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lwahori—-Hecke Algebras of SL, over
2-Dimensional Local Fields

Kyu-Hwan Lee

Abstract. In this paper we construct an analogue of Iwahori-Hecke algebras of SL; over 2-dimensional
local fields. After considering coset decompositions of double cosets of a Iwahori subgroup, we de-
fine a convolution product on the space of certain functions on SL;, and prove that the product is
well-defined, obtaining a Hecke algebra. Then we investigate the structure of the Hecke algebra. We
determine the center of the Hecke algebra and consider Iwahori-Matsumoto type relations.

Introduction

Hecke algebras play important roles in the representation theory of p-adic groups.
There are two important classes of Hecke algebras. One is the spherical Hecke algebra
attached to a maximal compact open subgroup, and the other is the Iwahori—Hecke
algebra attached to a Iwahori subgroup. The spherical Hecke algebra is isomorphic
to the center of the corresponding Iwahori—Hecke algebra. In the theory of higher
dimensional local fields [5], a p-adic field is a 1-dimensional local field. So the theory
of p-adic groups and their Hecke algebras is over 1-dimensional local fields.

Recently, the representation theory of algebraic groups over 2-dimensional lo-
cal fields was initiated by the works of Kapranov, Kazhdan and Gaitsgory [12], [6],
[7], [8]. In their development, Cherednik’s double affine Hecke algebras ([2]) appear
as an analogue of Iwahori—Hecke algebras. The common feature of the works men-
tioned above is the use of rank one integral structure of a 2-dimensional local field.
But there is also a rank two integral structure in a 2-dimensional local field, and it is
important in the arithmetic theory to use the rank two integral structure [5]; we refer
the reader to Fesenko’s article [4] and to the references there for recent developments.

In their paper [13], Kim and Lee constructed an analogue of spherical Hecke al-
gebras of SL, over 2-dimensional local fields using rank two integral structure. They
also established a Satake isomorphism using Fesenko’s R((X))-valued measure de-
fined in [3] (see also [4]). In particular, the algebra is proved to be commutative. A
similar result is expected in the case of GL, and, eventually, in the case of reductive
algebraic groups.

In this paper, we construct an analogue of Iwahori—-Hecke algebras of SL, over
2-dimensional local fields coming from rank two integral structure. Our basic ap-
proach will be similar to that of [13]. More precisely, an element of the algebra is
an infinite linear combination of characteristic functions of double cosets satisfying
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certain conditions. We define a convolution product of two characteristic functions,
using coset decompositions of double cosets of an Iwahori subgroup and imposing a
restriction on the support of the product. Since a double coset of the Iwahori sub-
group is an uncountable union of cosets in general, it is necessary to prove that the
convolution product is well-defined. This will be done in the first part of the paper.

In the second part, we study the structure of the Hecke algebra. It has a natural
Z-grading and contains the affine Hecke algebra of SL, as a subalgebra. We will find a
big commutative subalgebra, and determine its structure completely. Surprisingly, it
is different from the group algebra of double cocharacters. We will also calculate the
center of the Hecke algebra, and it turns out to be the same as the center of the affine
Hecke algebra of SL,. The classical Iwahori—-Hecke algebra has a well-known presen-
tation due to Iwahori and Matsumoto [10], [11]. The relations can be understood as
deformations of Coxeter relations of the affine Weyl group. The corresponding Weyl
group of a reductive algebraic group over a 2-dimensional local field is not a Coxeter
group. In the SL, case, A. N. Parshin obtained an explicit presentation of the (double
affine) Weyl group [15]. We will investigate Iwahori-Matsumoto type relations of
the Hecke algebra in light of Parshin’s presentation.

Now that we have spherical Hecke algebras and Iwahori—-Hecke algebras of SL,
over 2-dimensional local fields with respect to rank two integral structure, next natu-
ral steps would be considering representations of SL, over 2-dimensional local fields,
constructing the Hecke algebras for more general reductive algebraic groups, and un-
derstanding these algebras in connection with the works of Kapranov, Kazhdan and
Gaitsgory mentioned earlier. It seems that another interesting approach to the repre-
sentation theory over two-dimensional local fields could be obtained from the work
of Hrushovski and Kazhdan [9], in which they developed a theory of motivic inte-
gration. Actually, in the appendix of the paper [9], given by Avni, an Iwahori—-Hecke
algebra of SL, is constructed using motivic integration. It would be nice if one could
find any connection of it to the constructions of this paper.

There are three sections and an appendix in this paper. In the first section, we
fix notations and recall the Bruhat decomposition. The next section is devoted to
the construction of the Hecke algebra. We will show that the convolution product
is well-defined. In the third section, we study the structure of the Hecke algebra,
determining the center of the algebra and finding Iwahori-Matsumoto type relations.
In the appendix, we present a complete set of formulas for convolution products of
characteristic functions. These formulas will be essentially used for many calculations
in this paper.

1 Bruhat Decomposition

In this section, we fix notations and collect some results on double cosets and coset
decompositions we will use later. We assume that the reader is familiar with basic
definitions in the theory of 2-dimensional local fields, which can be found in [18].
Let F(= F,) be a two dimensional local field with the first residue field F; and the
last residue field Fy(= [F,) of q elements. We fix a discrete valuation v: F* — 7% of
rank two. Recall that 7? is endowed with the lexicographic ordering from the right.
Let #; and t, be local parameters with respect to the valuation v. We have the ring O
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of integers of F with respect to the rank-two valuation v. There is a natural projection
p: O — O/t;0 = F,. Note that the ring O is different from the ring O,; of integers
of F with respect to the rank-one valuation v,;: F* — 7.

Let G be a connected split semisimple algebraic group defined over Z. We fix
a maximal torus T and a Borel subgroup B such that T C B C G, and we have
Wy = Ng(T)/T, the Weyl group of G. We write G = G(F) and consider [ = {x €
G(O) : p(x) € B(F,)}, the double Iwahori subgroup, and W = Ng(T)/T(O), the
double affine Weyl group, and obtain the following decomposition.

Proposition 1.1 ([12],[15]) We have

G= ] IwI,
wew

and the resulting identification I\G/1 — W is independent of the choice of representa-
tives of elements of W.

From now on, in the rest of this paper, we assume that G = SL, and B is the
subgroup of upper triangular matrices. The following lemma gives explicit formulas
for the decomposition in Proposition[I.Tl The proof is straightforward, so we omit it.

Lemma 1.2 Assume that x = ( ?Z) eG.

(1) Ifv(a) < v(b) and v(a) < v(c), thenx € I( 3 . )
(2) If v(b) < v(a) and v(b) < v(d), then x € I( 5 1 (b)
(3) Ifv(c) < v(a) and v(c) < v(d), then x € I( ‘C’

(4) Ifv(d) < v(b) and v(d) < v(c), then x € I( g ' )

L.
)L
)

We denote byC and C i ), (i, j) € 72, the double cosets

i i
I (tlotZ t 2}) I and I < t_()itfj tl(?) I, respectively.
1 1 2

In the following lemma, we obtain complete sets of coset representatives in the de-
composition of double cosets of the subgroup I into right cosets.

Lemma 1.3 We haveC f”]) = |1, Iz, where the disjoint union is over z in the following
list.
(1) Ifa=1and (i, j) > (0,0), then

L tid 0 tit] 0
0 o700 ) ety My i

for (1,0) < (k,I) < (2i+1,2j), where u € O* are units belonging to a fixed set of

representatives of O/t> 1127710,
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(2) Ifa=1and (i, j) < (0,0), then

__(td o te) ek
= il i
0 't 0 't

for (0,0) < (k,1) < (=21, —2j), where u € O™ are units belonging to a fixed set of
representatives of O/t % k¢ o,
(3) Ifa=2and (i, j) > (0,0), then

L 0 tit] 0 tit]
T R N e e A

for (0,0) < (k,I) < (2i +1, 2j), where u € O™ are units belonging to a fixed set of
representatives of O/t2 1127710,
(4) Ifa=2and (i, j) < (0,0), then

i j vkt i
L 0 N th ’ ) u th
-7’70 —t7'57 0

for (1,0) < (k1) < (=2i,—2j), where u € O* are units belonging to a fixed set of
representatives of O/tI*Zi*ktz—ZJ—lO'

Proof Since the other cases are similar, we only prove the part (1). Consider

L f 0 \(a b S i) 0\ (a ¥
o ) \e d)’ o gy )\

where ( e Z) , ( ‘c‘: Z: ) € I. We see that the condition Iz = Iz’ is equivalent to
cd—cd € 0.

We write (¢, d) ~ (¢/,d")ifc’'d—cd’ € tf"“t?O. Note that if( ¢ Z) € Ithenc € 1O
and d is a unit. Let C be the set of pairs (¢, d) € O? such that ¢ € t;0 and d is a unit.
Then ~ is an equivalence relation on C. In order to determine different cosets, we
need only to determine a set of representatives of the equivalence relation ~, which
turn out to be

(0,1) and (fFu,1) for (1,0) < (k1) < (2i +1,2j),

where u € O are units belonging to a fixed set of representatives of O/ tfi_kJrl t; o,

These yield the elements z in the part (1). ]

Remark 1.4 The disjoint union C;flj) = [, Izis an uncountable union unless j = 0.
The same is true for the double cosets of K = SL,(O); see [13].
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2 Iwahori-Hecke Algebras

In this section, we define the convolution product of two characteristic functions of
double cosets of the subgroup I, and we show that the product is well-defined. Then
we construct an analogue of the Iwahori—Hecke algebra of SL,.

We fix a set of representatives R of the double affine Weyl group W to be

fitl 0 0 AN
21) R={npW =12 S, = o 2 Gopertsy.
2.1) {m, 0 i Ux i o @, 1)

We define a map 7: G — R so that x € In(x)I for each x € G. That is, we assign to

an element x of G its representative 7)(x) € R in the decomposition G = ][, ., IwI
of Proposition [L.1]

We put
(2.2) ci=11c)ucl, jer

mez

We denote by X;lj) and Xf?j) the characteristic functions of the double cosets C f lj)

and C f?j), respectively. We will consider the following types of functions:

(2.3) Zcrxi’”j) (j >0), Z C,ng‘j) (j <0), and Z crx%)

r<i r>i i<r<i’

fori,i’,j € Z,a = 1,2 and ¢, € C. Now we define the convolution product of two
characteristic functions.

Definition 2.4 Fora,b=1,2and (i, j), (k,I) € 72, we define

(25) (a7 ) =

'y, Xff’j)(n(x)z’l) ifx € Cjyand jl >0,
0 otherwise,

where the sum is over the representatives z of the decomposition C,((‘bl) =11,z

Remark 2.6 One can construct a certain invariant R((X))-valued measure d on G.
Then we could define the convolution product of two functions f and g on G by

(frg)(x) = / ey g(y) dy(y).
G

The definition of the convolution product given above is derived from this formula.

Since the cardinality of the set of the representatives z in the union is uncountable

(Remark[T.4)) in general, we need to prove the following.
Theorem 2.7 The convolution product Xiflj) * X;(cbz) yields a well-defined function of one

of the types in Z3) for any a,b = 1,2 and (i, j), (k, 1) € 7°.
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Proof We write

3

b 1 2
XE? * X,(( l) = Zcﬁ)xgnfﬁl + Zcfj)xin’)ﬁl, M@ eCmez.
m m

(1) Assume thatb = 1, j > 0 and (k,I) > (0,0). By Lemma[L.3] we need only to

consider
( tht) 0
2=\ —k+k! —14l —k, 1
f Lo

for (1,0) < (k',1') < (2k + 1,21), where u € O* are units belonging to a fixed
set of representatives of O/¢**~* ,“t%l_ll O.

(a) Ifn(x) = nj,),, then

m—k,j
'I](.X)Z_l - 7m711f<1+k' tfzj*ZZ‘*'l/ 7?’?/‘?’( —-i |-
—t L, u t,

(i) Ifa = 1, then we have m—k = i, and either (—m —k+k’, —j—2I+1") >
(m—k,j)or (—m—k+k',—j—21+1") > (—m+k,—j) by Lemma[l.2]
The first case gives (k',1') > (2m,2j + 21) = (2i + 2k,2j + 21), and
so j = 0,1" = 2land 2i + 2k < k' < 2k + 1. Counting the number
of possible representative units in O/ tfkikl“ O, we see that Cfi;{ is finite
and ¢V = 0 for all m # i + k. The second case gives (k’,1’) > (2k, 21),
but (k’,1') < (2k + 1,2I) from the assumption, and so ¢! = 0 for all
m € L.

(ii) If a = 2, then we must have I’ = 2l and —m — k+ k' = —i. Then
k" < 2k+1implies m < i +k+ 1, and counting the number of possible
representative units in O/t~ 10, we see that ¢'?) is finite for each m.

(b) Ifn(x) = ,,, » then

;o .
Y T
_tl—m—kt;J*ZZ 0

(c)Ifa=1,thenm —k+k’ = iand !’ = 0, and it follows from Lemma [L.2]

that j < —I. Since j > 0and ! > 0, we have j = I = I’ = 0. The condition

1<k <2k+1givesi—k—1<m<i+k—1andc? is finite for each m.

(d) Ifa=2,thenl=10'=0,m+k=iand1 <k’ <2k+1. Thuscl(i)kisﬁnite
and ¢? = 0 form # i — k.

Assume thatb = 1, j < 0and (k, ) < (0,0). By Lemmal[L.3] we need only to consider

L thel Ry
0 t7k!

for (0,0) < (k’,1") < (—2k,—2I), where u € O* are units belonging to a fixed set of

’ ’
representatives of O/t; 2 t; %71 0.
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(a) Ifn(x) = 7727)].+l, then

—k,j ktk! g2l
1 [Ty R u
Nz = i
0 ",

(i) Ifa = 1, then we have m—k = i, and either (m—k, j) < (m+k+k’, j+21+1")
or (—m+k,—j) < (m+k+k’, j+21+1") by Lemmal[l.2l The first case yields
(k1) > (—2k,—21), but (k’, ") < (—2k, —2I) from the assumption. Thus
¢\l = 0 for all m € Z. The second case gives (k’,1") > (—2m, —2j — 2I) =
(—2i — 2k, —2j — 2I), and we must have j = 0,1’ = —2land —2i — 2k <
k" < —2k. Thus cfﬂ( is finite and c{!) = 0 for all m # i + k.

(ii) Ifa = 2, then we have I’ = —2land m+k+k’ = i. The condition k' < —2k
leads to i + k < m, and c?) is finite for each m.

(b) Ifn(x) = nii)jﬂ, then

j+21
( ) —1 0 t?ﬁ—ktiﬁ—
n(x)z = il _ Y, .
_tl m kt2 ] tl m+k+k t2 j+l u

(i) Ifa = 1, then —-m+ k+ k' = —iand I’ = 0, and we have —j < I by
Lemmal[l2] Since j > 0 and ! > 0, we have j = [ = I’ = 0. The condition
0 < k' < —2kyields i+ k < m < i — kand ¢! is finite for each m.
(i) fa=2,thenl=1'"=0,m+k =iand 0 < k’ < —2k. Thus cEz_)k is finite
and ¢?) = 0 form # i — k.
Assume thatb = 2, j > 0and (k,1) > (0,0). By Lemmal[L.3] we need only to consider

( 0 tkt)
z= —k 1 —ktk! — 141
—t ', —f L u

for (0,0) < (k',1') < (2k + 1,21), where u € O* are units belonging to a fixed set of

representatives of O/ tfkik “tgl*l O.

() Ifn(x) = nfnlfjﬂ, then

—k+k’  j+l j+21
gt = (R g
tl—m—ktzfjle O

(1) If a = 1, then it is similar to (1)(b)(i).

(ii) If a = 2, then it is similar to (1)(b)(ii).
(ii) Tf7(x) = 7., ), then

n(x)z™! o 0
= ;S _ .
tlfmkark tz j—21+l u t] m+kt2 j

(i) If a = 1, then it is similar to (1)(a)(i).
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(ii) If a = 2, then it is similar to (1)(a)(ii).
Assume thatb = 2, j < 0and (k, ) < (0,0). By Lemmal[L.3] we need only to consider

L Rkl kel
—t7%h 0

for (1,0) < (k’,1") < (—2k, —2I), where u € O* are units belonging to a fixed set of
representatives of O/t % 2= 0,

(a) Ifn(x) = 775’11_’)].”, then

( ) . 0 _ti«’1+kt2]+21
'r] X)Z — ek —i—2] _ ro_ s l/ .
tl m ktz j—2 t] m+k+k t2 jt u

(i) If a = 1, then it is similar to (2)(b)(i).
(ii) If a = 2, then it is similar to (2)(b)(ii).
(b) Ifn(x) = 77,(;‘)141’ then

IR B S At
Nz = k|
0 £

(1) If a = 1, then it is similar to (2)(a)(i).
(ii) If a = 2, then it is similar to (2)(a)(ii). [ |
A complete set of formulas for the convolution product Xif‘j) * X§<},Jl) can be found in
the Appendix, and we obtain the following result.

Corollary 2.8
D m<itk meirlh,)jﬁ-l’ cm€C, ifa=2,j>0andl >0,

(2.9) XE? * X;fl) = QD msisk CmXE:,)jw m €C, ifa=2j<0andl <0,

a finite sum otherwise.

We denote by H(G,I) the C-vector space generated by the functions of types
in (Z3). We linearly extend the convolution product  defined in to the whole
space H(G,I). It follows from Corollary 2.8] that it is well-defined. Thus we have
obtained a C-algebra structure on the space H(G, I).

Definition 2.10 The C-algebra (G, I) will be called the Iwahori—Hecke algebra of
G (= SLy).

It can be easily checked that ¢ := qxé}()) is the identity element of the algebra
H(G, I). Furthermore, we have:

Proposition 2.11 The algebra H(G, I) is an associative algebra.
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Proof Assume that o = X,(‘,aj)) 8= X,(fl) and vy = Xﬁﬁ?n. We fix the sets of representa-
tives {z;}, {z2} and {z3} in the decompositions Cff’j) =11, I, C,(cbl) = [I,, Iz and
Cﬁ,j?n = [ 1., Izs, respectively. We write

axfB= ZC(CY,ﬁ;U)U7 where o = X;d}wd: 1,2,p e

Then
;0) = Card{z, : 0\, 2, ' € C\”} = Card I\ =1
(o, B50) ard{z :n, .2, €C;} ard{(z1,22) : I, = Ia122}.

The coefficient c(«, 5; o) is finite for any o by Theorem[2.7} Similarly, we write

rj++

oKy = ZC(O’,’)/;T)T, where 7 :X(E) pe=12rcl.
T

We define

cla, B,7;7) = Card{(z1,2,23) : Inﬁf,-)ﬂw = Iz12,23}.
Since (av * (3) * 7y is defined, the number ) _ c(a, 3;0)c(o,v; 7) is finite. Now it is
not difficult to see that

> da,Bio)clo, 35 7) = cla, B35 7).

g

Similarly, one can show that

Y, o’s7)e(Bys0") = cla, B35 7),

o!

where ¢ is defined with regard to ax(8x7). It proves the assertion of the proposition.
|

Remark 2.12 The argument is essentially the same as in the case of Hecke operators
on the space of modular forms; see [1], [17].

3 The Structure of H(G,I)

In this section, we investigate the structure of the Hecke algebra (G, I). We will see
that it has a big commutative subalgebra. After that, the center will be determined
and Iwahori-Matsumoto type relations will be found.

For each j € Z, we let J{; be the subspace of H(G, I), consisting of the functions
with their supports contained in C;, where the set C; is defined in (2.2]). We put

H_ :@ﬂ-{] and G‘CJr: @J’C]

j<0 j>0

Then, clearly, we have
H(G,I) =H_ & Hy B H,.
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It is easy to see that H is isomorphic to the (usual) affine Hecke algebra of SL, and
that each H; (j € ) is a right and left H{,-module.

We define
O = X%a
O_10=x"0— (= DX — (@— x5y +ala+a~" — 2)x3),
O, = X&)a
i @
Bo,—1 —Xo—1 - I)Zigoqlxg,ll'

One can check ©7 0 = O_;19. (Recall that , = qx(l) is the identity.) The elements
0, and ©_ ¢ are the same as appear in Bernstein’s presentation of the affine Hecke
algebra H,.

Lemma 3.1 The elements ©, ©_19, ©g1and Oy _, commute with each other.

Moreover, we have:

(1) O} * @{)741 =q =Dy mfori €Zandj >0,

(2) OL1#04 -y = N = (= Da N Y a6
fori € Zand j > 0 and for ¢? € C.

Proof We use the formulas in the Appendix and inductions on 7 and j to obtain (1)

and (2). [ |

Let us denote by A the commutative subalgebra of J{(G, I) generated by the ele-
ments © 9, O_1, ©g; and Oy _;. The structure of A is described by the following
proposition.

Proposition 3.2 The algebra A is isomorphic to the quotient of C[X, X', Y, Z] by
the relation YZ = 0.

Proof We have the surjective homomorphism ¢: C[X, X' Y,Z]/(YZ) — A de-
fined by

dX) =019, X N)=0_19, ¢Y)=06p1, ¢Z)=06q_,.

It follows from (1) and (2) of LemmaBd]that ¢ is also injective. [ |

Our next task is to determine the center of H(G, I).

Theorem 3.3 The center of H(G, I) is the same as the center of H generated by the
element ©, + O _; .

Proof It is well known that the element ©,  +©_, o generates the center of J [14].
Let us check if it commutes with Xf”]), j # 0. First, we assume j > 0. Since X1(1]) €A,
it commutes with ©, o + ©_; . We have le = qXIJ * X0.0- @) Since x4 0 € Ho, we get

XEZJ) ¥ (O10+0_19) = (O19+6O_1p) * Xz(-,zj)- Next, we assume j < 0. We obtain,

using the formulas in the Appendix,

Xiy * O+ ©10) = iy +47'Xi2y ;= (Oro + O10)# X}

https://doi.org/10.4153/CJM-2010-072-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-072-x

1320 Kyu-Hwan Lee

Since Xz J = ! J Y 0 —(1— _I)X, j» the element Xz ) also commutes with © o +
O_1. Therefore, the element ©; 0 +6_,4 0 isin the center of the algebra (G, I).
Suppose that ¢ is an element in the center of H(G,I). We write ( = Z] ez Ci»

¢ € f)'C Since Xéz()) * H; C H;and H; * X((fé C H; for each j, the equality

¢ * Xoo = f)?()) * ( yields (; * Xé%(), = x((f()) * (; for each j. First, we assume j > 0.
Suppose that we choose the largest i so that

C_C1X1]+CzX,J+ Z xﬁ,f)], a #0orc #0.

m<ia=1,2
We get
Xoo* G =al—g Ox) +al—g HxJ+ >

m<ia=1,2

On the other hand,

2 2) (
Grx=ar X2 +axltal—g @+ Y W

m<ia=1,2

Thus we have ¢; = ¢, = 0, a contradiction. It implies that (; = 0.
A similar argument also works for the case j < 0, and we have (; = 0 in this case,
too. Thus ¢ = (y € Hy. It completes the proof. ]

The double affine Weyl group W is not a Coxeter group, but it has a similar pre-
sentation as one can see in the following proposition due to A. N. Parshin. It is also
related to Kyoji Saito’s elliptic Weyl groups [16].

Proposition 3.4 ([15]) The group W has a presentation given by
(3.5) W 22 (s0,51,5 | st =57 =55 = e, (505152)> = e).

We can easily determine elements of W corresponding to the generators in the
presentation. For example, we can take, using the same notation,

a0 1 S_Otfl S_Ot;‘
-1 07 T\ 0) P\ 0)°
We define
(3.6) Lo Lo \ L |
o =4"Xoo =4°Xissl, 91 =q’X19 =4 Xts1, P2 =9°Xo -1 = 9* XIsI-
The elements ¢y and ¢, have the special property

Go*x*H_=0 and ¢ *H, =0,

which follows from the formulas (2)(f) in the Appendix.
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Proposition 3.7 The following identities hold in H(G, I):

G0 do= (a2 —q o +1,
(38) rxd1=(a" —q D1+,
Po * @1 % P % o * P1 = Pa.
Proof We check all the relations using the formulas in the Appendix. ]

Remark 3.9 We can consider the relations in (3.8) as Iwahori-Matsumoto type
relations. The first two relations in (3.8)) are the usual deformation. The last one in
([B.8) reflects the structure of the group algebra of W. However, we have

Py x Oy = (q% - qi%)zqu%ngza

m>0

which reveals a new feature of the Hecke algebra (G, I).

Appendix

(1) (a) If (4, j) = (0,0) and (k,I) > (0,0), or if (i, j) < (0,0) and (k,I) < (0,0),
then

(1) 1 _ _—1.(1) (1) 2) _ _—1.(2)
Xij *Xel =4 Xiskjrr Xij ¥ Xkg =4 Xisk j+°

(b) Ifi >0,j=0and! < 0,0rifi <0, j=0and! > 0, then

(1) (1) _ 2]i]—1, (1) (1) (2) _ 2]i|—1,,(2)
Xio * Xk =4 il Xivkr  Xio ¥ Xkl =4 il Xitk,l*

(c) If j >0,k < 0and ! = 0, then

i—k—1
(1) (1 —2k—1 (1) —1 i—k—m—1_ (2
Xi,j *Xk,(%:q Xi+k,j+(1—q ) Z g " an,)p
m=i+k
i—k—1
(1) (2) _ -1 i—k—m—1_ (1) —2k—2.,(2)
Xi, *Xkyo—(l_q ) Z q " Xm,;t4 Xitk,j*
m=i+k+1
(d) If j <0,k > 0and [ = 0, then
itk—1
1 1 k—1_ (1 - itk 2
X =X+ =g D g
m=i—k
i+k
(1) (2) —1 —itk (1) 2k (2)
Xi,j * Xko = (I1—qg) Z q " +me7j +q Xitk,j*
m=i—k
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(e) Ifi >0,j=0,k <0and! =0, then

i—k—1
1 1 in{2i—1,—2k—1} (1 _ Cem1
XE’O) ¥ X’(ﬂg =g 1}X1(+)k,0 +(1—q7") Z " lXin,)o,
m=max{i+k,—i—k}
i—k—1
1 2 _ w1 ey
Wolo0-g) T ey,

m=max{i+k+1,—i—k}
(f) Ifi < 0,j=0,k>0and ! = 0, then

min{i+k—1,—i—k—1}
1 1 in{—2i—1,2k— 1 — —itk 2
XS,O) % X}({g — qmm{ 2i—1,2 1}X1(‘+)k70 + (1 —q 1) Z q i+ +mX1(417)07

m=i—k

min{i+k,—i—k—1}
1 2 - ik . it
=g Y e g

m=i—k

(2) (@) If j > 0and ! > 0, then

X = A =a ) Y g

m<i+k
2 2 —1 i+k— 2
Xz(',j) * Xl(gl) =(0-q9) Z q’ mXin,)j-*—l'
m<i+k

(b) If j < 0and ! < 0, then

2 1 - Ciektm—1_ (1
X xe = (=g Y a TG

m>i+k
2 2 —1 —i—k —1 2
X = =g ) Y gD
m>i+k

(c) If (4, ) > (0,0), k <0and ! =0, 0rif (i, j) < (0,0), k > 0and [ = 0, then

@, 0 _ _—1.(2 @, @ _ -1
Xij *Xeko =4 XiZkjr  Xij *Xko =9 Xiokj

(d) If j > 0,k > 0and ! = 0, then

itk
2 1 - itk—m (1 k—1.(2
X xie=0=a) > g+
m=i—k+1
i+k
(2) 2 2k (1) -1 i+k—m., (2)
Xij *Xeo =49 Xilgj T 1-gq) Z q’ me_,j-
m=i—k
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(e) If j <0,k < 0and ! = 0, then

i—k
2 1 - —i—ktm—1_ (1 —2k—1_(2
XX =0 —ah) Y g TG g I

m=i+k+1
i—k—1
@, @ _ 22 (1) - Cikime1 @)
X X = a T =g 0 TR
m=i+k+1

(f) Ifi>0,j=0and! < 0,0rifi <0, j=0and! > 0, then
Xio * X =0, X0 *x = 0.
(g) Ifi >0, j=0and > 0, then

i+k
2 - i+k—
Xosxgl =0—a ) > gt
m=—i+k
i+k
Xioexel = —a™) Y d )
m=—i+k
(h) Ifi < 0, j =0and ! < 0, then
—itk—1
_ i ktm—
XX =0 =g Yo TG,
m=i+k+1
—it+k—1
Xiox = =a™) Do a7 TG,
m=i+k+1
(i) Ifi >0, j =0,k > 0and ! = 0, then
i+k
_ o {23 2
X # X =1 —q7" > o e Y

m=max{i—k+1,—i+k}

i+k
2 2 i 1,2k 1 — i+k— 2
XE,O) % X;i,a _ qmm{lz 2 }ngk,o +(1— q 1) Z q1+ men,)O'

m=max{i—k,—i+k}
() Ifi <0,j =0,k <0and =0, then

min{i—k,—i+k—1}

2 1 — —i—k+m— 1 in{—2i—2,—2k— 2
XXk == D g gt
m=i+k+1
min{—i+k—1,i—k—1}
2 2 in{—2i—2,—2k—2} (1 - Ciektm—1_(2
Xf()) *Xig :qmm{ 2i—2,—2 Z}XE—)]{70+(1 —q 1) Z q i—k+m 1X£n7)0'

m=i+k+1
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