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Abstract. We prove that the isomorphism class of an affine hyperbolic curve defined over a field
finitely generated over Q is completely determined by its arithmetic fundamental group. We also
prove a similar result for an affine curve defined over a finite field.

Introduction

Let k be a field, and Y a k-scheme, geometrically connected and of finite type over
k. Then we have the following exact sequence of profinite groups:

1 ! �1

 
Y
O
k

ksep; �

!
! �1(Y; �)

prY
�!Gk ! 1: (0-1)

Here, Gk is the absolute Galois group Gal(ksep=k) of the field k, � is a suitable
geometric point, and �1 means the étale fundamental group ([SGA]). The exact
sequence above yields the following outer Galois representation

�Y : Gk ! Out

 
�1

 
Y
O
k

ksep; �

!!
; (0-2)

where, for a topological group G, Out(G) means the group Aut(G) of continuous
group automorphisms of G divided by the group Inn(G) of inner automorphisms
of G.

Recall that, if k is of characteristic 0 and an inclusion �k ,! C is given, then
�1(Y 
k �k; �) is isomorphic to the profinite completion of the topological funda-
mental group of the complex analytic space Y (C ), hence it is determined by the
homotopy type of Y (C ). For example, if Y is a proper, smooth, geometrically con-
nected curve over such k, the profinite group�1(Y
k�k; �) is completely determined
(up to isomorphism) by the genus of Y . Thus, in order to get more information on
the k-scheme Y , we need to look at the relation between �1(Y 
k �k; �) and the
Galois group Gk, i.e. the exact sequence (0–1) or the outer Galois representation
(0-2).

When k is finitely generated over Q , A. Grothendieck proposed the following
philosophy ([Grothendieck 1], [Grothendieck 2]):
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136 AKIO TAMAGAWA

If Y is anabelian, then the group-theoretical data (�1(Y; �); prY ) (or
(�1(Y 
k k

sep; �); �Y )) functorially determines the isomorphism class of
the k-scheme Y .

Although we do not have any general definition of the term ‘anabelian’, hyperbolic
curves have been regarded as typical examples of anabelian schemes. Here, a
smooth, geometrically connected curve U over k is called hyperbolic, if it satisfies

�(U)
def
= 2�2g�n < 0, where g = gU is the genus of the smooth compactification

X of U , and n = nU is the cardinality of S(�k), where S = X � U . Thus, in this
case, the philosophy above gives the following:

CONJECTURE (0.1). Let k be a field finitely generated over Q. Let U1 and U2 be
hyperbolic curves over k. Then:

(i) (Weak form.) If there exists an isomorphismF: �1(U1; �)! �1(U2; �) with
prU1

= prU2
� F , then U1 is isomorphic to U2 over k.

(ii) (Strong form.) The natural map

Isom(Schemes=k)(U1; U2)

! IsomGk(�1(U1; �); �1(U2; �))=Inn

 
�1

 
U2

O
k

�k; �

!!

is bijective, where

IsomGk(�1(U1; �); �1(U2; �))

def
= fF 2 Isom(�1(U1; �); �1(U2; �)) j prU1

= prU2
� Fg:

In terms of the outer Galois representations, the formulation of this conjecture is
as follows:

CONJECTURE (0.2). Notations and assumptions as in Conjecture (0:1), then:

(i) (Weak form.) If there exists an isomorphism �F: �1(U1 
k �k; �)! �1(U2 
k
�k; �) with Out( �F) � �U1 = �U2 , then U1 is isomorphic to U2 over k. (Here, Out( �F)
denotes the isomorphism Out(�1(U1 
k �k; �)) ! Out(�1(U2 
k �k; �)) induced
by �F :)

(ii) (Strong form.) The natural map

Isom(Schemes=k)(U1; U2)

! IsomOut
Gk

 
�1

 
U1

O
k

�k; �

!
; �1

 
U2

O
k

�k; �

!!,

Inn

 
�1

 
U2

O
k

�k; �

!!
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is bijective, where

IsomOut
Gk

 
�1

 
U1

O
k

�k; �

!
; �1

 
U2

O
k

�k; �

!!

def
=

(
�F 2 Isom

 
�1

 
U1

O
k

�k; �

!
; �1

 
U2

O
k

�k; �

!!
����� Out( �F) � �U1 = �U2

)
:

In fact, Conjectures (0.1) and (0.2) are equivalent to each other. (See Section 7, A.)
The following is one of the main results of the present paper:

THEOREM (0.3). (cf. (6.3), (7.2).) Conjecture (0:1) (hence (0:2)) is valid for
affine (= non-proper, i.e. nUi > 0) hyperbolic curves U1, U2 over k.

Partial results (weak form for genus 0 and 1) on Conjecture (0.1) have been
obtained by H. Nakamura ([Nakamura 1], [Nakamura 2], [Nakamura 5]). (See also
[Voevodskiı̌].) We also have the following Theorem of F. Pop ([Pop 1], [Pop 2]),
which is regarded as a function field version of Conjecture (0.1).

THEOREM (Pop). Let k be a field finitely generated over Q. Let X1 and X2 be
proper, smooth curves over k. Then the natural map

Isom(Schemes=k)(Spec(k(X1));Spec(k(X2)))

! IsomGk(Gk(X1); Gk(X2))=Inn(G�k(X2)
)

is bijective.

Recently ([Pop 3]), he generalized this result to higher-dimensional varieties.
Combining Theorem (0.3) with the main result of [Pop 3], we also obtain the
following absolute version of Theorem (0.3).

THEOREM (0.4). (cf. (6.1).) For each i = 1; 2, let ki be a field finitely generated
over Q and Ui an affine hyperbolic curve over ki. Then the natural map

Isom(Schemes)(U1; U2)! Isom(�1(U1; �); �1(U2; �))=Inn(�1(U2; �))

is bijective. In particular, if �1(U1; �) is isomorphic to �1(U2; �), then U1 is iso-
morphic to U2.

We derive Theorem (0.3) from the following finite field version, which is another
main result of the present paper:
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THEOREM (0.5). (cf. (4.3).) For each i = 1; 2, let ki be a finite field and Ui an
affine hyperbolic curve over ki. Then the natural map

Isom(Schemes)(U1; U2)

! Isom(�tame
1 (U1; �); �

tame
1 (U2; �))=Inn(�tame

1 (U2; �))

is bijective. In particular, if �tame
1 (U1; �) is isomorphic to �tame

1 (U2; �), then U1 is
isomorphic to U2.

Here, �tame
1 means the tame fundamental group ([SGA, Exp. XIII], [GM]).

Simultaneously with Theorem (0.5), we also prove the following (which is not
related to Theorem (0.3)):

THEOREM (0.6). (cf. (4.3).) For each i = 1; 2, let ki be a finite field and Ui an
affine (not necessarily hyperbolic) curve over ki. Then the natural map

Isom(Schemes)(U1; U2)! Isom(�1(U1; �); �1(U2; �))=Inn(�1(U2; �))

is bijective. In particular, if �1(U1; �) is isomorphic to �1(U2; �), then U1 is iso-
morphic to U2.

This is an affirmative answer to a slight modification of [Harbater, Question
1.12]. (Strictly speaking, the answer to the original question is negative in general.
See (6.4) and (7.3)(ii).)

Roughly speaking, the proof of Theorems (0.5) and (0.6) is a modification of K.
Uchida’s proof of the following function field version of Theorem (0.6) ([Uchida]):

THEOREM (Uchida). For each i = 1; 2, let ki be a finite field and Xi a proper,
smooth, geometrically connected curve over ki. Then the natural map

Isom(Schemes)(Spec(k1(X1));Spec(k2(X2)))

! Isom(Gk1(X1); Gk2(X2))=Inn(Gk2(X2))

is bijective.

Starting from the profinite group Gk(X), where k is a finite field and X is a
proper, smooth, geometrically connected curve over k, Uchida (1) characterized
the decomposition groups Dv (v: a closed point of X) in Gk(X); (2) recovered the
multiplicative group k(X)�; and (3) recovered the additive structure on k(X) =
k(X)� [ f0g.

In Step (1), he used a method concerning Brauer groups, after Neukirch. In
the present case, the group H2(Dv ;Q=Z(1)0), where 0 means the prime-to-char(k)
part, vanishes for all closed points v of U , since Iv = f1g and Dv ' bZ for such v.
So, instead, we exploit a completely different method, concerning Galois sections
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and rational points. The main idea of our method is described in the following
simplest case:

PROPOSITION (0.7). (cf. (2.10), (3.8).) Let k be a finite field and X a proper
hyperbolic curve over k. Let s : Gk ! �1(X; �) be a continuous group-theoretical
section of prX . Then, s(Gk) is the decomposition group (determined up to conjuga-
cy) of some k-rational (closed) point of X if and only if XH(k) 6= ; for each open
subgroupH of �1(X; �) containing s(Gk), whereXH denotes the finite étale cov-
ering of X corresponding to H. Moreover, the condition XH(k) 6= ; is equivalent
to the following group-theoretical condition:

2X
j=0

(�1)j tr Zl('
�1
k j H

j
cont(H \ Ker(prX);Zl)) > 0;

where'k is the ](k)-th power Frobenius element inGk, and l is an arbitrary prime
number distinct from char(k).

In Step (2), Uchida resorted to class field theory for the function field k(X).
His proof goes well also in the present case, if we assume that U is affine. In his
function field case, not only the multiplicative group of the function field but also
the valuation and the reduction at each closed point of X were recovered. In our
case, the valuation is recovered at each closed point of X , but the reduction is
recovered only at each closed point of S = X � U .

In Step (3), he used infinitely many reductions freely, to prove the additivity of
the multiplicative isomorphism k1(X1) ' k2(X2) recovered from a given (topo-
logical) group isomorphism Gk1(X1) ' Gk2(X2). In the present case, only finitely
many reductions are at our disposal. Here is one of the main difficulties in our
proof, which we overcome, roughly speaking, by constructing sufficiently many
good elements in the function field.

We shall review the contents of the present paper in more detail. In Section 1, we
collect generalities on the fundamental groups of curves. In Section 2, we show the
formalism of our Galois section method of characterizing the decomposition groups
group-theoretically, which is applied to not only finite fields but also more general
fields, like p-adic local fields and fields finitely generated over Q. In Section 3,
we show how to recover various invariants of a curve from its fundamental group.
In the finite field case, the contents of Section 2 and Section 3 give the complete
characterization of the decomposition groups. In the other cases, we have no method
(like the Lefschetz trace formula) of detecting whether at least one rational point
exists or not, so the formalism in Section 2 remains to be a mere formalism, for the
present. (See the end of Section 2.) In Section 4, we give the proof of Theorems
(0.5) and (0.6), whose outline we have already described. In Section 5, we study
the fundamental groups of curves over discrete valuation fields. Given a good
family of hyperbolic curves over the spectrum of a discrete valuation ring, we
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show how to recover the tame fundamental group of the special fiber from the
(tame) fundamental group of the generic fiber. The main ingredient of our solution
of this problem is the following criterion for good reduction of a hyperbolic curve
over a discrete valuation field in terms of the monodromy on the pro-l fundamental
group of the curve, which might be of interest, independently of the Grothendieck
conjecture.

THEOREM (0.8). (cf. (5.3).) Let S be the spectrum of a discrete valuation
ring, and � (resp. s) its generic (resp. closed) point. Let X be a proper, smooth,
geometrically connected curve over �, andD a relatively étale divisor inX=�. Put
U = X �D and assume that U is hyperbolic. Then the following conditions are
equivalent:

(i) (X;D) has good reduction at s, i.e. there exist a proper, smooth S-scheme
X and a relatively étale divisor D in X=S, whose generic fiber (X�;D�) is
isomorphic to (X;D) over �.

(ii) The image of the inertia group of � in Out(�1(U�sep ; �)l) is trivial for some (or
all) prime number l 6= char(�(s)), whereGl means the maximal pro-l quotient
of a given profinite group G.

ForD empty, this theorem is due to Oda ([Oda 1], [Oda 2]). In Section 6, we prove
Theorem (0.3), using the results in Section 4 and Section 5, together with some
global arguments. In Section 7, we give three complementary remarks – the relation
between Conjectures (0.1) and (0.2), an application of Theorem (0.3) to profinite
group theory, and an alternative proof of Pop’s theorem above as a corollary of
Theorem (0.3).

Remark (0.9). (i) Although we did not fix the geometric points � in this section,
we will fix them and exclude ambiguity of the inner automorphisms in the text.

(ii) In the text, we will also prove certain pro-C versions of the theorems above,
where C is a full class of finite groups containing all finite abelian groups.

1. Generalities on the fundamental groups of curves

In this section, we fix the notations used in the text, and recall some general facts
on the étale fundamental groups of algebraic curves.

Let k be a field of characteristic p > 0. Let U be a smooth, geometrically
connected curve over k, and X the smooth compactification of U , which is a
proper, smooth, geometrically connected curve over k. Put S = X�U , and regard
it as a (possibly empty) reduced closed subscheme of X . Define non-negative
integers g = gU = gX and n = nU to be the genus ofX over k and the cardinality
of S(�k), respectively. Let � be the generic point of U , and put K = �(�), the
function field of U .
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Fix a separable closureksep, and define �U , �X , �S, and �� to beU
kksep,X
kksep,
S 
k k

sep, and � 
k ksep, respectively. Note that �� is identified with the generic
point of �U .

Take a geometric point � of �U above the generic point ��. Note that � also defines
a geometric point of U above �. Let the symbol � denote either (unrestricted) or
tame. Then we have the following exact sequence of profinite groups:

1 ! ��1( �U; �)! ��1(U; �)
pr
�! Gk ! 1; (1-1)

where �tame
1 (U; �) (resp. �tame

1 ( �U; �)) means the tame fundamental group of X
(resp. �X) with respect to S (resp. �S). (See [SGA, Exp. XIII], [GM].)

We shall introduce a variant of (1-1) above. Let C be a full class of finite groups,
i.e. C is closed under taking subgroups, quotients, finite products, and extensions.
For a profinite group�,�C denotes the maximal pro-C quotient of�. When C is the
class of l-groups (resp. l0-groups, i.e. finite groups of order prime to l), where l is
a prime number or 0, write �l (resp. �l

0

) instead of �C . Here we mean by 0-group
(resp. 00-group) trivial group (resp. finite group). Given a profinite group � and its
(closed) normal subgroup �, we denote �=Ker(� ! �

C

) by �(C). Observe that

�(C) coincides with �C if and only if G def
= �=� is a pro-C group. By definition,

we have the following:

1 - � - � - G - 1

1 - �C
?

- �(C)
?

- G

wwwwwwwww
- 1;

where the rows are exact and the columns are surjective. Applying this to (1-1), we
obtain:

1 ! ��1( �U; �)
C ! ��1(U; �)

(C) pr
�! Gk ! 1: (1-2)

Observe that (1-2) yields the outer Galois representation

Gk ! Out(��1( �U; �)
C):

The Galois-theoretical interpretation of the exact sequence (1-2) is as fol-
lows. Define ~K = ~K �;C to be the maximal pro-C Galois extension of Kksep in
�(�)=Kksep, unramified on U , and, if � = tame, (at most) tamely ramified on S.
Then the sequence (1-2) is canonically identified with the following:

1 - Gal( ~K=Kksep) - Gal( ~K=K) - Gal(Kksep=K) - 1:

Gk

wwwwwwwww
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Note that Gal( ~K=K) (resp. Gal( ~K=Kksep)) coincides with Aut( ~U=U) (resp.
Aut( ~U= �U )), where we define ~U = ~U �;C to be the integral closure of U in ~K .

For a closed subgroupH � ��1(U; �)
(C), denote byUH the sub-covering in ~U=U

corresponding to H, and define kH to be the integral closure of k in UH, which is
a separable extension in ksep=k. If H is open, then kH is finite over k, and UH is a
smooth, geometrically connected curve over kH. We denote invariants of UH=kH
by the corresponding symbols for U=k with subscript H, like XH, SH, gH, nH,

KH, etc. Putting �H = H\ ��1(
�U; �)C , we have the following exact sequence:

1 ! �H ! H ! pr(H)! 1;

which is canonically identified with

1 ! ��1(UH; �)
C ! ��1(UH; �)

(C) ! GkH ! 1;

or

1 ! Gal( ~K=KHk
sep)! Gal( ~K=KH)! Gal(KHk

sep=KH)! 1:

In our approach to the Grothendieck conjecture, it is important to observe not only
U itself but also all the coverings UH.

Next, we recall some properties of the profinite group � def
= ��1(

�U; �).
For a (discrete) group �, denote by b�C the pro-C completion of �, and, when C

is the class of all finite groups (resp. l-groups, resp. l0-groups), denote it also by b�
(resp. b�l, resp. b�l0). Define a discrete group �g;n for non-negative integers g and n
by:

�g;n = h�1; : : : ; �g; �1; : : : ; �g; 
1; : : : ; 
n

j �1�1�
�1
1 ��1

1 : : : �g�g�
�1
g ��1

g 
1 : : : 
n = 1i;

which is known to be isomorphic to the topological fundamental group of a compact
Riemann surface of genus g minus n points. Note that �g;n is isomorphic to
F2g+n�1 if n > 0, where Fr denotes the free group of rank r.

The following is well-known. (See [SGA], except for the description of �
p
.)

PROPOSITION (1.1). (i) If char(k) = 0, then � ' b�g;n.

(ii) Assume char(k) = p > 0. Then �
p0
' b�p0g;n. For � = tame or n = 0, � is a

quotient of b�g;n, hence is (topologically) finitely generated, and �
p

is isomorphic
to the free pro-p group bF pr of rank r, where r is the p-rank of the Jacobian variety
of X over k (hence 0 6 r 6 g). For � = (unrestricted) and n > 0, � is not finitely
generated, and �

p
is a free pro-p group of infinite rank j�kj. 2
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Put

"
def
=

(
0; for n = 0;

1; for n > 0:

COROLLARY (1.2).

�
ab
'

8>>>>>>>>>>><
>>>>>>>>>>>:

bZ�2g+n�"; char(k) = 0;

(bZp0)�2g+n�" � Z�rp ; char(k) = p > 0;n = 0

or � = tame;

(bZp0)�2g+n�" �
Y
i2I

Zp; ](I) = j�kj; char(k) = p > 0;n > 0

and � = (unrestricted): 2

Remark (1.3). We have the following information on the Gk-module structure of
�

ab
. If n = 0, i.e. U = X , then we have a canonical isomorphism:

�
ab
' T (JX); (1-3)

where JX means the jacobian variety of X and

T (A)
def
= lim
 �

m

Ker(m � id: A! A)(�k);

is the Tate module of an abelian variety A over k. If n > 0 and � = tame, then we
have the following exact sequence:

0 ! bZp0(1)! Z[S(�k)]
O
Z

bZp0(1)! �
ab
! T (JX)! 0; (1-4)

where Z[S(�k)] denotes the free Z-module with basis S(�k), to which the Gk-action
on S(�k) is extended, and

bZp0(1) = lim
 �

p-m

Ker(m � id: Gm ! Gm)(�k)

= lim
 �

m

Ker(m � id: Gm ! Gm)(�k);
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where Gm is the multiplicative group scheme overk. (We usually write bZ(1) instead
of bZ00(1).) In general, if n > 0, we have the following exact sequence at least:

0 ! bZp0(1)! Z[S(�k)]
O
Z

bZp0(1)! (�
ab
)p
0

! T (JX)
p0 ! 0: (1-5)

COROLLARY (1.4). (i) Assume either char(k) = 0 or � = tame. Then � is trivial
if and only if 2� 2g � n > 0, i.e. (g; n) = (0; 0) or (0; 1), and � is abelian if and
only if 2� 2g � n > 0, i.e. (g; n) = (0; 0); (0; 1); or (1; 0):

(ii) Assume char(k) > 0 and � = (unrestricted). Then � is trivial if and only if
(g; n) = (0; 0), and � is abelian if and only if (g; n) = (0; 0) or (1; 0). 2

We shall investigate two important properties of �, namely, torsion-freeness and
center-freeness. Here, we say that a profinite group is torsion-free (resp. center-
free), if it has no non-trivial elements of finite order (resp. if its center is trivial).

LEMMA (1.5). Let G be a profinite group. If Hab is torsion-free for each open
subgroupH of G, then G is torsion-free.

Proof. For a projective system fG�g of profinite groups, we can easily check
the equality (lim

 
G�)

ab = lim
 
(G�)

ab: Since any closed subgroup of G is the inter-

section of open subgroups of G, it follows that Hab is torsion-free for each closed
subgroupH . This completes the proof, since any finite subgroup ofG is closed.2

PROPOSITION (1.6). �
C

is torsion-free.
Proof. By (1.5), it suffices to check that Hab is torsion-free for each open

subgroup H of �
C

. Let eH be the inverse image of H in �. Then H is identified
with eHC . (Note that �= eH = �

C

=H is a finite group in C and that C is full.) Now
Hab = ( eHC)ab = ( eHab)C is torsion-free by (1.2). (Apply it to UH .) This completes
the proof. 2

Remark (1.7). In fact, we can prove more: the cohomological dimension of the
profinite group �

C

is 6 2 <1. We omit the proof of this fact.

LEMMA (1.8). Let G be a profinite group.

(i) If H l is center-free for all open subgroupsH of G and all prime numbers l,
then G is center-free.

(ii) Assume thatG is torsion-free. IfG admits a center-free open subgroup, then
G is also center-free.

Proof. (i) For a projective system fG�g of profinite groups, we can easily
check the equality (lim

 
G�)

l = lim
 
(G�)

l: Since any closed subgroupZ ofG is the

intersection of open subgroups of G, it follows that, if Z l is nontrivial, then there
exists an open subgroup H of G containing Z such that the image of Z l in H l is
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nontrivial. Now let Z be the center of G. Suppose that Z is nontrivial, then Z l is
nontrivial for some prime number l, since Z is abelian. But then the image of Z l in
H l, which is contained in the center of H l, is nontrivial for some open subgroup
H of G containing Z . This is contradictory to the assumption.

(ii) Let Z be the center of G, and H a center-free open subgroup of G. Then
Z\H , contained in the center ofH , is trivial. This implies Z is finite, hence trivial
since G is torsion-free. 2

LEMMA (1.9). Assume p > 0 and g > 2. Let l be any prime number 6= p. If an
integer m > 0 satisfies

lm >
l2g � l2g�1

l2g � 1
(p� 1)g;

then there exists a connected étale Galois covering Y of �X with Galois group
Z=lmZ, such that the abelian variety JY =Im(JY 0) is ordinary, where Y 0= �X is the
sub-covering of Y= �X corresponding to the subgroup lm�1Z=lmZ in Z=lmZ.

In particular, for a given integer r0 > 0, there exist m > 0 and a connected
étale Galois covering Y of �X with Galois group Z=lmZ, such that the p-rank r of
JY satisfies r > r0.

Proof. The first statement is a slight modification of [Raynaud, Théorème 4.3.1],
and the proof is similar. (Use the following generalization of [Raynaud, Lemme
4.3.5]:

Let k be an algebraically closed field,A an abelian variety over k of dimension
g > 2, D an effective divisor on A, and C a proper, smooth, connected curve
on A. Then, for any prime number l 6= char(k) and any integer m > 0 with
(C:D) 6 lm(l2g � 1)=(l2g � l2g�1), there exists a cyclic subgroupG of A of order
lm, such that D \G � lG:)

The second statement follows from the first, since the p-rank (= dimension) of
JY =Im(JY 0) is (lm � lm�1)(g � 1), which goes to infinity if m goes to infinity. 2

LEMMA (1.10). Assume that � is not abelian (cf. (1.4)). Let l be a prime number
6= p. Let g0 and n0 be given integers > 0.

(i) If 2 � 2g � n < 0 (resp. p > 0, � = (unrestricted), and n > 0), then there
exists an open normal subgroup H of � with �=H l-group (resp. p-group), such
that gH > g0.

(ii) Assume n > 0. If 2 � 2g � n < 0 (resp. p > 0, � = (unrestricted), n > 0,
and (g; n) 6= (0; 1)), then there exists an open normal subgroupH of � with �=H
an l-group (resp. a p-group), such that gH > g0 and nH > n0. In general, there
exists an open normal subgroup H of � with �=H an extension of a p-group by
an l-group, such that gH > g0 and nH > n0.

Proof. Easy exercise. (Use abelian or meta-abelian coverings.) 2
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PROPOSITION (1.11). Assume that � is not abelian (cf. (1.4)). Let l be a prime
number 6= p, and assumeZ=lZ2 C. Assume, moreover,Z=pZ2 C, if 2�2g�n > 0.

(This occurs only if p > 0, � = (unrestricted), and n > 0:) Then �
C

is center-free.
Proof. If p = 0 or p > 0 but C does not contain Z=pZ, this follows from (1.1)

and [Nakamura 3, Corollary (1.3.4)]. (See also [Anderson], [LV].) So, we may
assume p > 0 and that C contains Z=pZ. By (1.6), (1.8)(ii), and (1.10)(i), we may
assume g > 2. Then, by (1.9), we may also assume the p-rank r of X is greater
than 1. Now (1.1) implies that � satisfies the condition of (1.8)(i). (Note gH > g,
nH > n, and rH > r.) This completes the proof. 2

2. Characterization of decomposition groups

In this section, we treat the problem of characterizing decomposition groups in
��1(U; �)

(C). A similar problem in the case of Galois groups has been related to
the method concerning Brauer groups, after Neukirch. Here we take another way,
using the method of Galois sections and rational points. Although the Brauer group
method may be applied to the points on S, it does not seem to be applied to the
points on U . On the other hand, our method is efficient only for k finite, for the
present, although its formalism is stated for more general k. (See the end of this
section.)

We follow the notations of Section 1, and denote ��1(U; �)
(C) and ��1( �U; �)

C by
� and � for simplicity. In this section, we always assume that the base field k is
perfect and that the class C containsZ=lZfor all prime numbers l (hence it contains
all finite solvable groups).

Remark (2.1). The assumption on C implies that � = ��1(
�U; �)C is trivial (resp.

abelian) if and only if so is ��1( �U; �). See (1.1) and its corollary (1.4).

For a scheme T , denote by �T the set of closed points of T . For each ~v 2 � ~X ,
where ~X denotes the integral closure of X in ~K, we define the decomposition
group D~v and the inertia group I~v by

D~v = f
 2 � j 
(~v) = ~vg;

I~v = f
 2 D~v j 
 acts trivially on �(~v)g:

Then we have a canonical isomorphism D~v=I~v ' Gal(�(~v)=�(v)); where v is
the image of ~v in X . Observe that �(~v) is naturally identified with �k and that I~v
coincides with D~v \�. If ~v is on ~U , then we have I~v = f1g.

Let ~v be a closed point of ~X , and define ~vH to be the image of ~v in XH for each
closed subgroupH of �. Define

~K~v
def
=

[
H � �

open

(KH)~vH ;
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where (KH)~vH means the ~vH-adic completion of the field KH. Note D~v =

Gal( ~K~v=Kv), where v def
= ~v�. Denote byKur

v (resp.K tame
v ) the maximal unramified

extension (resp. the maximal tamely ramified extension) of Kv in a fixed algebraic
closure of ~K~v . Then:

LEMMA (2.2). ~K~v coincides with Kur
v if and only if either ~v 2 ~U , or ~v =2 ~U ,

char(k) = 0 or � = tame, and (g; n) = (0; 1). Otherwise, i.e. if ~v =2 ~U and
(g; n) 6= (0; 1) for char(k) = 0 or � = tame, then

~K~v =

8>>>>><
>>>>>:

K tame
v = K

sep
v = Kv if char(k) = 0;

K tame
v if char(k) > 0 and � = tame;

K
sep
v if char(k) > 0

and � = (unrestricted):

Proof. If ~v 2 ~U , then we have Kv
�k � ~K~v � Kur

v = Kv
�k. This also holds for

~v =2 ~U , char(k) = 0 or � = tame, and (g; n) = (0; 1), by (1.4).
Otherwise, the inclusion ~K~v � K�v is clear, where � is tame = sep (resp. tame,

resp. sep) if char(k) = 0 (resp. char(k) > 0 and � = tame, resp. char(k) > 0 and
� = (unrestricted)). We shall proveK�v � ~K~v . Note that we haveKur

v = Kv
�k � ~K~v

at least. Since n > 0 and (g; n) 6= (0; 1) for char(k) = 0 or � = tame, there exists
an open subgroup H with nH > 2 by (1.10)(ii). Since K�v � (KH)

�

~vH
, we may

assume nH > 2. Then, applying (1.2) to �U and �U [ f~v�g, we see K tame
v � ~K~v at

least. In fact, Gal(K tame
v =Kur

v ) is isomorphic to bZp0, and, for any exact sequence
Zl! Z�ml ! Z�m�1

l ! 0, the left arrow Zl! Z�ml is injective.
Now the case where char(k) = p > 0 and � = (unrestricted) remains. From the

preceding argument, we haveK tame
v � ~K~v � K

sep
v at least. Since Gal(Ksep

v =K tame
v )

is a pro-p group, it suffices to prove that ~K~v has no Z=pZ-extensions. Suppose the
contrary, then ~K~v has a Z=pZ-extension, which comes from a Z=pZ-extension
L of (KH)~vH for some open subgroup H. Replacing H by a suitable smaller
subgroup if necessary, we may assume that ](SH) > 2. By the Artin-Schreier
theory, L = (KH)~vH(�), where �p � � = a 2 (KH)~vH . By the assumption
](SH) > 2 and by Riemann-Roch theorem, AH = �(UH;OXH) is dense in
(KH)~vH , so there exists a0 2 AH such that a � a0 belongs to the valuation ring
O(KH)~v

H

of (KH)~vH . Let �0 be a root (inKsep
v ) of the equationXp�X = a0, and

put � = �� �0. Observe �p � � = a� a0. Then we have

L = (KH)~vH(�) � (KH)~vH(�0)(KH)~vH(�) �
~K~v(KH)

ur
~vH

= ~K~v;

which is absurd since L ~K~v= ~K~v is a Z=pZ-extension. 2
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Next, we fix some notations about Galois sections. Recall that we have the
following exact sequence (1-2):

1 ! �! �
pr
! Gk ! 1:

DEFINITION (2.3). LetG be an open subgroup ofGk, and denote by � the natural
inclusion G! Gk. Let H be an open subgroup of �.

(i) We define

S(G)
def
= fs 2 Homcont(G;�) j pr � s = �g ;

and

SH(G)
def
= fs 2 S(G) j s(G) � Hg :

(Note that SH(G) is empty unless pr(H) containsG.) We refer an element of S(G)
as section.

(ii) We say that a section s 2 SH(G) is geometric, if its image s(G) is contained
inD~v for some ~v 2 � ~X , and denote by SH(G)geom the set of geometric sections in
SH(G). We write S(G)geom instead of S�(G)geom.

(iii) We define

QH
def
= lim

�!

G�Gk: open

SH(G);

and write Q instead of Q�. We refer an element of Q as quasi-section. We define
the set Qgeom

H
of geometric quasi-sections by

Q
geom
H

def
= lim

�!

G�Gk: open

SH(G)
geom;

and write Qgeom instead of Qgeom
� .

Remark (2.4). (i) The natural map QH ! Q is bijective, since H is an open
subgroup of �. If we identifyQH withQ by this bijection,Qgeom

H
is identified with

Qgeom.
(ii) Since any section s: G! � is determined by its image s(G), we can identify

S(G) with the set of closed subgroups of� which are isomorphically mapped onto
G by pr. Thus the conjugation of 
 2 � defines a bijection S(G) ' S(
(G));
where 
(G) = pr(
)Gpr(
)�1, which maps S(G)geom onto S(
(G))geom. This
bijection induces a bijection SH(G) ' S
(H)(
(G)), where 
(H) = 
H
�1,
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which maps SH(G)geom onto S
(H)(
(G))geom. Taking the inductive limit, � acts
on Q and Qgeom.

Next, we shall define important maps from the sets of pairs of Galois sections
to certain cohomology groups.

LetH be an open subgroup of �. We define a closed subgroup I(H) ofH to be
the kernel of

H = ��1(UH; �)
(C) ! �1(XH; �)

(C);

which coincides with the kernel of

�H = ��1(UH; �)
C ! �1(XH; �)

C :

By definition, we have

H=I(H) = �1(XH; �)
(C); �H=I(H) = �1(XH; �)

C ;

and

( �H=I(H))ab = �1(XH; �)
ab = T (JXH):

(Recall that C contains all finite abelian groups.) Observe that ( �H=I(H))ab =
T (JXH) becomes a GkH(= pr(H))-module.

DEFINITION (2.5). (i) For each open subgroup G of GkH , define the map

jH(G): SH(G)� SH(G)

! H1
cont (G;T (JXH))

def
= lim
 �

m

H1(G;T (JXH)=mT (JXH))

to send a pair (s1; s2) 2 SH(G)� SH(G) to the cohomology class of the (contin-
uous) 1-cocycle: G! ( �H=I(H))ab = T (JXH), � 7! the image of s1(�)s2(�)

�1.
(ii) Define

jH: QH �QH ! lim
�!

G�Gk
H

: open

H1
cont(G;T (JXH))

as lim
!

jH(G). (Note that we define jH(G) only when G is contained in GkH .

However, SH(G) is empty, otherwise.)

LEMMA (2.6). Let si be an element of SH(G)geom for i = 1; 2, and take ~vi 2 � ~X
satisfying si(G) � D~vi . Denote by vi the image of ~vi inX

H\pr�1(G) = XH
kH L,
where L = �kG.
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Then vi is a L-rational point for i = 1; 2, and jH(G)(s1; s2) coincides with the
image of the divisor v1 � v2 of degree 0 on XH 
kH L by

Div0

0
@XHO

kH

L

1
A! JXH(L)! lim

 �
JXH(L)=mJXH(L)

Kummer sequence
�! H1

cont(G;T (JXH)):

Proof. SinceD~vi \H contains si(G), its image pr(D~vi \H) in Gk containsG,
which also implies that pr(D~vi \ H \ pr�1(G)) coincides with G. This means vi
is L-rational.

As for the second statement, see [NT, Lemma (4.14)], [Nakamura2, 2.2.
Claim]. 2

Recall (2.4)(i) that QH is naturally identified with Q.

DEFINITION (2.7). Let si be an element of Q for i = 1; 2.

(i) Let H be an open subgroup of �. Then we define:

s1�
H

s2
def
() jH(s1; s2) = 0:

(ii) We define

s1 � s2
def
() s1�

H

s2 for all open subgroups H in �:

(Observe that �
H

and � are equivalence relations onQ.)

Our approach to the problem of characterizing decomposition groups depends
on properties of the base field k. Consider the following conditions for the (perfect)
field k:

(Ak) For any abelian variety A over k, we have
\
m>1

mA(k) = f0g:

(Bk) The profinite group Gal(k((T ))sep=k((T ))) is topologically generated by
(the images of) continuous group-theoretical sections of the surjective homomor-
phism

Gal(k((T ))sep=k((T ))) ! Gal(�k � k((T ))=k((T ))) = Gk:

(Ck) (resp. (C0k)) k admits a structure of Hausdorff topological field, so that
Y (k) becomes compact for any proper, smooth, geometrically connected curve Y
(resp. proper, smooth, geometrically connected curve Y of genus > 2) over k.
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We define the conditions (A), (B), (C) and (C0) for the field k by:

(�) () (�L) for any finite extension L over k:

Examples of fields satisfying (A) are: finite fields, fields finitely generated over
Q, and p-adic local fields, i.e. finite extensions of Qp . When char(k) = 0, the
condition (Bk) holds if and only if k�=k�m 6= 1 for all natural numbers m > 1.
In particular, fields of characteristic 0 admitting a discrete valuation (e.g. fields
finitely generated over Q and p-adic local fields) satisfy (B). Other cases where (B)
holds are when Gk is a free profinite group of rank > 0. In particular, finite fields
satisfy (B). Examples of fields satisfying (C) are finite fields (for discrete topology)
and p-adic local fields (for p-adic topology). Examples of fields satisfying (C0)
are fields finitely generated over Q (for discrete topology). (Mordell conjecture!
([Faltings], [FW]))

The following is a key proposition of our method of characterizing decomposi-
tion groups.

PROPOSITION (2.8). (i) Assume that k satisfies (A). Assume (g; n) 6= (0; 0), and
assume also (g; n) 6= (0; 1); (0; 2) when either char(k) = 0 or � = tame. Let ~v be a
closed point of ~X , andH~v a closed subgroup ofD~v whose image inD~v=I~v is open.
Then, for each closed point ~v0 6= ~v of ~X , D~v0 does not contain H~v. In particular,
D~v0 does not contain D~v .

Moreover, the map � ~X ! f closed subgroups of �g, ~v 7! D~v is injective.
(ii) Put the same assumptions as in (i). Then, for each open subgroupG of Gk,

there exists a unique map '(G): S(G)geom ! � ~X satisfying s(G) � D'(G)(s) for
each s 2 S(G). Taking the inductive limit of '(G), we obtain

': Qgeom ! � ~X ;

which is compatible with the actions of �.
The map' induces a bijection �': (Qgeom= �)! � ~X , which induces a bijection

�'H : Hn(Qgeom= �)!Hn� ~X = �XH for each closed subgroupH of �:

Qgeom '
- � ~X

Qgeom= �
?

�'
- � ~X

wwwwww

Hn(Qgeom= �)
?

�'H
- Hn� ~X

?

�XH :

wwwwww
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When H is open and gH > 0, ' also induces a bijection

'H: (Qgeom=�
H

)! �X �H
= XH(�k)

def
= HomSpec(kH)(Spec(�k);XH);

which is compatible with the actions of pr(H) = H= �H.
(iii) Put the same assumptions as in (i), and further assume that k satisfies (B).

Let s be an element ofQgeom= �. ThenD �'(s) is the closed subgroup (topologically)
generated by s(G) for all open subgroups G of Gk and all s 2 S(G)geom with

s mod �= s. The open subgroupGs
def
= pr(D �'(s)) is characterized as the maximal

open subgroup G of Gk with fs 2 S(G)geom j s mod �= sg 6= ;, and D �'(s) is
characterized also as the closed subgroup (topologically) generated by s(Gs) for
all s 2 S(Gs)

geom with s mod �= s.
Moreover, �'(s) 2 eU if and only if fs 2 S(Gs)

geom j s mod �= sg is a one-
element set. If this is the case, the unique element s of this set satisfies D �'(s) =
s(Gs).

(iv) Assume either that k satisfies (C) or that k satisfies (C0) and � is not
abelian. (cf. (1:4) and (2:1):) Let G be an open subgroup of Gk, and put L = �kG.

Let s be an element of S(G). Then s belongs to S(G)geom if and only if XH(L)
def
=

HomSpec(kH)(Spec(L);XH) is non-empty for all open subgroupH of� containing
s(G).

Proof. First note that, for each closed subgroupK of � and each sub-extension
M=k in �k=k, we have:

�XK = lim
 �

K�H��
open

�XH ;

and

XK(M) = lim
 �

K�H��
open

XH(M):

Denote the image of v 2 �XK (resp. P 2 XK(M)) in �XH (resp. XH(M)) by vH
(resp. PH).

(i) The assumption on (g; n) means that there exists an open subgroup H0

of � with gH0 > 0. Since ~v0 6= ~v, there exists an open subgroup H of � with
~v0
H
6= ~vH. Taking the intersection with H0 if necessary, we may assume gH > 0.

Moreover, we may assume that pr(H~v \H) = pr(D~v0 \H) = pr(H). In fact, put
G = pr(H~v \H)\ pr(D~v0 \H), which is an open subgroup of Gk, and replaceH
by H \ pr�1(G).

Now, supposeH~v � D~v0 , henceH~v \H � D~v0 \H. Then the image ofH~v \H

in H=I(H) coincides with that of D~v0 \ H. In fact, these are injectively mapped
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into Gk by pr, and both of their (injective) images coincides with pr(H). These
images are identified with sections s and s0 of H=I(H) � pr(H). Applying (2.6)
to XH, we see that ~vH = ~v0

H
, since gH > 0 and k satisfies (A). This is absurd.

Putting H~v = D~v , we get the second statement. The third statement follows
from the second.

(ii) By definition, for each s 2 S(G)geom, there exists a ~v 2 � ~X with D~v �

s(G). By (i), such ~v is unique. This shows the existence and uniqueness of '(G).
Since '(G) is compatible with the restriction of the open subgroup G of Gk, we
can define ' as

lim
�!

G�Gk: open

'(G);

which is compatible with the �-actions by definitions.
First we prove that ' is surjective. Take any ~v 2 � ~X and put v = ~v�. Put

G = pr(D~v), which is identified with D~v=I~v = Gal(�k=�(v)). Now it suffices to
show that the surjection D~v ! G admits a (continuous group-theoretical) section.
Since D~v is a quotient of the absolute Galois group of the fractional field of the
completion of OX;v , the following lemma settles the problem.

LEMMA (2.9). Let K be the fractional field of a henselian discrete valuation
ring, and IK the inertia group in the absolute Galois group GK of K . Then the
surjection GK ! GK=IK admits a continuous group-theoretical section.

Proof. Let p be the characteristic of the residue field of the henselian valuation.
Let PK be the p-Sylow subgroup of IK if p > 0, and f1g if p = 0. Choosing a
compatible system of power roots of a prime element, we can construct a section
of GK=PK ! GK=IK . On the other hand, GK ! GK=PK admits a section by
[KPR]. Composing them, we obtain a section of GK ! GK=IK . 2

Next, let H be an open subgroup of �, and G a closed subgroup of Gk. Let s1

and s2 be elements of SH(G)geom, which define elements of Q = QH. Then, by
(2.6), '(si)H\pr�1(G) is an L-rational point of X

H\pr�1(G) = XH 
kH L for each
i = 1; 2, whereL = �kG. Since JXH(L)! JXH(L

0) is injective for each finite sub-
extension L0=L of �k=L, jH(s1; s2) = 0 is equivalent to jH(G)(s1; s2) = 0, and,
moreover, this occurs if and only if either gH = 0 or gH > 0 and '(s1)H\pr�1(G) =

'(s2)H\pr�1(G). (Use (2.6).) Since XH(L)! XH(�k) is injective, we have:

s1�
H

s2 () either gH = 0 or gH > 0; '(s1) �H = '(s2) �H:

Thus we obtain the bijection 'H: (Qgeom=�
H

)! �X �H
if gH > 0, and the bijection

�' : (Qgeom= �) ! � ~X . (For the latter, note that for each open subgroup H of
� there exists an open subgroup H0 of H with gH0 > 0, by our assumption.) By
definition,' is compatible with the�-actions, hence so is the bijection �'. Therefore
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�' induces the bijection �'H for any closed subgroupH of �. Since ' is compatible
with theH-actions for each open subgroupH of �, 'H is also compatible with the
H-actions.

(iii) For s 2 S(G)geom, s mod �= s() '(s) = �'(s)() s(G) � D �'(s),
by (ii). From this and the condition (B), all the statements are clear, except for
the statements on ~U . Note that we exclude (g; n) = (0; 0) and (g; n) = (0; 1) for
char(k) = 0 or � = tame. Hence, by (2.2), ~v 2 � ~X belongs to ~U if and only if

I~v = f1g, or, equivalently, D~v
pr
! Gk is injective. Since D �'(s) is generated by

s(Gs) for s 2 S(Gs)
geom with s mod �= s, �'(s) belongs to ~U if and only if

fs 2 S(Gs)
geom j s mod �= sg is a one-element set. The last statement is clear.

(iv) First assume s 2 S(G)geom, and letH be any open subgroup of� containing
s(G). Put ~v = '(s). Then Gal(�k=�(~vH)) � Gk coincides with pr(D~v \H), which
contains pr(s(G)) = G. Hence L contains �(~vH) (in �k). In particular, XH(L) is
non-empty.

Next, let s be an element of S(G), and assume XH(L) 6= ; for all open
subgroupsH of � containing s(G). Since

Xs(G)(L) = lim
 �

s(G)�H��
open

XH(L);

Xs(G)(L) is also non-empty by the condition (C) and Tikhonov’s theorem. Here,
when we assume that � is not abelian, observe that there exists an H containing
s(G) with gH > 2. In fact, there exists an open subgroup H of � with gH > 2 by
(1.10), and since

\
s(G)�H��

open

(H \�) = s(G) \� = f1g � H;

the compactness argument assures the existence of H with H \ � � H . Then
gH > gH > 2.

Take any L-rational point P of Xs(G). (Note ks(G) = �kpr(s(G)) = �kG = L.)
Define v 2 �Xs(G)

to be the image of P , and choose any ~v 2 � ~X above v. As v

is L-rational, pr(D~v \ s(G)) = G = pr(s(G)). Since s(G)
pr
! Gk is injective, this

implies D~v \ s(G) = s(G), i.e. s(G) � D~v . In particular, s 2 S(G)geom. 2

COROLLARY (2.10). (Summary of (2.8).) Assume either (a): k satisfies (A),
(B), (C) (e.g. k: a finite field or a p-adic local field), (g; n) 6= (0; 0), and (g; n) 6=
(0; 1); (0; 2) if char(k) = 0 or � = tame; or (b) k satisfies (A), (B), (C0) (e.g. k:
finitely generated over Q), and � is not abelian. Then the map � ~X ! fclosed
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subgroups of �g, ~v 7! D~v is injective. There exists a �-equivariant bijection
�' : (Qgeom= �)! � ~X , which is characterized by:

D �'(s) = hs(G) j G � Gk: open; s 2 S(G)geom; s mod �= si:

Moreover, for each open subgroup G of Gk, the subset S(G)geom in S(G) is
characterized by:

s 2 S(G)geom () XH(L) 6= ;

for all open subgroups H of � containing s(G);

where L = �kG. 2

Remark (2.11). Put the same assumptions as in (2.8)(i). Let G0 � G be open
subgroups of Gk. If s 2 S(G) satisfies s(G0) � D~v for some ~v 2 � ~X , then
s(G) � D~v . Moreover, the inverse image of Qgeom by S(G) ! Q coincides with
S(G)geom.

In fact, we may assume that G0 is normal in G, shrinking G0 if necessary.
Then, for each � 2 G, s(G0) = s(�)s(G0)s(�)�1 is contained in both D~v and
s(�)D~vs(�)

�1 = Ds(�)~v . By (2.8)(i), this implies ~v = s(�)~v, i.e. s(�) 2 D~v . The
second statement directly follows from the first.

Assuming the conditions (A), (B), and (C) (or (C0)) for the field k and the minor
conditions on (g; n), what remain for our group-theoretical characterization of the
decomposition groups in � = ��1(U; �)

(C)?
First, we exploited the exact sequence

1 ! �! �
pr
! Gk ! 1:

So, we have to characterize � in � or to start from �
pr
! Gk.

Second, to define the equivalence relation �
H

for each open subgroup H of �,

we used the closed subgroup I(H) of �H. So, we have to characterize I(H) for each
such H. (Of course, this problem is trivial if n = 0.)

Third, to characterize the subset S(G)geom in S(G) for each open subgroup G
of Gk, we have to detect whether XH(L) is empty or not for each open subgroup
H of �, where L = �kG.

The first and the second problems are settled for k finite or k finitely generated
over Q. However, the third problem is most essential and still open for k finitely
generated over Q (unless we use the Grothendieck conjecture over such k, of
course.)

Remark (2.12). For k finitely generated, we might conjecture S(G) = S(G)geom.

Anyway, these three problems are main topics of the next section.
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3. Characterization of various invariants

We follow the notations of Sections 1 and 2. The aim of this section is to describe
various invariants of the curve U in terms of the profinite group � = ��1(U; �)

(C).
We assume that the class C contains Z=lZ for all prime numbers l as in Section 2,

and also assume that � = ��1(
�U; �)C is not trivial, i.e. exclude (g; n) = (0; 0), and

also (0,1) if char(k) = 0 or � = tame. (cf. (1.4) and (2.1).) We mainly consider the
case where k is finite and the case where k is finitely generated over Q.

1. � and p = char(k).

By our assumption that � is not trivial and by (1.2), p = char(k) is recovered
by � as follows:

PROPOSITION (3.1). If �
ab

is free as a bZ-module, then char(k) is 0. Otherwise,

char(k) is positive, and is the unique prime number p such that (�
ab
)p
0

is free as abZp0-module. 2

As is well-known (cf. [Nakamura 3, Lemma (1.6.2)], [Pop 2, Introduction]),
when k is a field finitely generated over Q, we can recover � from � as follows:

PROPOSITION (3.2). Assume that k is a field finitely generated over Q. Then
� is the maximal closed normal subgroup of � which is (topologically) finitely
generated.

Proof. Immediate from [FJ, Theorem 15.10]. 2

On the other hand, when k is finite, Gk is isomorphic to bZ, hence, in particular,
is finitely generated. (Moreover, if n > 0 and � = (unrestricted), � is not finitely
generated. See (1.1).) So the preceding characterization of � fails in this case.
However, we have the following:

PROPOSITION (3.3). Assume that k is a finite field.
(i) The following are all equivalent:

(a) either n = 0 or � = tame;
(b) � is finitely generated;

(b0) �ab is finitely generated;
(c) �p is finitely generated;

(c0) (�ab)p is finitely generated.

(Note that the conditions (b) and (b0) do not involve p = char(k):)
(ii) If n = 0 or � = tame, then

� = Ker(�! �ab=(�ab)tors):
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(iii) If n > 0 and � = (unrestricted), then char(k) is the unique prime number
p such that (�ab)p is not finitely generated as a Zp-module.

Put

N 0 = Ker(�! (Gk)
p0 ' bZp0);

N = Ker(�! (Gk)
p ' Zp):

Then

N 0 = Ker(�! (�ab)p
0

=((�ab)p
0

)tors);

and N is the unique closed subgroup of � such that (a) �=N ' Zp; and (b)
log(](((N ab

m )p
0

)tors)) = O(pm) (m! +1), where

Nm
def
= Ker(�! (�=N)=pm ' Z=pmZ):

Moreover, � = N 0 \N .
Proof. If n = 0 or � = tame, then, by (1.1), � is finitely generated, hence so is

�, sinceGk is now finitely generated. If n > 0 and � = (unrestricted), then we see
that Homcont(�;Z=pZ) is infinite-dimensional as a Z=pZ-vector space, using the
Artin–Schreier theory. Therefore (�ab)p is not finitely generated. These imply (i).

Next, we have the following exact sequence (written additively):

0 ! (�
ab
)Gk ! �ab ! Gk ! 0;

where, for a topologicalGk-moduleM , theGk-coinvariant quotientMGk is defined
by:

MGk
def
= M=h�(m) �m j m 2M;� 2 Gki:

Note that (when M is compact)

MGk =M=('k � 1)M;

where 'k is the ](k)-th power Frobenius element in Gk.
Let P be the characteristic polynomial of the Frobenius element 'k 2 Gk on

the free bZp0-module (�
ab
)p
0

. (For the Gk-module structure of �
ab

, see (1.3).) The
coefficients ofP are inZ, and the absolute values of the roots ofP are either ](k)1=2

(for 2g roots) or ](k) (for n� " roots, where " is 0 for n = 0 and is 1 for n > 0). In

particular, P (1) is a non-zero integer, hence (�
ab
)Gk (resp. ((�

ab
)p
0

)Gk ) is finite
in the case (ii) (resp. (iii)). (For the case (ii), observe that P ('k) is 0 also on the
pro-p part.) Now, all the statements except for N in the case (iii) are clear.

Next, check the conditions (a) and (b) for N . (a) immediately follows from the
definition ofN . For (b), let�1; : : : ; �2g+n�" be the roots ofP . Since ((N ab

m )
p0)tors =
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(�
ab
)p
0

=('p
m

k � 1)(�
ab
)p
0

similarly as above, we have ](((N ab
m )p

0

)tors) = Pm(1)0,
where

Pm(T ) =
2g+n�"Y
i=1

(T � �
pm

i )

and a0 means the maximal integer (> 0) prime to p dividing a given integer a 6= 0.
Thus

](((N ab
m )p

0

)tors) = Pm(1)0 6 jPm(1)j

=
Q
j1� �

pm

i j 6
Q
(1 + j�

pm

i j)

= (1 + qp
m=2)2g(1 + qp

m

)n�" 6 (2qp
m=2)2g(2qp

m

)n�"

= 22g+n�"q(g+n�")p
m

;

where q = ](k), and (b) follows from this.
Finally, let M be any closed subgroup 6= N of � satisfying �=M ' Zp, and

put Mm = Ker(�! (�=M)=pm) and km = �kpr(Mm). Then

((M ab
m )p

0

)tors =
(Mm

ab
)p
0

('km � 1)(Mm
ab
)p0
�

T (JXMm
)p
0

('km � 1)T (JXMm
)p0 :

Observe that the sequence k1 � k2 � � � � � km � � � � stabilizes, from the
assumption M 6= N . Now, [GK, Theorem 1 and Theorem 2] implies that there
exists C > 0 such that

log(](((M ab
m )p

0

)tors)) > Cp
2m;

for sufficiently large m. 2

2. q = ](k) and the Frobenius element 'k (for k finite).

By a recent theorem of Pop [Pop 3], for k finitely generated over Q, the profinite
group Gk determines the isomorphism class of the field k. Thus, in this case, �
also determines the isomorphism class of k by (3.2). Moreover, [Pop 3] also shows
that any automorphism of Gk for such k comes from an automorphism of k or,
more precisely, an automorphism of �k mapping k onto itself.

On the other hand, for k finite, (the isomorphism class of) the profinite group
Gk ' bZ is independent of k and does not determine the isomorphism class of k (nor,
equivalently, ](k)). Moreover, for such k, any automorphism of �k, which preserves
k automatically, defines the identity in Aut(Gk), while Aut(Gk) = Aut(bZ) = bZ�
is big.

However, the following proposition shows that� determines ](k) and the Frobe-
nius element'k 2 Gk = �=� group-theoretically. (Recall (3.1)(3.3) that the prime
number p = char(k) is determined by �.)
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PROPOSITION (3.4). Assume that k is finite, and denote by 'k the ](k)-th power
Frobenius element in Gk.

(i) The subgroup� def
= 'Zk ofGk has the following properties: (a)Gk is topolog-

ically generated by �; and (b) for each open subgroup H of � with ( �Hab)p
0

6= 0,
the image of � \ pr(H) by

pr(H)! Aut

0
B@max̂

bZp0
( �Hab)p

0

1
CA = (bZp0)�

is contained in �pZ.
The properties (a) and (b) (for one such H) characterize �.
(ii) The Frobenius element 'k has the following properties: (a) � is generated

by 'k; and (b) for each open subgroup H of � with ( �Hab)p
0

6= 0, the image of

'
[Gk:pr(H)]
k 2 pr(H) by

pr(H)! Aut

0
B@max̂

bZp0
( �Hab)p

0

1
CA = (bZp0)�

is contained in �pZ>0 .
These properties (a) and (b) (for one such H) characterize 'k.
(iii) For each open subgroup H of �, denote by jAHj the set of the absolute

values of the eigenvalues of the action of 'kH = '
[Gk :pr(H)]
k on the free bZp0-module

( �Hab)p
0

.

When � is abelian, then the bZp0-rank i0 of �
p0

is either 1 or 2, and is 1 if and
only if n > 0. We have jAHj = f](k)[Gk:pr(H)]=i0g for any open subgroupH of �.
These characterize ](k) in this case.

When � is not abelian, then

jAHj � f](k)[Gk:pr(H)]=i j i = 1; 2g;

and n > 0 if and only if ](jAHj) = 2 for some open subgroup H of �. If n = 0,
then

jAHj = f](k)[Gk:pr(H)]=2g:

These characterize ](k) in this case.
Proof. (i) From the isomorphism (1-3) and the exact sequence (1-5) (for UH),

we can compute the character

�det
H

: pr(H)! Aut

0
B@max̂

bZp0
( �Hab)p

0

1
CA = (bZp0)�
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and obtain

�det
H

= �kH
nH�n0;H�gH+nH�";

where � is the cyclotomic character pr(H) � Gk ! (bZp0)� = Aut(bZp0(1)), and
�kH is the character defined as

pr(H) � pr(H)=(pr(H))2 ' f�1g ,! (bZp0)�;
and n0;H

def
= ](SH) = ](�SH). In particular,

�det
H
('

[Gk :pr(H)]
k ) = (�1)nH�n0;H](kH)

gH+nH�";

which lies in �pZ. Since � \ pr(H) = '
[Gk:pr(H)]Z
k , we have �det

H
('

[Gk:pr(H)]Z
k ) �

�pZ. So � satisfies (b), and also (a) clearly.
Now, assume ( �Hab)p

0

6= 0(() 2gH+nH�" > 0() (gH; nH) 6= (0; 1) ()
gH + nH � " > 0), then

Ker(�det
H
) � Ker((�det

H
)2) = Ker(�2(gH+nH�")) = f1g:

If � 2 pr(H) satisfies �det
H
(�) 2 �pZ, then we have �det

H
(�)s = �det

H
('

[Gk:pr(H)]
k )r

for some s 2 Z>0 and r 2 Z. This implies � 2 '
[Gk:pr(H)]Z
k , since pr(H) =

'
[Gk:pr(H)]bZ
k ' bZ. This implies that �0 with the condition (b) for H satisfies:

(�0)[Gk:pr(H)](� �0\H) � '
[Gk:pr(H)]Z
k ;which implies�0 � 'Zk = �. If, moreover,

�0 satisfies (a), then it must coincide with �.
(ii) Observe that, for � 2 Gk, � = �Z if and only if � = 'k or '�1

k , and that

�det
H
('

[Gk :pr(H)]
k ) = (�1)nH�n0;H](kH)

gH+nH�" 2 �pZ>0 ;

if gH + nH � " > 0.
(iii) As has been explained in the proof of (3.3), the absolute values are

](kH)
1=2 = ](k)[Gk :pr(H)]=2 (2gH times) and ](kH) = ](k)[Gk :pr(H)] (nH�" times).

From our assumption that � is non-trivial, � is abelian if and only if either
(g; n) = (0; 2) and � = tame, or (g; n) = (1; 0). In both cases, we have (gH; nH) =
(g; n) for any open subgroup H of �. Since

i0 = 2g + n� " =

(
1; for (g; n) = (0; 2); � = tame;

2; for (g; n) = (1; 0);

)

the statements for the abelian case hold.
Assume that� is not abelian. If n = 0, then nH = 0 for all open subgroupH of

�. If n > 0, then, by (1.10)(ii), there exists an open subgroup H such that gH > 0
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and nH > 1, hence ](jAHj) = 2. The statements for the non-abelian case follow
from this. 2

3. g and n.

We can recover (g; n), using the Frobenius weight.

PROPOSITION (3.5). Assume that k is finite. Define P to be the characteristic
polynomial of the ](k)-th power Frobenius element'k 2 Gk on the free bZp0-module

(�
ab
)p
0

, and A the set of roots of P .

(i) n > 0 if and only if �
p0

is a free pro-p0 group. (cf. (3:4) for another criterion
for n > 0:)

(ii) If n = 0, then

g = 1
2 rankbZp0 ((�ab

)p
0

) = 1
2]m(A):

If n > 0, then

g = 1
2 ]m(f� 2 A j j�j = ](k)1=2g);

n = ]m(f� 2 A j j�j = ](k)g) + 1:

Here, for a subset A0 of A, we define

]m(A
0)

def
=
X
�2A0

m�;

wherem� is defined by:

P (T ) =
Y
�2A

(T � �)m� :

Proof. (i) follows from (1.1). (ii) follows from the isomorphism (1-3) and the
exact sequence (1-5). 2

Remark (3.6). (i) In the case where k is finitely generated over Q, the recovery of
(g; n) from � can be reduced to the finite field case.

(ii) In fact, when char(k) > 0 and � = (unrestricted),� (withoutGk) determines
g and n. We shall treat this in another paper.

4. The kernel I(�) of �(= ��1(U; �)
(C))! �1(X; �)

(C).

We can recover I(�), as follows.

PROPOSITION (3.7). Let H be an open subgroup of �. Then H � I(�) if and
only if 2gH � 2 = (� : H)(2g � 2).
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Moreover,

I(�) =
\

H��: open;2gH�2=(�:H)(2g�2)

H:

Proof. The first statement follows from the Hurwitz genus formula. The second
follows from the first. 2

5. The number of rational points (for k finite).

PROPOSITION (3.8). Assume that k is finite, and letL=k be a finite sub-extension
of �k=k. Then

](X(L)) = 1 + ](L)� trbZp0 ('L j ((�=I(�))ab)p
0

);

where 'L 2 GL � Gk is the ](L)-th power Frobenius element (which coincides

with '[Gk:GL]
k ).

In particular, ](X(L)) is not empty if and only if

1 + ](L)� trbZp0 ('L j ((�=I(�))ab)p
0

) > 0:

Proof. Lefschetz trace formula. (Recall (1-3) that ((�=I(�))ab)p
0

is isomorphic
to T (JX)p

0

as a Gk-module.) 2

4. The Grothendieck conjecture for curves over finite fields

For i = 1; 2, let ki be a field of characteristic pi > 0. Let Ui be a smooth,
geometrically connected curve over ki, and Xi the smooth compactification of Ui.
Put Si = Xi � Ui. Define non-negative integers gi and ni to be the genus of Xi

over ki and the cardinality of Si(�ki), respectively. Let �i be the generic point ofUi,
and put Ki = �(�i), the function field of Ui.

Fix a separable closure ksep
i , and define �Ui, �Xi, �Si, and ��i to be Ui 
ki k

sep
i ,

Xi 
ki k
sep
i , Si 
ki k

sep
i , and �i 
ki k

sep
i , respectively.

Take a geometric point �i of �Ui above the generic point ��i. Let the symbol �
denote either (unrestricted) or tame, and fix a full classC of finite groups containing
Z=lZ for all prime numbers l.

Put

�i = ��1(Ui; �i)
(C)

and

�i = ��1(
�Ui; �i)

C ;
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for simplicity. Define ~Ki to be the maximal pro-C Galois extension of Kik
sep
i in

�(�i)=Kik
sep
i , unramified on Ui, and, if � = tame, (at most) tamely ramified on Si,

and ~Ui the integral closure of Ui in ~Ki. Note that we have:

�i = Gal( ~Ki=Ki) = Aut( ~Ui=Ui)

and

�i = Gal( ~Ki=Kik
sep
i ) = Aut( ~Ui= �Ui):

Define

Isom( ~U1=U1; ~U2=U2)

def
=

8>>>>>>>>><
>>>>>>>>>:
( ~F ; F )2 Isom( ~U1; ~U2)�Isom(U1; U2)

����

~U1
~F
- ~U2

U1

?

F
-U2

?

is commutative

9>>>>>>>>>=
>>>>>>>>>;
;

where Isom means Isom(Schemes).

LEMMA (4.1). (i) The projection

~p : Isom( ~U1=U1; ~U2=U2)! Isom( ~U1; ~U2)

is injective. Thus Isom( ~U1=U1; ~U2=U2) is identified with

8>>>>>>>>><
>>>>>>>>>:
~F 2 Isom( ~U1; ~U2)

�����

~U1
~F
- ~U2

U1

?

F
-U2

?

is commutative for someF 2 Isom(U1; U2)

9>>>>>>>>>=
>>>>>>>>>;
:

(ii) The projection

p : Isom( ~U1=U1; ~U2=U2)! Isom(U1; U2)

is surjective, and

p�1p(( ~F ; F )) = ~FAut( ~U1=U1) = Aut( ~U2=U2) ~F :
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Proof. (i) follows from the fact that ~U1 ! U1 is faithfully flat.
To prove (ii), we need the following lemma:

LEMMA (4.2). Let A be a finitely generated integral domain over a field k, and
assume that k is integrally closed in A. Then any subfield of A is contained in k,
i.e. k is the maximal subfield of A.

Proof. Suppose that there exists a subfield K of A, not contained in k. Take
any t 2 K � k, then t is transcendental over k by assumption. Since A is finitely
generated over its subring k[t], the image of Spec(A)! Spec(k[t]) is constructible
and dense, hence is open (and dense). (Observe the topology of Spec(k[t]).) Let F
be the prime field of k, then it is easy to see that Spec(k[t]) ! Spec(F[t]) is an
open map. Thus, the image of Spec(A) ! Spec(F[t]) is open. On the other hand,
since F(t) � K � A, the image of Spec(A) ! Spec(F[t]) is the generic point
Spec(F(t)) of Spec(F[t]). This is absurd. 2

By this lemma, any isomorphism F : U1 ' U2 induces an isomorphism k1 ' k2

compatible with F . (Choose affine open coverings if necessary.) Then, we see that
there exists an isomorphism �F : �U1 ' �U2 extending F . Now, it is clear that there
exists an isomorphism ~U1 ' ~U2 extending �F . (If Gk is a pro-C group, then we can
directly prove the existence of an isomorphism ~U1 ' ~U2 extending F .)

The second statement of (ii) directly follows from the definition. 2

The aim of this section is to prove the following theorem.

THEOREM (4.3). Assume that both k1 and k2 are finite, and that ni > 0 (resp.
ni > 0 and 2 � 2gi � ni < 0) for some i 2 f1; 2g, if � = (unrestricted) (resp.
� = tame). (Observe that this condition is equivalent to saying that ni > 0 and �i
is not abelian.)

Then the map

Isom( ~U1=U1; ~U2=U2)! Isom(�1;�2); ( ~F ; F ) 7! ~F (�) ~F�1

is bijective.

We shall prove this by constructing the inverse map, borrowing some techniques
of [Uchida].

Let F be an isomorphism �1 ! �2 (as topological groups). We may assume
that n1 > 0 (resp. n1 > 0 and 2 � 2g1 � n1 < 0) if � = (unrestricted) (resp.
� = tame), considering F�1 if necessary. Then �1 is not abelian, and neither is �1,
a fortiori. Thus �2 is also not abelian, hence �2 is not trivial. Therefore, we apply
the results in Section 3 to both U1 and U2.

By (3.3), F(�1) = �2, and, by (3.1), p1 = p2. Denote this prime number
by p. Now, F induces an isomorphism Gk1 = �1=�1 ! �2=�2 = Gk2 , which
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we also denote by F , and, by (3.4), F('k1) = 'k2 and ](k1) = ](k2). By (3.5),
(g1; n1) = (g2; n2), which we denote by (g; n).

By (2.10), together with (3.7) and (3.8) (for each open subgroup of �i), F
induces a bijection � ~X1

! � ~X2
, which we denote by f = fF , characterized by:

Df(~v1) = F(D~v1) for each ~v1 2 � ~X1
. Note that f(� ~X1

\ ~U1) = � ~X2
\ ~U2 by

(2.8)(iii). This bijection induces a bijection �X1;H1
! �X2;F(H1)

for each closed
subgroupH1 of �1, which we also denote by f . In particular, we obtain a bijection

X1; �H1
(�k1) = �X1; �H1

! �X
2;F(H1)

= X2;F(H1)
(�k2);

for each open subgroupH1 of �1. (ObserveF( �H1) = F(H1).) Since the bijection
f : �X1 ! �X2 sends�X1 \U1 onto �X2 \U2, we have ](S1) = ](S2), which we
denote by n0. Note that n0 6 n and the equality holds if and only if all points on
Si are ki-rational for some (or all) i 2 f1; 2g.

For each vi 2 �Xi
, choose a ~vi 2 � ~Xi

above vi. Let F~vi be the inverse image of
'Zki byDab

~vi
! Gki . If both ~vi and ~v0i are above vi, then F~vi and F~v0

i
are canonically

isomorphic to each other. So, we may and do write Fvi instead of F~vi . By local
class field theory, together with (2.2), we have:

Fvi =

8>><
>>:
K�vi=O

�

vi
= Z; if vi 2 Ui

K�vi ; if vi 2 Si and � = (unrestricted)

K�vi=(1 +Mvi); if vi 2 Si and � = tame;

where Kvi is the vi-adic completion of Ki, Ovi is the valuation ring of Kvi , and
Mvi is the maximal ideal of Ovi .

In any case,F induces isomorphisms�ab
1 ! �ab

2 andFv1 ! Ff(v1) (v1 2 �X1),
which are also denoted by F . Now, taking the restricted direct product �0 of Fvi
(vi 2 �Xi

) with respect to Ker(Fvi ! Gki), we obtain the following commutative
diagram:Y

v12�X1

0Fv1
-

Y
v22�X2

0Fv2

�ab
1

?

- �ab
2 :

?

(In fact, �0 coincides with
L

.) The horizontal arrows are isomorphisms. Define F1

(resp. F2) to be the kernel of the left (resp. right) vertical arrow, then we obtain an
isomorphism F1 ! F2, which we also denote by F .

By (global) class field theory, we have

Fi = K�i :
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(So far we have only used the assumption that �i is not abelian. Here we use the
assumption ni > 0 for the first time. In fact, if ni = 0, then Fi = K�i =k

�

i .)
Let H1 be any open subgroup of �1, and put H2 = F(H1). We can apply the

arguments until now to the isomorphism

��1(U1;H1 ; �) = H1
F
!H2 = ��1(U2;H2 ; �):

In this situation, we write various symbols with index H1 or H2.

LEMMA (4.4). The isomorphism

K�1;H1
= F1;H1 ! F2;H2 = K�2;H2

induced by F is an extension of

K�1 = F1 ! F2 = K�2 :

Proof. Similar to [Uchida, Lemma 9]. (Observe that, for each wi 2 �Xi;Hi

above vi 2 �Xi
, the transfer map induces Fvi ! FHi;wi .) 2

COROLLARY (4.5). Let I1 be a closed subgroup of�1 and put I2 = F(I1). Then
F induces an isomorphism

K�1;I1
! K�2;I2

;

(which we also denote by F .)
In particular, F induces an isomorphism

~K�1 ! ~K�2 : 2

Extend by 0 7! 0 the group isomorphismF : ~K�1 ! ~K�2 to the (multiplicative)
monoid isomorphism ~K1 ! ~K2, which we also denote by F .

CLAIM (4.6). The isomorphism F : ~K1 ! ~K2 is additive.

This is the main difficulty in the proof. Assuming this, we shall first complete
the proof.

Since Ai
def
= �(Ui;OXi

) in Ki coincides with

�
a 2 K�i j the image of a by K�i = Fi

proj:
�! Fvi � Dab

~vi
! Gki

is in '
Z>0
ki

for each vi 2 Ui:
�
[ f0g;
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we see F(A1) = A2. Hence F( ~A1) = ~A2 also holds, where

~Ai
def
= �( ~Ui;O ~Xi

):

(Note that ~Ai is the integral closure of Ai in ~Ki.) Thus we obtain a map

Isom(�1;�2)! Isom( ~U1=U1; ~U2=U2):

From the functorialities it follows that

Isom( ~U1=U1; ~U2=U2)! Isom(�1;�2)! Isom( ~U1=U1; ~U2=U2)

is the identity. We have to prove that

Isom(�1;�2)! Isom( ~U1=U1; ~U2=U2)! Isom(�1;�2)

is also the identity. For this it suffices to prove that

Isom(�1;�2)! Isom( ~U1=U1; ~U2=U2)

is injective. Let F ;F 0 be elements of Isom(�1;�2) which induce a same ele-
ment of Isom( ~U1=U1; ~U2=U2). Put E = F 0�1F , then E induces the identity in
Isom( ~U1=U1; ~U1=U1). In particular, for any closed subgroup H of �1, we have

E(H) = H. Applying this to the closed subgroup H = xbZ for each element x of
�1, we obtain E(x) = x�(x) for some�(x) 2 bZ�. When x is a lifting of'k1 2 Gk1 ,
(3.4) implies �(x) = 1. Since �1 is topologically generated by such x’s, we obtain
that E is the identity.

Now only the claim (4.6) remains. For this, we resort to the following:

LEMMA (4.7). For each i = 1; 2, let ki be an algebraically closed field, andXi a
proper, smooth, connected curve over ki. Put Ki = ki(Xi) and �i = Xi(ki). Let
Si be a subset of �i.

Now, assume that we are given an isomorphismF : K1 ! K2 as multiplicative
monoids and a bijection f : �1 ! �2 with f(S1) = S2, satisfying the following
(a)(b)(c):

(a) For each P1 2 �1, the diagram

K1
ord P1
- Z[ f+1g

K2

? ord P2
- Z[ f+1g

wwwwwwww

is commutative, where P2
def
= f(P1).
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(b) For each P1 2 S1, we have F(1 +MX1;P1) = 1 + MX2;P2 , where P2
def
=

f(P1). (Note that we have F(OX1;P1) = OX2;P2 , F(O�X1;P1
) = O�X2;P2

, and
F(MX1;P1) =MX2;P2 , by (a):)

(c) ](S1) > 3.

Then F : K1 ! K2 is additive.

We can apply this lemma to F : K1; �H1
! K2; �H2

, where H1 is an open subgroup
of �1 with nH1 > 3 and H2 = F(H1). In fact, (a) follows from the fact that the
composite of

K�
i; �Hi

= lim
�!�Hi�H0i�Hi

open

Fi;H0
i
! lim

�!�Hi�H0i�Hi
open

FH0
i
;Pi;H0

i

! lim
�!�Hi�H0i�Hi

open

Fi;Pi;H0
i

=Ker(Fi;Pi;H0
i

! Gki) = Z

coincides with ordPi . (b) follows from the fact

1 +MX �Hi;Pi

= Ker

0
BBBBB@O

�

X �Hi;Pi

! lim
�!

�Hi�H0i�Hi
open

(Ker(Fi;Pi;H0
i

! Gki))
p0 = �k�i

1
CCCCCA :

(c) follows from our assumption. Since, by (1.10),

~Ki =

[
Hi��i;nHi>3

open

Ki; �Hi ;

F : ~K1 ! ~K2 is additive.
Until the end of this section, we concentrate on the proof of (4.7). So we follow

the assumptions and the notations in (4.7).
We need the definition of minimal elements in a function field (following

[Uchida]) and some lemmas. Uchida uses infinitely many ramified points to prove
the additivity, but in the present case, only finitely many ramified points are at our
disposal. Here is a difficulty.

Let k be an algebraically closed field, and X a proper, smooth, connected curve
of genus g over k. Put K = k(X) and � = X(k).

DEFINITION (4.8). (i) Let x be an element of K�, and define (x)0 (resp. (x)1)
to be the numerator (resp. denominator) divisor of x. (Note (x) = (x)0 � (x)1.)
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Then we say that x is minimal, if l((x)1) = 2. Here, for a divisor D on X , we
define l(D) = dimk(�(X;O(D))).

(ii) Let D be an effective (= non-negative) divisor on X . Then we say that D
is minimal, if there exists a minimal element x 2 K� with (x)1 = D. This is
equivalent to: l(D) = 2 and l(D0) = 1 for any effective divisor D0 � D.

LEMMA (4.9). Let x be a minimal element of K and
�
a
c
b
d

�
a matrix in GL2(k).

Then (ax+ b)=(cx+ d) is also minimal.
Proof. This reduces to the following two cases: c = 0; d = 1; a = d = 0; b =

c = 1. The first case is clear, since (ax + b)1 = (x)1. The second follows from
(x�1)1 = (x)0 and l((x)0) = l((x)1). 2

LEMMA (4.10). LetD be an effective divisor of degree g with l(D) = 1. Then for
each P 2 �, we have l(D + P ) = 2. In particular, any element x 2 �(X;O(D +
P ))� k is minimal. (Note: this does not necessarily imply that the divisor D + P

is minimal.)
Proof.

2 = deg(D + P )� g + 1
Riemann�Roch

6 l(D + P ) 6 l(D) + 1 = 2:

The second statement follows from the first. 2

Let S be a subset of �. The following lemmas (4.11) and (4.13) assure that
sufficiently many minimal elements exist in K .

LEMMA (4.11). LetP0; P1; P1 be distinct points in�. Then there exists a minimal
element x 2 K satisfying x(Pi) = i for each i 2 f0; 1;1g.

Proof. We have the following:

CLAIM (4.12). There exists an effective divisor D of degree g which satisfies:
l(D) = 1; l(D + P1 � P0 � P1) = 0; and Supp(D) 63 P0; P1.

If g = 0, the divisor D = 0 satisfies the conditions. Assume g > 0, then
such D is ‘general’. To be more precise, let JgX be the degree g part of the Picard
variety of X . (JgX is isomorphic to JX = J0

X , since k is algebraically closed.)
Put X(n) = Xn=Sn for each n > 0 (X(0) = Spec(k)), and define a morphism
j : X(g) ! J

g
X by (Q1; : : : ; Qg) 7! Q1 + � � � + Qg. Then it is well-known that

j is birational, hence there exists a non-empty open subset V of JgX such that
j : j�1(V ) ! V is an isomorphism. For i = 0; 1, define j0i : X

(g�1) ! J
g
X by

(Q1; : : : ; Qg�1) 7! Q1 + � � � + Qg�1 + Pi, and define j02 : X(g�1) ! J
g
X by

(Q1; : : : ; Qg�1) 7! Q1 + � � � +Qg�1 + P0 + P1 � P1. Then, for each

(Q1; : : : ; Qg) 2 j
�1

 
V �

2[
i=0

j0i(X
(g�1))

!
(k);
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the effective divisor D = Q1 + � � �+Qg satisfies the conditions.

Now, choose an effective divisor satisfying the conditions of (4.12). Then, by
(4.10), l(D + P1) = 2, and any z 2 �(X;O(D + P1))� k is minimal. Put y =
z�z(P0). (Note ordP0(z) > 0, since Supp(D) 63 P0.) Then y(Pi) = i for i = 0;1.
Suppose y(P1) = 0, then y is a nontrivial element of�(X;O(D+P1�P0�P1)),
which contradicts to the choice of D. Thus we can define

x =
y

y(P1)
;

which satisfies x(Pi) = i for i = 0; 1;1. By (4.9), x is minimal. 2

LEMMA (4.13). Assume ](S) > 2. Consider the following conditions for an
element x in K� :

(1) x is minimal and ](fx(P ) 2 k [ f1g j P 2 Sg) > 2;
(2) x is minimal and fx(P ) 2 k [ f1g j P 2 Sg � f0;1g.

(Clearly (2) implies (1):) Then we have

K� = hx 2 K� j x satisfies (1)i

= hk(x)� j x satisfies (2)i:

Proof. We may assume ](S) <1, taking a finite subset of S (with cardinality
> 2) if necessary. Choosing three distinct points P0; P1 2 S and P1 2 �, we see,
by (4.11), that there exists at least one element x 2 K� satisfying (2), hence (1).
So any constant c 2 k� � K� is written as a product of elements satisfying (1):
c = (cx)x�1.

Now, take any f 2 K�. Then we can write

(f) =
NX
i=1

(Pi �Qi);

with fPi; Qig \ S 6= ; for each i = 1; : : : ; N . In fact, choose P0 2 S, then:

(f) =
nX
i=1

(P 0i �Q0i); P
0

i ; Q
0

i 2 �

=
nX
i=1

(P 0i � P0) +
nX
i=1

(P0 �Q0i):

Put S0 = fP1; : : : ; PN ; Q1; : : : ; QNg [ S, which is a finite subset of �.

CLAIM (4.14). There exist effective divisors D1; : : : ;DN ;DN+1 = D1 of degree
gwhich satisfy: l(Di) = 1; Supp(Di)\S

0 = ;; andDi�Di+1 is linearly equivalent
to Pi �Qi, for each i = 1; : : : ; N .
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Follow the notations in the proof of (4.11). Define a non-empty open subsetW
of JgX by

W = V �
[
Q2S0

jQ(X
(g�1));

where jQ : X(g�1) ! J
g
X is defined by (R1; : : : ; Rg�1) 7! R1 + � � �+Rg�1 +Q.

Then for each (R1; : : : ; Rg) 2 j�1(
TN+1
m=1(W + �m�1

i=1 (Pi � Qi))), put D1 = R1

+ � � �+Rg . DefineDm = R
(m)
1 + � � �+R

(m)
g by j(R(m)

1 ; : : : ; R
(m)
g ) = j(R1; : : : ;

Rg)��m�1
i=1 (Pi�Qi) form = 2; : : : ; N + 1. Then all the conditions are satisfied.

Take D1; : : : ;DN ;DN+1 = D1 as in (4.14). There exists fi 2 K� satisfying

(fi) = Pi �Qi +Di+1 �Di;

for each i = 1; : : : ; N: Then we see

(f) = (f1) + � � �+ (fN ):

Hence there exists a constant c 2 k� such that

f = cf1 : : : fN :

Now c is a product of elements in K� satisfying (1) as we have already seen,
and, for each i = 1; : : : ; N , either fi is a constant 2 k� or fi satisfies (1). In fact,
fi belongs to �(X;O(Di +Qi))�f0g. Hence fi is either in k�(() Pi = Qi) or
minimal, by (4.10). If fi is minimal, then we see fi(Pi) = 0 and fi(Qi) =1. Since
fi(S � fPi; Qig) � k�, fi satisfies (1). (Recall ](S) > 2 and fPi; Qig \ S 6= ;.)
This completes the proof of the first equality.

The second follows from the first, together with (4.9). 2

Now turn to the proof of (4.7). First we note that F(k1) = k2. In fact, ki is
the set of divisible elements in the multiplicative monoid Ki for each i = 1; 2.
Consider the following condition

(c0) ](S1) > 2 and Fjk1 is additive:

We first prove (a)(b)(c) =) (a)(b)(c0).
Let P1;0; P1;1; P1;1 be distinct points in S1. By (4.11), there exists a minimal

x1 2 K�1 satisfying x1(P1;i) = i for each i = 0; 1;1. Then x2
def
= F(x1) is a

minimal element in K2, by the condition (a). (Observe that xi is minimal in Ki

if and only if �(Xi;O((xi)1)) ) ki and �(Xi;O(D
0

i)) = ki for any effective
divisorD0i � (xi)1 onXi.) Put P2;i = f(P1;i) for each i = 0; 1;1. Then we have
x2(P2;i) = i for each i = 0; 1;1. In fact, this follows from the condition (a) (resp.
(b)) for i = 0;1 (resp. i = 1).
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Let �1; �1 be any two elements of k1, and we shall proveF(�1 + �1) = F(�1)+
F(�1). Since F(0) = 0 and F(�1) = �1, we may assume �1 6= 0, �1 6= 0, and
�1+�1 6= 0. As �1x1+�1 is a minimal element inK1 with (�1x1+�1)1 = (x1)1,
F(�1x1+�1) is a minimal element inK2 with (F(�1x1+�1))1 = (F(x1))1, by the
condition (a). Therefore, there exist �2; �2 2 k2 withF(�1x1+�1) = �2F(x1)+�2.
Considering the images of both sides in O�X2;P2;0

=(1 +MX2;P2;0) = k�2 , we have
F(�1) = �2. (Use the condition (b).) On the other hand, we have

F(�1 + �1x
�1
1 ) = F(�1x1 + �1)F(x

�1
1 )

= (�2F(x1) + �2)F(x1)
�1 = �2 + �2F(x1)

�1:

Considering the images of both sides in O�X2;P2;1
=(1+MX2;P2;1) = k�2 , we have

F(�1) = �2. Finally, considering the images of both sides of F(�1x1 + �1) =
�2F(x1) + �2 in O�X2;P2;1

=(1 +MX2;P2;1) = k�2 , we obtain

F(�1 + �1) = �2 + �2 = F(�1) + F(�1):

Next we prove that (a)(b)(c0) implies the additivity of F .

CLAIM (4.15). Let x1 be any minimal element in K1 satisfying fx1(P1) 2
k [ f1g j P1 2 S1g � f0;1g. Then Fjk1(x1) is additive, and F(k1(x1)) =
k2(F(x1)).

In fact, we have F(�1x1 + �1) = F(�1)F(x1) + F(�1) for each �1; �1 2 k1,
just as above. Thereby we obtain

F

 

1
�i(x1 � �1;i)

�j(x1 � �1;j)

!
= F(
1)

�i(F(x1)�F(�1;i))

�j(F(x1)�F(�1;j))
:

From this and the additivity ofFjk1 , we can easily deduce the additivity ofFjk1(x1).
The second statement follows from the first and the fact F(k1) = k2.

Now, (4.15) together with (4.13) reduces the problem to the following lemma.
(Identify k1 with k2 = F(k1) via F .)

LEMMA (4.16). Let k be an algebraically closed field, and X and Y integral
schemes separated of finite type over k. Let�: k(Y )! k(X) and f: �X ! �Y (or,
equivalently, f: X(k)! Y (k)) be (set-theoretical) maps. Assume the following:

(a) �jk = idk.
(b) f is continuous and dominating in Zariski topology.
(c) ��1(MX;x) \ OY;f(x) =MY;f(x) for each closed point x of X .
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Assume moreover that we are given a family fL�g�2� of subfields of k(Y )
containing k such that

(d) �jL� : L� ! k(X) is a ring homomorphism for each � 2 �.

(i) Assume that k(Y ) is generated by L� (� 2 �) as a field. Then, there exists a
unique k-algebra homomorphism : k(Y )! k(X) such that

(A)  jL� = �jL� for each � 2 �.

(B) There exists a non-empty affine open subscheme U of X on which g is
defined as a morphism: U ! Y such that f and g coincide with each other
on U(k). Here g is the dominating rational map X  Y defined by the field
homomorphism  : k(Y )! k(X).

(ii) Assume that � is a homomorphism of multiplicative monoids and that k(Y )
is generated byL�(� 2 �) as a multiplicative monoid. Then in (i) coincides with
�, g is defined as a morphism everywhere onX , and f and g coincide with each
other on X(k).

In particular, � is then additive.

Proof. (i) The uniqueness immediately follows from (A) or (B).
Assume first that � is a finite set. For each � 2 �, choose a finitely generated

k-subalgebra B� of L� whose fractional field is L�. (Note that L�=k is finitely
generated field, as k(Y )=k is finitely generated.) Put B = k[B�]�2�, whose frac-
tional field is k(Y ) by the assumption. Since Y and Spec(B) are integral schemes
of finite type over k whose function field is the same field k(Y ), there exists a
common non-empty affine open subscheme Spec(B0) of Y and Spec(B). Then,
since f is Zariski continuous, there exists a non-empty affine open subscheme
Spec(A) of X , such that the image of Spec(A)(k) � X(k) by f is contained
in Spec(B0)(k) � Y (k). Put A0 = A[�(B�)]�2�. Since Spec(A) and Spec(A0)
are integral schemes of finite type over k whose function field is the same field
k(X), there exists a common non-empty affine open subschemeU = Spec(A00) of
Spec(A) and Spec(A0). Let ~ be a k-algebra homomorphism

N
k

�2�

B� ! A0

defined by ~ (
b�) =
Q
�(b�).

CLAIM (4.17). The following diagram (of sets) is commutative
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�Spec(A)
f
- �Spec(B0)[ \

�U Spec(B0)\ \
U Spec(B)\

#(�)

Spec(A0)
~ a
- Spec

 N
k

�2�

B�

!
;

where (�) is the closed immersion associated withN
k

�2�

B� � B;
b� 7!
Y

b�:

Since the diagram starts from�U , it suffices to check the commutativity restrict-
ing everything to the set of its closed points or, equivalently, its k-rational points.
Since

Spec

 N
k

�2�

B�

!
(k) =

Y
�2�

Spec(B�)(k);

we only have to check the commutativity of the following:

�Spec(A)
f
- �Spec(B0)[ \

�U �Spec(B)\
#

�Spec(A0)
�a
- �Spec(B�);

for each � 2 �. Now, take any x 2 �U . Then the commutativity follows from the
following equalities:

��1(MU;x \A
0) \B� = ��1(MU;x) \B�

= ��1(MU;x) \ OSpec(B0);f(x) \B�

(c)
= MSpec(B0);f(x) \B�

= (MSpec(B0);f(x) \B
0) \B�:
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By (4.17), the morphism

Spec

 N
k

�2�

B�

!

associated with ~ maps �U into the subscheme Spec(B0) of Spec
�N

k

�2�

B�

�
.

Recall

Spec(B0) �
open

Spec(B) �
closed

Spec

 N
k

�2�

B�

!
:

Therefore it induces a morphismU ! Spec(B0). Composing this with Spec(B0) ,!
Y , we obtain a morphism g : U ! Y . By definition and (4.17), g coincides with f
on U(k). Since f is dominating, so is g. Hence we can associate a field inclusion
 : k(Y ) ! k(U) = k(X) with g. (g = g by definition.) Now, we have two
ring homomorphisms  and �: L� ! k(X). Since  jB� = ~ jB� = �jB� , these
coincide with each other. From this, we also see that  is a k-homomorphism.

For general �, we can take a finite subset �0 such that k(Y ) is generated by L�
(� 2 �0). From the preceding arguments we can associate  �0 : k(Y ) ! k(X). If
�00 is another such subset of�, we see �0 =  �0[�00 =  �00 , using the uniqueness.
This settles the general case.

(ii) For each b 2 k(Y ), we can write b = b�1 � � � b�N , (�i 2 �, b�i 2 L�i). Then
we have

 (b) =  (b�1) � � � (b�N ) = �(b�1) � � ��(b�N ) = �(b):

In particular, � is a ring homomorphism. Now, for each x 2 �X , we have

�(OY;f(x)) = �(k +MY;f(x))

= �(k) + �(MY;f(x)) � k +MX;x = OX;x:

Therefore, for each open subset V of Y , we obtain a ring homomorphism

�(V;OY ) =
\

y2�V

OY;y !
\

x2�
f�1(V )

OX;x = �(f�1(V );OX );

where f�1(V ) is the unique open subset of X satisfying �f�1(V ) = f�1(�V ).
This gives a morphismX ! Y , which coincides with f on �X and which induces
� =  : k(Y )! k(X). 2

5. The fundamental groups of curves over local fields

In the next section, we reduce the Grothendieck conjecture for curves over fields
finitely generated overQ to the Grothendieck conjecture for curves over finite fields,
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which is already proved in affine cases in the previous section. For this, given a
curve over a discrete valuation field, we have to recover the tame fundamental
group of the reduction of the curve from the (tame) fundamental group of the curve
itself. This is the main goal of this section. We solve this problem by relating it to
a criterion for good reduction of a curve over a discrete valuation field.

The notation in this section is partially independent of that of the other sections.
Let S be the spectrum of a discrete valuation ringR, � the generic point of S, s the
closed point of S, K = �(�) the fractional field of R, and k = �(s) the residue
field of R. Let G = Gal(Ksep=K) and I � G the inertia group at s (determined
up to conjugacy). Put p = char(k)(> 0), the residue characteristic of R. For a
proper, smoothK-schemeX , we say thatX has good reduction at s, if there exists
a proper, smooth S-scheme X whose generic fiber X� is isomorphic to X over K .
ForX an abelian variety, the following criterion for good reduction is well-known.

THEOREM (Néron–Ogg–Shafarevich–Serre–Tate). Let X be an abelian variety
over K . ThenX has good reduction at s if and only if I acts trivially on the l-adic
Tate module T (X)l for some (or, equivalently, all) prime number l 6= p. 2

On the other hand, whenX is a proper, smooth, geometrically connected curve,
the following criterion for good reduction and its proof has been given by Takayuki
Oda ([Oda 1], [Oda 2]). (He states his theorem only when S is a localization or a
completion of the integer ring of an algebraic number field.)

THEOREM (Oda). Let X be a proper, smooth, geometrically connected curve of
genus > 2 over K . ThenX has good reduction at s if and only if the image of I in
Out(�1(XKsep ; �)l) is trivial for some (or all) prime number l 6= p. 2

(In this section, we do not have to specify the geometric point �.)
This theorem now can be regarded as a corollary of deep results by Asada–

Matsumoto–Oda ([AMO]) on the universal local monodromy, which are based
on transcendental and topological methods. In this section, we generalize Oda’s
theorem for not necessarily proper curves by ‘algebraic’ methods.

From now on, X always denotes a proper, smooth, geometrically connected
curve overK , andD denotes a relatively étale effective divisor inX=K . Note that,
when char(K) = 0, a relatively étale divisor in X=K is just a reduced (effective)
divisor in X=K . Put U = X �D. The divisor D is uniquely determined by U .

DEFINITION (5.1). We say that (X;D) has good reduction at s, if there exist a
proper, smooth S-scheme X and a relatively étale divisorD in X=S whose generic
fiber (X�;D�) is isomorphic to (X;D) overK . We refer such an (X;D) as a smooth
model of (X;D).

Let g be the genus of the curve X and n the number of D( �K) = D(Ksep).
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Remark (5.2). The smooth model (X;D) is unique if 2�2g�n < 0. This follows,
for example, from the uniqueness of the stable model. (See [DM], [Knudsen].)

Now our criterion for good reduction of X is given as follows:

THEOREM (5.3). Assume 2� 2g � n < 0. Then the following conditions are all
equivalent:

(a) (X;D) has good reduction at s.

(b) The image of I in Out(�1(UKsep ; �)p
0

) is trivial.

(c) For each prime number l 6= p, the image of I in Out(�1(UKsep ; �)l) is trivial.

(d) There exists a prime number l 6= p, such that the image of I in Out(�1(UKsep ; �)l)
is trivial.

Proof. The implication (a))(b) follows from [SGA, Exp. XIII], and the impli-
cations (b))(c))(d) are trivial. We shall concentrate on the proof of (d))(a). By
descent theory, we can easily reduce the problem to the case where R is strictly
henselian, hence G = I .

We denote �1(U; �) (resp. �1(UKsep ; �)) by � (resp. �). By (1-3) and (1-5), we
have:

8>>>>><
>>>>>:

(�
l
)ab ' T (JX)

l; n = 0;

0 ! Zl(1)! Z[D(Ksep)]
O
Z

Zl(1)! (�
l
)ab

! T (JX)
l ! 0 (exact); n > 0:

Since I acts trivially on (�
l
)ab, we see that it also acts trivially both on D(Ksep)

and on T (JX)l. The former means D(Ksep) = D(K) and the latter implies the
jacobian variety JX has good reduction at s. In particular, (X;D) admits a stable
model. Since stable models are preserved by any base change, we may and do
assume that the residue field k is algebraically closed. After blowing-up the stable
model, we obtain a regular semi-stable model (X;D). Namely, X is a proper, flat,
regular S-scheme whose special fiber Xs is a (reduced) normal crossing divisor of
X,D is a relatively étale divisor in X=S, and the generic fiber (X�;D�) is identified
with (X;D). We may and do assume that the number of the irreducible components
of Xs is minimal. Then there are no irreducible component of Xs, isomorphic to
P1
k, which meets only one other component and contains not more than one point

of Ds.
Let � be the dual graph attached to the semi-stable curve Xs. (See [DM].) Since

JX has good reduction, we have H1(�;Z) = 0, i.e. � is a tree. (Note that Xs is
connected.)

https://doi.org/10.1023/A:1000114400142 Published online by Cambridge University Press

https://doi.org/10.1023/A:1000114400142


178 AKIO TAMAGAWA

Now consider the following commutative diagram

1 - �
l

- �(l)
- I - 1

1 - Inn(�
l
)

wwwwww
- Aut(�

l
)

?

- Out(�
l
)

?

1

- 1;

where the rows are exact. Note that �
l

is center-free (1.11). From this we can
identify I with the subgroup J = Ker(�(l) ! Aut(�

l
)) of �(l), and we have

�(l) = �
l
� J canonically.

Now letH be an open subgroup of�(l), V the étale covering ofU corresponding
toH, Y the normalization ofX inU , which is the smooth compactification ofV=K .
Put E = Y � V , which is regarded as a reduced divisor on Y . Assume that the
map H � �(l) ! I is surjective. Then the following (1)–(5) are all equivalent.

(1) Y has a regular semi-stable model and the dual graph of any such model is a
tree, and E( �K) = E(K).

(2) Y has a regular semi-stable model, and E( �K) = E(K).

(3) The image of I in Out( �H) is trivial, where �H
def
= H \�

l
.

(4) H = �H� J .
(5) H � J .

In fact, (1))(2) is clear. The image of I in Out( �H) is finite, since the image of
H \ J in I is an open subgroup of I . Thus, to show (2))(3), it suffices to prove
that the image of I in Aut( �Hab) is trivial, since the kernel of Out( �H)! Aut( �Hab)
is torsion-free ([AK], [Kaneko], [Asada], [NT]). Now the condition (2) implies
that the image of I in Aut( �Hab) is unipotent, hence is trivial since it is finite. Thus
(2))(3). As we have already seen, the condition (3) implies that H can be written
as �H � J 0 for some subgroup J 0 of H which is isomorphically mapped onto I .
Now, by the center-freeness (1.11) of �H and the torsion-freeness (1.6) for �

l
, we

see that the centralizer of �H in �
l
is trivial. (See the proof of (1.8)(ii).) So J 0 should

coincide with J . Thus (3)) (4). (4)) (5) is clear. The condition (5) implies (3)
and the fact thatE is étale overK . (For the latter, observe that the Galois closure of
the covering Y=X has l-th power degree.) So, as we have already seen, (1) follows.

Now, by [SGA, Exp. XIII], we have �tame
1 (Us; �) ' �tame

1 (U; �), which is iden-
tified with a quotient of �tame

1 (UKsep ; �). Here we put U = X�D. In particular, we
have

�
l
� �1(U; �)

l ' �1(Us; �)
l:

Define N to be the kernel of �(l)
� �1(U; �)

l , then for each open subgroup H
of � containing N satisfies the condition (2) above. (It immediately follows from
Abhyankar’s lemma.) Thus it satisfies (5). Since N is the intersection of open
subgroups, we see N � J .
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From now on, our argument is essentially due to Mochizuki. Let fZi j i =
1; : : : ; rg be the set of irreducible components in Xs, and putWi = Zi�Ds. Since
the dual graph � of Xs is a tree, we see:

(�1(Us; �)
l)ab '

rY
i=1

(�1(Wi; �)
l)ab:

We may assume that for i = 1; : : : ; r0 we haveWi 6' P1
k; A

1
k (() (�1(Wi; �)

l)ab 6=
f1g) and for i = r0+1; : : : ; r we haveWi ' P1

k or A 1
k (() (�1(Wi; �)

l)ab = f1g).
Then we can easily construct a quotient of (�1(Us; �)

l)ab, isomorphic toZ=lZ, such
that (�1(Wi; �)

l)ab is surjectively mapped onto the quotient for each i = 1; : : : ; r0.
Easy calculation shows that, for the covering corresponding to this quotient, the
number of the components is r0 + l(r � r0) and the number of the singular points
is l(r � 1). Since its dual graph is a tree by (1), we should have

r0 + l(r � r0) = l(r � 1) + 1;

which implies r0 = 1. Since � is a tree, this, together with the minimality, implies
r = 1. (Observe that, if r > 1, then the number of the irreducible components
which meet only one other component is also greater than one.) Namely, (X;D) is
a smooth model! 2

Remark (5.4). By [AK], [Kaneko], [Asada], [NT], we have the weight filtration of
�1(UKsep ; �)l, which induces the weight filtration of I:

I � I(1) � I(2) � � � � � I(1):

Here I=I(1) is isomorphic to a subgroup of GSp2g(Zl) � Sn, and, for i > 1,
gri(I) = I(i)=I(i + 1) is a free Zl-module of rank 6 1. Then one (and only one)
of the following occurs

(i) I ) I(1) = I(1), I=I(1): infinite;
(ii) I ) I(1) = I(2) ) I(3) = I(1), I=I(1): finite, I(2)=I(3) ' Zl;
(iii) I ) I(1) = I(1), I=I(1): finite;
(iv) I = I(1) = I(2) ) I(3) = I(1), I(2)=I(3) ' Zl;
(v) I = I(1).

In each case, the reduction at s of the jacobian variety JX of X and that of
(X;D) are as follows:

(i) Both JX and (X;D) have essentially bad reduction;
(ii) JX has potentially good reduction, (X;D) has essentially bad reduction, and

either JX has bad reduction or D( �K) ) D( �KI);
(iii) Both JX and (X;D) have potentially good reduction, and either JX has bad

reduction or D( �K) ) D( �KI);
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(iv) JX has good reduction, D( �K) = D( �KI), and (X;D) has essentially bad
reduction;

(v) Both JX and (X;D) have good reduction.

Here ‘having bad reduction’ (resp. ‘having essentially bad reduction’) means
‘not having good reduction’ (resp. ‘not having potentially good reduction’).

We can prove these facts by using Frobenius weights. (Take a model of (X;D)
over a subfield of K which is finitely generated over the prime field.) But we omit
this proof, since we will not use this fact later.

The following is the key lemma for our group-theoretical recovery of the tame
fundamental group of the special fiber.

LEMMA (5.5). Assume 2 � 2g � n < 0. Assume that R is strictly henselian. Let
V be a connected Galois étale covering of U , at most tamely ramified along D,
and Y its compactification. PutE = Y �V , which we regard as a reduced divisor
of Y . Then the following are equivalent:

(i) (X;D) has good reduction at s and V=U extends to an étale covering of U, at
most tamely ramified along D, where (X;D) is a smooth model of (X;D) and
U = X�D.

(ii) Both (Y;E) and (X;D) have good reduction at s.

(ii0) (Y;E) has good reduction at s.

(When we say that (Y;E) has good reduction, we require that the constant field of
Y is K .)

Proof. (i))(ii) immediately follows from Abhyankar’s lemma and (ii))(ii0) is
clear.

Prove (ii0))(ii). Let (Y;E) be the smooth model of (Y;E). The uniqueness

implies that the action ofG def
= Aut(Y=X) on (Y;E) extends to that on (Y;E). Since

Y is projective overS ([Lichtenbaum, Theorem 2.8]), the quotientY=G exists, and
is (proper) smooth overS by [KM, p. 508 Theorem]. Since (Y=G)� ' Y�=G = X ,
this completes the proof for n = 0. For n > 0, E is a disjoint union of (finite)
copies of S: E =

`
�2�S(� = �0(E)). Let �i (i = 1; : : : ; r) be the G-orbits of �,

then we see

E=G =
a

i=1;:::;r

S:

Now, we claim that E=G! Y=G is a closed immersion (which implies that (X;D)
has good reduction.) Since Y is projective over S, we can easily find out, for each
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i = 1; : : : ; r, a G-stable affine open subset Spec(Bi) of Y containing
`
�2�iS and

not meeting with
`
�2���iS. Then our claim is equivalent to: the homomorphism

BG
i !

0
@ Y
�2�i

R

1
A
G

= R;

which is induced by the surjective homomorphism Bi !
Q
�2�iR defining the

closed subscheme E \ Spec(Bi), is also surjective. But this is clear because Bi
contains R.

Prove (ii))(i). As we have just seen, (Y=G;E=G) is a smooth model of (X;D).
Since a smooth model is unique (5.2), we may identify (Y=G;E=G) with (X;D).
Now, to prove (i), we may and do assume that the finite group G = Aut(Y=X)
is simple, since any finite group is a successive extension of simple groups. (Use
also (ii0))(ii) above.) Now, since G is simple, the action of G on Ys is either
trivial or faithful. Suppose that it is trivial. Then, by [KM, Theorem A7.2.1],
the natural morphism Ys = Ys=G ! (Y=G)s = Xs is radicial. Thus gY = g.
Moreover, since Es is the set-theoretical pull-back of Ds, we also see nY = n.
Now, Hurwitz’ formula gives: (2gY � 2 + nY ) = ](G)(2g � 2 + n), which is
absurd since 2g � 2 + n > 0 by assumption. Therefore, the action of G on Ys is
faithful. This implies that the covering Y=X is unramified at the generic point of

Xs. So, by Zariski–Nagata purity, the covering V=U is étale, where V def
= Y � E.

Since V=U is at most tamely ramified along D, V=U is at most tamely ramified
along D. (Abhyankar’s lemma.) This completes the proof. 2

Remark (5.6). Even if V=U is not Galois, (ii0))(ii) is still true. In fact, take
a prime number l 6= p not dividing the degree of V=U . Then the natural map
�1(V; �)

(l) ! �1(U; �)
(l) is surjective. (Note that the constant field of Y is K .)

Then the image of I in Out(�1(UKsep ; �)l) is a quotient of that in Out(�1(VKsep ; �)l).
Now the claim follows from (5.3).

Assume that R is henselian and (X;D) has good reduction at s. Assume
2 � 2g � n < 0. Let (X;D) be the smooth model of (X;D) and put U = X� D.
Then by [SGA, Exp. XIII], we have

�tame
1 (U; �) � �tame

1 (U; �) ' �tame
1 (Us; �):

The following gives a group-theoretical characterization of the quotient �tame
1

(U; �) ' �tame
1 (Us; �) of �tame

1 (U; �).

THEOREM (5.7). Let H be an open normal subgroup of �tame
1 (U; �). Then H

contains the kernel of �tame
1 (U; �) � �tame

1 (U; �)(' �tame
1 (Us; �)) if and only if the

following two conditions hold
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(a) the image of H in G contains I;
(b) the image of I in Out( �Hp0) is trivial, where �H = H\ �1(UKsep ; �):

Moreover, the kernel coincides with the intersection of all open subgroups H
satisfying (a) and (b).

Proof. The first statement now follows immediately from (5.3) and (5.5). The
second follows from the first. 2

6. The Grothendieck conjecture for curves over fields finitely generated
over Q

Follow the notation of Section 4 (before (4.3)). The following, which is the absolute
version of the Grothendieck conjecture for affine curves over fields finitely gener-
ated over Q, is one of the main results in this section.

THEOREM (6.1). Assume that both k1 and k2 are finitely generated over Q, and
that ni > 0 and 2� 2gi � ni < 0 for some i 2 f1; 2g.

Then the map

Isom( ~U1=U1; ~U2=U2)! Isom(�1;�2); ( ~F ; F ) 7! ~F (�) ~F�1

is bijective.

Next, we shall formulate a relative version of this theorem. Assume k1 = k2 = k

and �k1 = �k2 = �k. Define

Isom�k=k(
~U1=U1; ~U2=U2)

def
= Isom( ~U1=U1; ~U2=U2)

\ (Isom(Schemes=�k)(
~U1; ~U2) Isom(Schemes=k)(U1; U2)):

LEMMA (6.2). (i) The projection

~p�k=k : Isom�k=k(
~U1=U1; ~U2=U2)! Isom�k(

~U1; ~U2)

is injective.
(ii) The projection

p�k=k : Isom�k=k(
~U1=U1; ~U2=U2)! Isomk(U1; U2)

is surjective, and

p�1
�k=k
p�k=k((

~F ; F )) = ~FAut( ~U1= �U1) = Aut( ~U2= �U2) ~F :
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Proof. (i) directly follows from (4.1)(i). (ii) is easier to see than (4.1)(ii). 2

Define also

IsomGk(�1;�2)
def
=

8>>>>>>>>><
>>>>>>>>>:
F 2 Isom(�1;�2)

�����

�1
F
- �2

Gk

?

= Gk

?

is commutative

9>>>>>>>>>=
>>>>>>>>>;
:

Here is a relative version of (6.1):

THEOREM (6.3). Assume that k is finitely generated over Q, and that ni > 0 and
2� 2gi � ni < 0 for some i 2 f1; 2g.

Then the map

Isom�k=k(
~U1=U1; ~U2=U2)! IsomGk(�1;�2); ( ~F ; F ) 7! ~F (�) ~F�1

is bijective.

Remark (6.4). When k is finite, the situation is completely different from (6.3). In
fact, in this case, (3.3) and (3.4) imply

IsomGk(�1;�2) = Isom(�1;�2):

Pop’s theorem [Pop 3], together with (3.2), reduces (6.1) to (6.3). So, we shall
prove (6.3). We do this by constructing the inverse map, using the main result (4.3)
of Section 4.

Remark (6.5). In the following argument, the assumption ni > 0 is necessary only
to apply (4.3). So, if (4.3) is generalized for ni = 0, (6.3) (hence (6.1)) is also
generalized for ni = 0.

Take any F 2 IsomGk(�1;�2). Using the weight of a suitable Frobenius
element in Gk, we see (g1; n1) = (g2; n2), which we denote by (g; n). (See (3.5)
and (3.6)(i).)

Let H1 be an open subgroup of �1 with gH1 > 2, and put H2 = F(H1). Note
kH1 = kH2 , which we denote by kH. Assume gH1(= gH2) > 2. Then we have the
following injective maps:

IsomkH(U1;H1 ; U2;H2)

! IsomkH(X1;H1 ;X2;H2)! IsomkH(JX1;H1
; JX2;H2

)

! IsombZ[Gk
H
](T (JX1;H1

); T (JX2;H2
))! IsombZ(T (JX1;H1

); T (JX2;H2
)):
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Since F maps �H1 onto �H2 and I(H1) onto I(H2) (3.7), F induces an element of

IsombZ(T (JX1;H1
); T (JX2;H2

));

which we also denote by F .

CLAIM (6.6). F belongs to (the injective image of) IsomkH(U1;H1 ; U2;H2).

Assuming this claim, we shall first complete the proof of (6.3).
Let H01 � H1 be two open subgroups of �1 with (gH01 >)gH1 > 2, and put

H2 = F(H1), H02 = F(H01). Then the diagram

U1;H01

F
- U2;H02

U1;H1

?

F
- U2;H2

?

is commutative. This is clear by definition. So, F defines an element of Isom�k(
~U1;

~U2), which we also denote by F .

LEMMA (6.7). �1 is generated by its open subgroupsH1 with gH1 > 2.
Proof. Since k is hilbertian,�1 is topologically generated by (geometric) quasi-

sections. Hence it suffices to prove that, for each quasi-section s: GL ! �1, where
L is a finite extension of k in �k, there exists an open subgroup H1 with gH1 > 2
containing s(GL). Since �1 is a finitely generated profinite group, the set of its
open (topologically) characteristic subgroups is a fundamental system of neighbor-
hoods at 1. From this it follows that there exists an open characteristic subgroup

H1 of �1 with gH1 > 2. (Use (1.10).) Now H1
def
= H1s(GL) satisfies the desired

property. This completes the proof. 2

By this lemma, the �k-isomorphism F : ~U1 ! ~U2 induces a (unique) k-
isomorphism U1 ! U2. Thus we obtain a map

IsomGk(�1;�2)! Isom�k=k(
~U1=U1; ~U2=U2):

From the functorialities it follows that

Isom�k=k(
~U1=U1; ~U2=U2)! IsomGk(�1;�2)! Isom�k=k(

~U1=U1; ~U2=U2)

is the identity. We have to prove that

IsomGk(�1;�2)! Isom�k=k(
~U1=U1; ~U2=U2)! IsomGk(�1;�2)
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is also the identity. For this it suffices to prove that

IsomGk(�1;�2)! Isom�k=k(
~U1=U1; ~U2=U2)

is injective. Let F ;F 0 be elements of IsomGk(�1;�2) which induce a same ele-
ment of Isom�k=k(

~U1=U1; ~U2=U2). Put E = F 0�1F , then E induces the identity

in Isom�k=k(
~U1=U1; ~U1=U1). By the definition of the map, for any open subgroup

H1 of �1 with gH1 > 2, we have E(H1) = H1. We see that this is true for any
open subgroup H1 of �1, applying (6.7) to U1;H1 . Since a closed subgroup is
the intersection of open subgroups containing it, this is also true for any closed
subgroup H1 of �1. Apply this to the closed subgroup s(GL) for each quasi-
section s: GL ! �1, then we see that E fixes each element in s(GL). (Recall that E
belongs to IsomGk(�1;�1).) Since�1 is topologically generated by quasi-sections,
we obtain that E is the identity.

Now only the claim (6.6) remains. Replacing Ui by Ui;Hi if necessary, we may
assume that H1 = �1 and g > 2.

First, we treat the case where k is a finite extension of Q. Let Ok be the integer
ring of k, and take a non-empty open subscheme T of Spec(Ok) such that (Xi; Si)
has a smooth model (Xi;Si) over T for each i = 1; 2. Namely, Xi is a smooth
proper over T , Si is a relatively étale divisor in Xi=T , and (Xi�Tk;Si�Tk) is
identified with (Xi; Si). Then by [DM], IsomT (X1;X2) is represented by a finite
unramified T -scheme. Shrinking T if necessary, we may and do assume that this
scheme is finite étale.

Now, let p be a closed point of T , and �p an extension of p in (the integral
closure of T in) �k. Put pp = char(�(p)). Then the decomposition group G�p of
�p in Gk is identified with the absolute Galois group of kh

p, the fractional field of
the henselization of OT;p, and the inverse image of G�p in �i is identified with

�1(Ui 
k k
h
p; �i)

(C). Thus F induces an element of

IsomG
kh
p

0
@�1

 
U1

O
k

kh
p; �1

!(C)

; �1

 
U2

O
k

kh
p; �2

!(C)
1
A ;

which induces an element of

Isom

 
�tame

1

�
U1�

T
�(p); �

�(C)
; �tame

1

�
U2�

T
�(p); �

�(C)!

by (5.7), where Ui
def
= Xi �Si. By (4.3), the last set is identified with

Isom
��
U1�

T
�(p)

�
�
�
U1�

T
�(p);

�
U2�

T
�(p)

�
�
�
U2�

T
�(p)

�
:
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Thus the image of F in

IsombZp0p (T (JX1)
p0
p ; T (JX2)

p0
p)

= IsombZp0p (T (JX1�T �(p))
p0
p ; T (JX2�T �(p))

p0
p)

is in (the injective image) of

Isom
�
U1�

T
�(�p)=U1 �

T
�(p);U2 �

T
�(�p)=U2 �

T
�(p)

�

� Isom
�
U1�

T
�(�p);U2 �

T
�(�p)

�
:

CLAIM (6.8). F belongs to (the injective image) of

Isom�(p)

�
U1�

T
�(p);U2 �

T
�(p)

�
,! Isom�(�p)

�
U1�

T
�(�p);U2 �

T
�(�p)

�

� Isom
�
U1�

T
�(�p);U2 �

T
�(�p)

�
:

In fact, since F commutes with Gal(�(�p)=�(p)), it suffices to prove that F
belongs to Isom�(�p)(U1�T�(�p);U2�T�(�p)). By (4.2), F defines an element �p of
Aut(�(�p)). Then the following diagram is commutative

T (JX1)
p0
p � T (JX1)

p0
p

Weil pairing
- bZp0p(1)

T (JX2)
p0
p � T (JX2)

p0
p

?

F�F

Weil pairing
- bZp0p(1):?

�p

Note that this diagram is regarded as one over the global field k. So, if q is another
closed point of T , then we have �p = �q in Aut(bZp0p;p0q(1)) = (bZp0p;p0q)�. Now, take
two closed points q1; q2 of T with pqi 6= pp (i = 1; 2) and pq1 6= pq2 . Then the
image of �p = �qi in (bZp0p;p0qi )� is in hppi \ hpqii, which is f1g by a theorem of
Chevalley ([Chevalley, Théorème 1]). Thus �p 2 (bZp0p)� is trivial. This completes
the proof of (6.8).

From now on, our argument originates from a discussion between Mochizuki
and the author. Since IsomT (X1;X2) is finite étale over T , we have

Isom�k(X1;�k;X2;�k) ' Isom�(�p)(X1 �
T
�(�p);X2 �

T
�(�p)):

https://doi.org/10.1023/A:1000114400142 Published online by Cambridge University Press

https://doi.org/10.1023/A:1000114400142


THE GROTHENDIECK CONJECTURE FOR AFFINE CURVES 187

So, the image of F in

Isom�(�p)

�
X1�

T
�(�p);X2�

T
�(�p)

�
� IsombZp0

p
(T (JX1)

p0
p ; T (JX2)

p0
p)

= IsombZp0
p
(T (J

X1 �
T
�(p))

p0
p ; T (J

X2 �
T
�(p))

p0
p);

corresponds to an element eFp of Isom�k(X1;�k;X2;�k).
Take two closed points p and q of T with pp 6= pq. Considering the injective

map

Isom�k(X1;�k;X2;�k)! IsombZp0p;p0q (T (JX1)
p0
p
;p0
q; T (JX2)

p0
p
;p0
q);

we see eFp = eFq first. Then we see F = eFp = eFq in IsombZ(T (JX1); T (JX2)).
SinceF commutes with Gk, this implies thatF belongs to (the injective image of)
Isomk(X1;X2) = IsomT (X1;X2). Moreover, considering reductions at infinitely
many closed points in T , we see that F maps S1 onto S2. This completes the proof
of (6.6) in the case [k : Q] <1.

When k is finitely generated over Q in general, take a smooth, connected scheme
V=Q whose function field is identified with k, such that (Xi; Si) has a smooth model
(Xi;Si) over V for i = 1; 2, and such that IsomV (X1;X2) is finite étale over V .
Then the proof is quite similar as above but much easier: taking one closed point
P in V and considering the (whole) Tate modules, we see F 2 Isomk(X1;X2);
considering reductions at closed points dense in V , we seeF(S1) = S2. (Note that
the result in Section 5 is not necessary in this step.)

7. Complements

A. Reformulation of the main results in terms of outer Galois representations.

Let

1 ! �i ! �i ! G! 1;

be an exact sequence of profinite groups for each i = 1; 2. Then, as in (6.3), we
define

IsomG(�1;�2)
def
=

8>>>>>>>>><
>>>>>>>>>:
F 2 Isom(�1;�2)

�����

�1
F
- �2

G
?

= G
?

is commutative

9>>>>>>>>>=
>>>>>>>>>;
:
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On the other hand, the exact sequence above induces an outer representation

G! Out(�i);

for each i = 1; 2. Then we define

IsomOut
G (�1;�2)

def
=

8>>>>>><
>>>>>>:
�F 2 Isom(�1;�2)

�����

G = G

Out(�1)
?

Out( �F)
- Out(�2)

?

is commutative

9>>>>>>=
>>>>>>;
:

Then the restriction gives a map

IsomG(�1;�2)! IsomOut
G (�1;�2):

Now the following is a slightly more general than [Nakamura 3, Corollary (1.5.7)].

LEMMA (7.1). Assume that �i is center-free for some i = 1; 2. Then the map
above is bijective.

Proof. If �1 and �2 are not isomorphic to each other, then the statement is
clear. So, we may assume that �i is center-free for each i = 1; 2.

We shall construct the inverse map. Consider the following commutative dia-
gram:

1 - �i - �i - G - 1

1 - Inn(�i)
?

- Aut(�i)
?

- Out(�i)
?

- 1;

where the rows are exact and the left column is an isomorphism by assumption.
Then we see that �i is naturally isomorphic to the pull-back:

Aut(�i) �
Out(�i)

G:

Thus, given �F 2 IsomOut
G (�1;�2), we can define F 2 Isom(�1;�2) as

Aut( �F) �
Out( �F)

idG:

We can easily check that this gives the desired inverse map. 2

Now, by (1.11), we obtain the following reformulation of (6.3).
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THEOREM (7.2). Follow the notations in (6:3): Then the map

Isom�k=k(
~U1=U1; ~U2=U2)! IsomOut

Gk
(�1;�2); ( ~F ; F ) 7! ~F (�) ~F�1

is bijective. 2

Remark (7.3). (i) Dividing by �2, we also see that the map

Isomk(U1; U2)! IsomOut
Gk

(�1;�2)=Inn(�2)

is bijective. In particular, if U1 = U2 = U , then Autk(U) is isomorphically mapped
onto the centralizer of the image of Gk in Out(�), where � = �1 = �2.

Note that this formulation is independent of the choices of the geometric points
on �Ui (i = 1; 2).

(ii) Follow the notations and the assumptions in (4.3), and assume k1 = k2 = k

(finite) and �k1 = �k2 = �k. In this case, the right reformulations are

Isom( ~U1=U1; ~U2=U2) ' IsomOut
Gk

(�1;�2);

Isom( �U1=U1; �U2=U2) ' IsomOut
Gk

(�1;�2)=Inn(�2);

Isom(U1; U2) ' IsomOut
Gk

(�1;�2)=Inn(�2):

See (6.4).

B. An application to profinite group theory.

The author does not know if the following purely profinite-group-theoretical
corollary of our main results is easily proved (or well-known).

THEOREM (7.4). Let C be a full class of finite groups containing Z=lZ for all
prime number l. Then Out( bF Cr ) is center-free for each r > 2.

Proof. Take a field k finitely generated over Q, and a finite extension L=k
of degree r + 1 with Aut(L=k) = f1g. (For example, k = Q(T1 ; : : : ; Tr) and
L = k[X]=(Xr+1 +T1X

r+ � � �+Tr�1X+Tr), where T1; : : : ; Tr are algebraical-
ly independent over Q.) Take any closed immersion Spec(L) ! P1

k over Spec(k)
and put U = P1

k � Spec(L). Then we see Autk(U) = f1g. By (7.3)(i), this means
that the centralizer of the image of Gk in Out(�1(U�k; �)

C) ' Out( bF Cr ) is trivial. In
particular, Out( bF Cr ) is center-free. 2

C. An alternative proof of a theorem of Pop.

The following is part of the main result of [Pop 2]. (See also [Pop 1], [Pop 3],
and [Spiess].)

THEOREM (Pop). Let k be a field finitely generated over Q, and Xi a proper,
smooth, geometrically connected curve over k for each i = 1; 2. Then we have
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Isomk(Spec(k(X1));Spec(k(X2)))

' IsomGk(Gk(X1); Gk(X2))=Inn(G�k(X2)
)

(' IsomOut
Gk

(G�k(X1)
; G�k(X2)

)=Inn(G�k(X2)
):)

We shall prove this as a corollary of our main result (6.3).

Let X be a proper, smooth, geometrically connected curve over k and
�

X the
integral closure of X in a fixed algebraic closure k(X) of �k(X). Then we have

Gk(X) = lim
 �

U

�1(U; �);

G�k(X) = lim
 �

U

�1( �U; �);

where U runs over the set of (non-empty) open affine hyperbolic subscheme of X
and � means the generic geometric points defined by k(X).

For each
�

v2 ��

X
, the decomposition group D�

v
and the inertia group I�

v
are

defined as usual. We need a group-theoretical characterization of inertia groups.
This is a special case of Pop’s local theory in [Pop 2]. However, in the case
of curves, we have much simpler solution, as follows, using Nakamura’s weight
characterization of inertia groups ([Nakamura 1, Section 3], [Nakamura 3, 2.1]),
which is independent of model theory.

First we recall Nakamura’s result briefly. (Although he treats only the case
where k is a number field, it clearly extends to the case where k is finitely generated
over Q.) Let U be an affine, smooth, geometrically connected curve over k with
hyperbolicity condition: 2� 2g � n < 0. Follow the notations of Section 1. Then:

THEOREM (Nakamura). A cyclic (= topologically generated by one element)

subgroup J of �1( �U; �) is contained in the inertia group of some element of � ~S if

and only if J has a cyclotomic normalizer in �1(U; �). Here ~S
def
= ~X � ~U . 2

For the precise definition of the cyclotomic normalizer, see loc. cit. Roughly
speaking, the condition turns out to be equivalent to saying that J behaves as (a
quotient of) bZ(1) with respect to some quasi-section of �1(U; �)! Gk.

Remark (7.5). Let ~v, ~v0 be two distinct elements in � ~S . Then I~v \ I~v0 = f1g. In

fact, there exists an open subgroup H of �1(U; �) with ~v �H 6= ~v0�H and nH > 3.
Then, by (1-5) (applied to H), we see I~v \ I~v0 \ �H = f1g, which implies I~v \ I~v0
is finite. By (1.6), this implies I~v \ I~v0 = f1g.

In particular, it follows that D~v is the normalizer of I~v in �1(U; �).
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From (7.5), Nakamura’s result gives the following bijection

� ~S ! fthe set of maximal subgroups of �1( �U; �)

which are cyclic and have a cyclotomic normalizer in �1(U; �)g;

~v 7! I~v . By the projective limit argument, we get the following:

THEOREM (7.6). The map
�

v 7! I�
v

gives the following bijection:

��

X
! fthe set of maximal subgroups of G�k(X)

which are cyclic and have a cyclotomic normalizer in Gk(X)g: 2

This gives a group-theoretical characterization of the inertia groups.
Now, construct the inverse map of

Isomk(Spec(k(X1));Spec(k(X2)))

! IsomGk(Gk(X1); Gk(X2))=Inn(G�k(X2)
):

Take any F 2 IsomGk(Gk(X1); Gk(X2))=Inn(G�k(X2)
), and choose F 2 IsomGk

(Gk(X1); Gk(X2)) representing F . By (7.6), this induces a bijection

f: ��

X1

! ��

X2

;

characterized by: I
f(
�

v 1)
= F(I�

v 1
) for each

�

v12 ��

X1

. Dividing by the actions of

Gk(Xi) (resp. G�k(Xi)
) (i = 1; 2), we also obtain a bijection �X1 ! �X2 (resp.

� �X1
! � �X2

), which we also denote by f . The following diagram is commutative:

��

X1

f
- ��

X2

� �X1

?

f
- � �X2

?

�X1

?

f
- �X2 :

?

Now, take any finite subset S1 of �X1 whose inverse image in � �X1
has cardinality

> 3, and put S2 = f(S1). By (7.6), F induces an isomorphism �1(U1; �1) !
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�1(U2; �2) overGk. By (6.3), this comes from a (unique) k-isomorphismU1 ! U2,
which induces a k-isomorphism Spec(k(X1)) ! Spec(k(X2)). It is easy to see
that this isomorphism is independent of the choices of F and S1. Thus we obtain
a well-defined map

IsomGk(Gk(X1); Gk(X2))=Inn(G�k(X2)
)

! Isomk(Spec(k(X1));Spec(k(X2)));

which gives the desired inverse map.
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