ENTIRE AND MEROMORPHIC FUNCTIONS WITH
ASYMPTOTICALLY PRESCRIBED CHARACTERISTIC
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Introduction. If f(z2) is a non-constant, entire function, then Hadamard’s
three-circles theorem asserts that

log M (r, f) = sup log|f(2)]

lzI<r

is a convex, increasing function of log r. Hence, by well-known properties of
logarithmically convex functions,

log 210 1) = log M, ) + | E2ar (> ),

where 7o > 0 and ¢ (¢) is a non-negative, non-decreasing function of ¢.
Valiron (6, p. 130) considered the following problem:

Given a function
1) A(r) = const. + f @dt r>a>0)
where Y (t) is non-negative and non-decreasing, is it always possible to find an
entire function f(z) such that
log M(r, f) ~ A(r),
asr— .
Valiron’s results may be summarized by

THEOREM A. Let A(r) be given by (1), where Y (t) is non-negative, non-decreasing,
and unbounded. Assume further that

(2) A@r) < rE,
for some K > 0 and all sufficiently large r.

Then there exists an entire function f(z), of finite order, such that
3) log M(r,f) ~ A(r) (r— + ).

If the hypothesis (2) is omatted, it is still possible to find an entire function
f(2), satisfying (3), provided that, as r — -+ « , it omits the values of an exceptional
set €, of finite logarithmic measure.
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In this note we consider the analogue of Valiron’s problem for the charac-
teristic of Nevanlinna, 7'(r, f). We assume that the reader is familiar with the
fundamental concepts of Nevanlinna’s theory and with the most usual of its

symbols: 1&g, m(r,f), n(r,f), N(r,f), T(r,f).
It is well known that, for any meromorphic function f(z), 7'(r, f) is logarith-
mically convex and hence may be represented as

4) T(r, f) = const. + J‘T lp—gt—)dt (r>a>0),

where ¢ (¢) is non-negative and non-decreasing. Moreover, if f(2) is not rational,
(5) logr = o(T'(r, f)) (r— + ),

which is equivalent to saying that, in (4), ¢ (¢) is unbounded.
Our main result is

TureoreM 1. 1. If A(r) is of the form (1), where ¥(§) is non-negative, non-
decreasing, and unbounded and if

) Alr) < rF,

for some K > 0 and all sufficiently large v, then there exists an entire function
f(2), of finite order, such that

(6) I(rf)~Al)  (r— =)

II. If Condition (2) is omatted, then (6) still holds provided r tends to infinity
avoiding an exceptional set E of finite measure.
II1. If E(r, =) denotes the portion of E in (r, ), then

) meas E(r, ®) = O(1/A({r)) (r — ).
IV. If A(r) satisfies the relation
A(r + 1/A(r) < exp (A"(r))
for some nin 0 < g < %, then (6) holds without reference to an exceptional set.

Our proof depends on the construction of entire functions of the form

®) e =11 (1+421").

where the ¢, are suitable positive integers.
It might be interesting to point out that the functions of Theorem 1 satisfy
the inequality

@ TS <log M(r,f) < T(r,f) + KI*(r, Hlog'=*r  (r ¢ E),

where K(>0) and (0 < n < %) are suitable constants and E has the same
meaning as in Theorem 1. (Throughout this note the symbols K and r, denote
positive constants which are not necessarily the same ones each time they
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occur. The symbols (r > r,) following some relation simply mean that the
relation holds for all sufficiently large values of #.)

If f(2) is of finite order, (9) holds for all sufficiently large values of 7, without
reference to an exceptional set.

Combining (9) and Theorem 1, we obtain Valiron's Theorem A, with the
additional information that the exceptional set € may be taken of finite
measure.

An inequality such as (9) makes it impossible for f(z) to have exceptional
values. More precisely, we prove, in Section 5, that (9) implies the existence
of a set G, of finite logarithmic measure, such that, for any finite value of ¢,

. N 1/(f=¢))
10 1 = 1.
(10) T T6
rq@
The method which enables us to deduce (10) from (9) is of some independent
interest and readily yields other results of the same type. For instance:

If f(2) is entire, of finite lower order, and if
log M(r,f) ~TI(r,f)  (r— =),
then f(z) has no finite deficient values.

In a recent note, Alpar and Turdn (1) have shown, by an ingenious use of
gap series, that, given any strictly positive, decreasing function h(x), it is always
possible to find an entire function f(z) such that, for every finite c, the sequence

z1(¢), 22(c), 23(¢),y . -
of the zeros of f(2) — ¢ has the property

(a1 PIRTCNODEELS

Alpéar and Turan posed the problem of constructing such functions by other
methods. Theorem 1 provides such a method since, by choosing suitably A(z),
it is easy to deduce (11) from (10).

The problem of constructing functions with prescribed asymptotic behaviour
of the Nevanlinna characteristic becomes much easier if we select our examples
from the wider class of meromorphic functions. The construction may then be
based on the following

THEOREM 2. Let 21, 22, 23, . . . (|21] < |22] < |z3] < ...) be a given sequence of
distinct complex numbers having mo finite point of accumulation and let
U1, M2, K3, - - - DE @ given sequence of positive integers. Finally, let £(r) be a given
function of r (>0), decreasing, strictly positive, otherwise arbitrary.

Then, it is possible to find a meromorphic function f(2), of the form

o)

(12) f&) =Y, G‘—%T (@>0, 2 o< +),

k=1
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and a set E, of finite measure, such that

I(r,f) =N(f) (r¢E)

and
0<T(7’,f)—N(7’,f) <£(1’) (7>7017’€E)

Moreover
N(r,1/f) = T(r,f) + O(logr)  (r— + =),
and for any ¢ # 0,
N, 1/f—e) =TrH+010) (- +=).

The proof of Theorem 2 is too elementary to be included here. It may be
supplied readily by noticing that, if

p = inf; {#k}’

and if the positive sequence {a;} decreases very rapidly, the function in (12)
satisfies, as r — + =, the asymptotic relation

o -2ro(k)  (v= T w),

KE=p

outside narrow rings
2] — e < 2| <z}l + ¢ (6, >0, Xe; < + ).

It is obvious, in view of Theorem 2, that given %(x) as in the problem of
Alpar and Turén, it is possible to find a meromorphic function f(z) such that
(11) holds for ¢ = = as well as for every finite c.

Finally, we observe that a very simple solution of the problem of Alpar and
Turan may be derived from the following immediate consequence of the
fundamental relations of R. Nevanlinna:

Let F(z) be a given function, entire or meromorphic, but not rational.
Then, if the constant a is suitably chosen, the function

(13) f(2) = F(z) — as

satisfies, for every finite c, the relation

(14) lim ]&}l@(%ﬂ—) "
TQE

The exceptional set £ which appears in (14) is now of finite measure; it is
independent of ¢ and may be omitted altogether if F(z) is of finite order.

To prove this proposition, we first choose a, in (13), so that
(15) N(r,1/f)) = N(r, 1/(F' — a)) ~ T(r, F') (r— =);
this is possible by a classical result (5, p. 280).
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By Nevanlinna’s first fundamental theorem,

(16) T, F) =T f)+0Q) =m(r, 1/f') + N, 1/f) + 0(1)

(r - o).
Combining (15) and (16), we find that
(17 m(r, 1/f) = o(T(r,f))  (r— ).
By the well-known properties of the derivative (4, p. 104)
(18) Ir'(r,f) <KI(rf) (r¢E),
and hence, combining (17) and (18), we find that
(19) m(r,1/f) =o(T(r,f))  (r— »,r ¢ E).
Consider now the identity
1 o1
Fe T
where ¢ is finite, otherwise arbitrary.

Using elementary inequalities, (19), and the theorem on the logarithmic
derivative, we find that

(20) m(r, 1/(f — ) <m(r,f'/(f — ) +m(r,1/f") = o(T(r,f))
(r— o,7 ¢ E).

(The fact that, in (20), E is independent of ¢ may be seen by using the first
fundamental theorem in Nevanlinna’s estimate for m(r, f'/(f — ¢)) (4, p. 61).)
Since

m(r,1/(f =) + N(r, 1/(f =) = T'(r,f) + O(1),
(20) vields (14).

1. Preliminary constructions. In the following proof, we replace (1) by

(1.1) A@r) = f;@dn

and assume that
(i) ¢(¢) is continuous,
(i1) ¢(#) is strictly increasing and unbounded,
(i) (1) = 0.
These regularity assumptions do not restrict the generality of Theorem 1
because, given ¢ (), as in Theorem 1, it is easily seen that there exists a function
¢ (t), satisfying the conditions (i), (ii), (iii), and such that

J; ¢—yldt~const.+ J; ‘P—Etldt (r o).
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Starting from (1.1), we define a function B(r) by the conditions

Alr)
log 7
By the mean-value theorem, it is obvious that B(r) is continuous for » > 1,
strictly increasing, and unbounded.
Let
(13) Y1y V2y 73y o« o o

1.2) B(r) = (r>1,B(1) = 0).

be the sequence defined by the conditions
(1.4:) j = BQ”(Tj)IOg @] (j = 1, 2, 3, .. .),

wheren (0 < 7 < 3) is fixed. Since B27(x)log x is continuous, strictly increasing,
and unbounded and since B2?7(1)log1 = 0, the sequence (1.3) is uniquely
determined, strictly increasing, and unbounded.

We now set

(1.5) ka‘j = exP(TE‘éjW) = exp({B(r,)}" log 7;),
and notice that the sequence {k;’} ” is increasing and unbounded, whereas
the sequence {k;},”, is decreasing and

lim#k; = 1.

J->c0

Denoting by [X] the greatest integer contained in X, it is easily seen that
the sequence {q,} defined by

qg; = [2]k1k2k3k]]+1 (j=1,2,3,...)

satisfies simultaneously the four following relations:

(1.6) >k G,
(1.7) 1> g5 G=>1,
(1.8) lim (954+1/95) = 1,
J—-00
(1.9) lim (¢;/{gr+ ¢+ ¢+ ...+ gq}) =0.
J->0
2. Construction of an entire function f such that N(r, 1/f) ~ A(r).
Put
2.1) O, =i+ q+q¢g+...4+q; (G=1,2,3,..)
and define an increasing unbounded sequence {¢;} 2, by the conditions
(22) ¢(t.7) = Qi (] = 11 29 3) .. -)-

The existence and uniqueness of {¢;} are obvious since, by assumption,
¢(1) = 0 and ¢(¢) is continuous, strictly increasing, and unbounded.
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We now set

©3) {n(t) =0 0<t<ty),
) n(t) = Qj (t]<t <tj+1,j = 1,2, 3,...),

and notice that, in view of (2.2), (1.9), and (1.8),

1 < ¢(t) < 1 + QH—I (t t<t+1, 1)’

n(t) Qs

We consider next the infinite product

@5) I (1 + {ti}) — /@),

where, by (1.7),
n—q;2>m—j  (m>7]).
Hence, if |2] = # < Rand if p = p(R) is defined by

(2.6) t, < R < tyy,
we have

g |4 { ’ }qj J }
2. — < —
@n X | <ZOT <JZ=,,1R

_ p dp o L 2;—ap { 7 }Qp R
= {R} 2 {R} S\®RS R=—+
These inequalities show that the product in (2.5) converges uniformly in

every bounded region. Hence f(2) is an entire function. Comparing (2.3) and
(2.5), we see that

n(r, 1/f) = n(r),
and hence, by (2.4) and (1.1),

(2.8) N, 1/f) = j;rﬁ—gt—)dtrv A(r) (r—>).

Further, for » < R, and p defined by (2.6),

(2.9) log M(r,f) = ,,2\2 g;log(r/ts) + hZ< 10g< {‘f} )

+ 3,0+ 451+ 2w+ {)7)

<N@, 1/f) + plog 2 + E {tL}
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Hence, by (2.7) and elementary inequalities of Nevanlinna’s theory,

(2.10) N(r, 1/f) < T(r,f) <log M(r,f) < N(r,1/f) + plog 2

s o<,
where p is defined by (2.6).
3. Proof of Assertion I of Theorem 1. Choose, in (2.10),
(3.1) R = 2r.
Then, by (2.1), (2.2), and (2.6),
M¢@

27

< Q< o) < dt < A(2er)
and hence, by (2),
(3.2) g =00%)  (p=p@2r),r— ).
By (1.5) and (1.6),
exp(B(ry)log ;) < g,
which, combined with (3.2), yields

(3.3) Br(r,)log 7, = O(log r),
and hence
(3.4) m<r (p>p).
Returning to (1.4), using (3.3), (3.4), and the fact that B(r) is increasing,
we find that

p < B"(r)K log r (r > r0).
Hence, we deduce from (2.10) that
(3.5 N /) < T(r,f) <log M(r,f) < N(r,1/f) + KB"(r)log r

which, in view of (2.8) and (1.2), yields (6).

4. Proof of Assertion II of Theorem 1. Assume that 7 is sufficiently
large and fixed, and that the variable p increases from 7 to + .

Consider the increasing continuous function H(p) = (p — 7)/p and the
non-increasing step function

log g,
L(p) = °§q (¢: > 3),

where s = s(p) is defined by
(4.1) Qs < ¢(p) < Qupr.
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The function

G(p) = L(p) — H(p)

is strictly decreasing and continuous on the right. For p sufficiently large, we
have G(p) < 0, whereas

G(r) = L(r) > 0.

Denote by R the least upper bound of those values of p(>7) such that
G(p) > 0 and let

(4.2) p = s(R).
If ¢ > 0, we have G(R 4+ ¢) < 0 and so
lIimGR + ¢) = GR) <0,

€50+

which, in view of (4.2), may be rewritten as

logg, R —7r
(4.3) o < R -

Hence R > r and, if ¢ (>0) is sufficiently small
p—1<s(R—e.
Then, by definition of R,

R—e——1'<logqp._1
R—e = 9p—1

and hence, letting ¢ — 0+, we find that

R —7r _logg,
4. < .
( 4) R gp—1

Now (1.7) and (1.8) imply that

lim .IIOg gp—1 / log (b} =1,
pso & Gp—1 9y

and hence (4.3) and (4.4) yield

a5 1B R—r ol o R R p = s(R)).

e R 9
Using the first of the inequalities (4.5), we obtain
r \* R R — R 1
(*.6) (75) R—7 < exp(—-q,, R >R — < log ¢, "

Using (4.6) in (2.10), we find that
@47 N@,1/f) <T(,f) <log M(r,f) < N(r, 1/f) + plog 2 + 0O(1),

as 7 — + .
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If
(4.8) p < B¥(r)logr,

then, by (2.8) and (1.2),

(4.9) p < 2N (r, 1/f)log'=r < 27%1(r, f)log'~1r.

The assertion (6) of Theorem 1 now follows (under the assumption (4.8))
from (4.7), (4.9), (2.8), and (5).
To complete the proof of Theorem 1, we show first that

(4.10) p > B2 (r)log r

implies that

(4.11) Alr + 1/A(r)) > exp{A7(r)} (r > ro).
By (1.4) and (4.10)

(4.12) B*1(r)log r < B*1(r,)log 7,

and therefore, since B(7) is increasing,

(4.13) r < 7p

By (1.6), (1.5), and (4.13),

(4.14) g» > exp{B(ry)log r,} > exp{B(r)log r},

and since (log x)/x is decreasing for x > e, (4.14) and the second inequality
in (4.5) yield

R—r log ¢
<2 2
R %

< 2B"(r)log r exp{ —B"(r)log r}

< 2B"(r)exp{ —LB"(r)log r}r 'log r (r > ro).
Hence, since

zB1(Nlogr > (B(nlogr)m = A(r)  (r > ry),

we have
R—r 7 " 1
R < 4A'(r) exp{— A (r)}~r
< L (r > 7o)
4r A(r) o
which implies
1
(4.15) R<r+ m (r > 1)
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By (4.14) and the definitions (4.1) and (4.2),
(4.16) exp{B7(r)log r} < exp{B7(r,)log7,} < g, < Q, < ¢(R).
On the other hand, by (4.15) and (1.1),

r+A-1(n) -1
4.17) o(R) < m:rlzm ‘L H_—?—@ o(@t)dt

< (2rA(r) 4+ 2) A<r + 1%) .
Now in view of (1.2)
Ar(r) < iB7(nlogr  (r > 1),
2rA(r) + 2 < 3rA(r) < exp{iBr(r)log r + A"(r)}
<exp{iB'(nlogr}  (r > ro).
Therefore, by (4.16) and (4.17),
(4.18)  A(r + 1/A() > exp{3B(r)log r} > exp(A7(r))  (r > ro).

We have thus shown that (4.10) implies (4.11).
By a well-known lemma of E. Borel, the inequality

A(r 4+ 1/A(r)) > 2A(r)

cannot hold outside a set E, of values of 7, satisfying the condition (7). (This
form of Borel’s lemma will be found in (2, p. 18).)
Hence 7 ¢ E implies (4.9) and all the assertions of Theorem 1 become

obvious.
The relation (9) follows from (3.5) if f(2) is of finite order and from (4.7)
and (4.9) if the condition (2) is omitted.

5. Study of N(r,1/(f — ¢))/T(r,f). We start from the following form of a
lemma which has been proved elsewhere.

Lemma (3, Lemma III). Let f(2) be meromorphic and let ¢ be any finite
complex quantity. Let I(r) be the set of 0 for which

[f(re?®) — | < 1,
and let
wu(r) = meas I(r).

Then, for1 <r < R,

1 11R 1 + 1
(51) m<r’f — C> < R_—, T(R,f — C>#<T){1 + log M} .

In view of the first fundamental theorem, it is obvious that (5.1) may be
replaced by
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(5.2) m(r,ﬁl_—z> < R}Z—R— T(R, f),u(r){l + log o )} (ro <7 <R).

In view of the mean-value theorem, the definition of 7'(r,f) implies that

20 T(r, f) < [ 10 16glf (re*)|d6 + {27 — u(r)}log M(r, /)
< ulog(l + le]) + @m — u())log M(r, f).
Hence, by (9),

T (r, f)logl_2"r f log r }1—2"
(5.3) u(r) <K Tog M. 1) < KIT(r,f) (r ¢ E).

Since T'(r, f) is logarithmically convex,
(5.4) T(r,f) =TQ,f) + D(Nlogr  (T(1,f) > 0),

where D(r) is non-decreasing. Hence (5.3) implies that

u(r) <K{D%} ' ¢eB.

Using this inequality in (5.2) and assuming that
ro <r <R <2r,

we find that

(5.5) m(r,fi C> < (I;TSOE);'Z))ZZ’()REE (r ¢ E,r > r),

where 7(0 < 7 < 1) is a suitable constant.
By Borel’s lemma (2, p. 19), we have

(5.6) D(R) = < +ioo D( )> <D™ (r)  (r¢ 6%,

where e is an arbitrary fixed positive quantity and €* is a set of finite logarith-

mic measure.
Using (5.6) and (5.4) in (5.5), we obtain

M—%(%;_C)) < Kilog D(r)}D*"(r) = o(1),

provided that we have chosen 0 < ¢ < 7 and that, as » — + « we assume that
r ¢ {E\UGC*} =G.
Since

N(r,1/(f—¢)) = T(r,f) — m(r, 1/(f — ¢)) + OQ1),
the proof of (10) is complete.
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