) #0 => y; € T(x) .

Hence, f 1is a continuous mapping from ¢ into CZ such that

f(x) € T(x), for every x € C , and let R(x) = S(f(x)) , for every

c
co

and R(C) < S(T(C)) which implies that coR(C) is of Zzima's type., From

x € . Then R is an upper semicontinuous mapping from CC into 2

this it follows that there exists z € C such that x € R(xo) =
S(f(xo)) . If we take that Y, = f(xo) the proof is complete.

As an application, we can prove a Proposition about the existence of

a maximal element in the sense given below []4lJ.

DEFINITION 3. Let X be a subset of a topological vector space E
and for every x € X, Tx is a subset of X (may be empty). A point

x, € X “<s said to be a maximal element of T <if T(xo) =4g.

PROPOSITION. Let C be a compact convex subset of a topological

vector space E, C, a nonempty cowex subset of a topological vector space

1

F, for every x € C, Tx cC, and S an upper semicontinuous mapping of

1

Cl into 250 such that Tx # J implies: x £ S(co Tx) and there

, R
exists y, € C; such that z e intl {yx) .
If ©coS(C,) is of zima's type there exists x e C such that Tz =g .
Proof. Suppose that Tx # fF , for every £ ¢ C . Then co Tx # 4

and the mappings S and G:x + co Tx satisfy all the conditions of

Corollary 2. From this we obtain that there exists xo e C such that
x € S(G(xo)) = S(coTxo) which is a contradiction. So there exists

x € C such that Tx =4 .
e, o]
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