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Abstract

Some effects are considered to be higher level than others. High-level effects provide expressive
and succinct abstraction of programming concepts, while low-level effects allow more fine-grained
control over program execution and resources. Yet, often it is desirable to write programs using
the convenient abstraction offered by high-level effects, and meanwhile still benefit from the opti-
mizations enabled by low-level effects. One solution is to translate high-level effects to low-level
ones.

This paper studies how algebraic effects and handlers allow us to simulate high-level effects
in terms of low-level effects. In particular, we focus on the interaction between state and nonde-
terminism known as the local state, as provided by Prolog. We map this high-level semantics in
successive steps onto a low-level composite state effect, similar to that managed by Prolog’s Warren
Abstract Machine. We first give a translation from the high-level local-state semantics to the low-
level global-state semantics, by explicitly restoring state updates on backtracking. Next, we eliminate
nondeterminism altogether in favour of a lower-level state containing a choicepoint stack. Then we
avoid copying the state by restricting ourselves to incremental, reversible state updates. We show
how these updates can be stored on a trail stack with another state effect. We prove the correctness
of all our steps using program calculation where the fusion laws of effect handlers play a central role.

1 Introduction

The trade-off between “high-level” and “low-level” styles of programming is almost as old
as the field of computer science itself. In a high-level style of programming, we lean on
abstractions to make our programs easier to read and write and less error prone. We pay
for this comfort by giving up precise control over the underlying machinery; we forego
optimization opportunities or have to trust a (usually opaque) compiler to perform low-
level optimizations for us. For performance-sensitive applications, compiler optimizations
are not reliable enough; instead we often resort to lower-level programming techniques
ourselves. Although these lower-level programming techniques allow a fine-grained con-
trol over program execution and the implementation of optimization techniques, they tend
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to be harder to write and not compose very well. This is an important trade-off to take
into account when choosing an appropriate programming language for implementing an
application.

Maybe surprisingly, as they are rarely described in this way, there is a similar pattern
for side effects within programming languages: some effects can be described as “lower-
level” than others. Informally, we say that an effect is lower-level than another effect when
the lower-level effect can simulate the higher-level effect. In other words, it is possible to
write a program using lower-level effects that has identical semantics to the same program
with higher-level effects. Yet, due to the lack of abstraction of low-level effects, writing a
faithful simulation requires careful discipline and is quite error prone.

This article investigates how we can construct programs that are most naturally
expressed with a high-level effect, but where we still want access to the optimization
opportunities of a lower-level effect. In particular, inspired by Prolog and Constraint
Programming systems, we investigate programs that rely on high-level interaction between
the nondeterminism and state effects which we call local state. Following low-level
implementation techniques for these systems, like the Warren Abstract Machine (WAM)
(Warren, 1983; Ait-Kaci, 1991), we show how these high-level effects can be simulated
in terms of the low-level global state interaction of state and nondeterminism, and finally
by state alone. This allows us to incorporate typical optimizations like exploiting mutable
state for efficient backtracking based on trailing as opposed to copying or recomputing the
state from scratch (Schulte, 1999).

Our approach is based on algebraic effects and handlers (Plotkin and Power, 2003;
Plotkin and Pretnar, 2009, 2013) to cleanly separate the syntax and semantics of effects.
For programs written with high-level effects and interpreted by their handlers, we can
define a general translation handler to transform these high-level effects to low-level
effects and then interpret the translated programs with the handlers of low-level effects.
Though we do not give a formal definition of a simulation from high-level effects to low-
level effects, we expect it to be a handler that interprets the operations of the high-level
effects in terms of the operations of the low-level effects. This handler is essentially a
monomorphism from the syntax tree of high-level effects to that of low-level effects, sim-
ilar to Felleisen (1991)’s notion of macro expansion but at the continuation-passing level
(as the syntax trees of free monads provide access to continuations).

Of particular interest is the way we reason about the correctness of our approach. There
has been much debate in the literature on different equational reasoning approaches for
effectful computations. Hutton and Fulger (2008) break the abstraction boundaries and
use the actual implementation in their equational reasoning approach. Gibbons and Hinze
(2011) promote an alternative, law-based approach to preserve abstraction boundaries and
combine axiomatic with equational reasoning. In an earlier version of this work (Pauwels
et al., 2019), we have followed the latter, law-based approach for reasoning about the cor-
rectness of simulating local state with global state. However, we have found that approach
to be unsatisfactory because it incorporates elements that are usually found in the syntactic
approach for reasoning about programming languages (Wright and Felleisen, 1994), lead-
ing to more boilerplate and complication in the proofs: notions of contextual equivalence
and explicit manipulation of program contexts. Hence, for that reason we return to the
implementation-based reasoning approach, which we believe works well with algebraic
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Table 1: Overview of translations from high-level effects to low-level effects in the paper

Translations Descriptions Correctness
local2global Local state to global state (Section 4.3) Theorem 1
nondet2state Nondeterminism to state (Section 5.2) Theorem 3
states2state Multiple states to a single state (Section 6.1) Theorem 4
local2globaly;  Local state to global state with reversible updates (Section 7.3)  Theorem 6
local2trail Local state to global state with trail stacks (Section 8.1) Theorem 7

effects and handlers. Indeed, we prove all of our simulations correct using equational
reasoning techniques, exploiting in particular the fusion property of handlers (Wu and
Schrijvers, 2015; Gibbons, 2000).

After introducing the reader to the appropriate background material and motivating the
problem (Sections 2 and 3), this paper makes the following contributions:

e We distinguish between local-state and global-state semantics and simulate the
former in terms of the latter (Section 4).

e We simulate nondeterminism using a state that consists of a choicepoint stack
(Section 5).

e We combine the previous two simulations and merge the two states into a single
state effect (Section 6).

e By only allowing incremental, reversible updates to the state we can avoid holding
on to multiple copies of the state (Section 7).

e By storing the incremental updates in a trail stack state, we can restore them in batch
when backtracking (Section 8).

e We prove all simulations correct using equational reasoning techniques and the
fusion law for handlers in particular (Appendices 2, 3, 4, 5, 6, and 7).

Finally, we discuss related work (Section 9) and conclude (Section 10). Table 1 gives an
overview of the simulations of high-level effects with low-level effects, we implemented
and proved in the paper. Throughout the paper, we use Haskell as a means to illustrate
our findings with code. In particular, we restrict ourselves to a well-behaved and well-
founded fragment of Haskell that avoids non-termination and other forms of bottom and
readily admits equational reasoning with structural induction. Moreover, we focus on for-
malising and proving the correctness of the simulations rather than empirical evidence
of performance improvements, as those have already been demonstrated by real-world
systems like Prolog. In fact, the Haskell implementations themselves do not exhibit per-
formance improvements due to aspects like laziness, immutable state, and the overhead of
algebraic effects and handlers.

2 Background and motivation

This section summarizes the main prerequisites for equational reasoning with effects and
motivates our translations from high-level effects to low-level effects. We discuss the two
central effects of this paper: state and nondeterminism.
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2.1 Functors and monads

Functors. In Haskell, a functor f :: * — * instantiates the functor type class, which has a
single functor mapping operation.

class Functor f where
fmap::(a—b)—fa—fb
Furthermore, a functor should satisfy the following two functor laws:
identity : fmap id =id, (2.1)
composition : finap (f o g) =fmap f o fmap g. (2.2)
We sometimes use the operator ($) as an alias for finap.

() :: Functor f = (a—>b)—>fa—fb
(%)) = fmap

Monads. Monadic side effects (Moggi, 1991), the main focus of this paper, are those that
can dynamically determine what happens next. A monad m :: % — % is a functor which
instantiates the monad type class, which has two operations return (1) and bind (>==).

class Functor m = Monad m where
n Ta—>ma
(=):ma—>(a—>mb)—mb

Furthermore, a monad should satisfy the following three monad laws:

return-bind : nx>=f=fx, (2.3)
bind-return : m>=n=m, 2.4)
associativity: (m>=f)>=g=m>=(Ax— fx>=g). (2.5)

Haskell supports do blocks as syntactic sugar for monadic computations. For example,
do x < m; f x is translated to m == f. Two convenient derived operators are > and (x).!

(>):Monadm=ma—>mb—mb
my=>my=m S=A_— Ny

(%) :: Monadm = m(a— b)—>ma—mb
mf (&) mx =mf == Af — mx >=Ax — n (f x)

2.2 Nondeterminism and state

Following both the approaches of Hutton and Fulger (2008) and of Gibbons and Hinze
(2011), we introduce effects as subclasses of the Monad type class.

Nondeterminism. The first monadic effect we introduce is nondeterminism. We define a
subclass MNondet of Monad to capture the nondeterministic interfaces as follows:

I We deviate from the type class hierarchy of Functor, Applicative, and Monad that can be found in Haskell’s
standard library because its additional complexity is not needed in this article.
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class Monad m = MNondet m where
g ma
(D:ma—ma—ma

Here, @ denotes failures and ([]) denotes nondeterministic choices. Instances of the
MNondet interface should satisfy the following four laws: 2

identity : gm=m=m|o, (2.6)
associativity : mn) [k =m|®m]k), 2.7
right-distributivity : (m; | my) >=f = (m; >=f) [ (my >=/), (2.8)
left-identity : I>=f = 2. 2.9)

The first two laws state that ([]) and @ should form a monoid, i.e., (]]) should be associative
with & as its neutral element. The last two laws show that (>=) is right-distributive over
() and that & cancels bind on the left.

The approach of Gibbons and Hinze (2011) is to reason about effectful programs using
an axiomatic characterization given by these laws. It does not rely on the specific imple-
mentation of any particular instance of MNondet. In contrast, Hutton and Fulger (2008)
reason directly in terms of a particular instance. In the case of MNondet, the quintessential
instance is the list monad, which extends the conventional Monad instance for lists.

instance MNondet [ ] where instance Monad [ ] where
o =[] nx=[x]
(=) xs >=f = concatMap f xs

State. The signature for the state effect has two operations: a get operation that reads and
returns the state and a put operation that modifies the state, overwriting it with the given
value, and returns nothing. Again, we define a subclass MState of Monad to capture its
interfaces.

class Monad m = MState s m | m — s where
get::ms
put:is—>m()

These operations are regulated by the following four laws:

put-put : puts > puts' =puts, (2.10)
put-get : put s > get =puts > 1s, (2.11)
get-put : get ==put=r1(), (2.12)
get-get: get == (As — get >=ks)=get >= (As —> ks5). (2.13)

2 One might expect additional laws such as idempotence or commutativity. As argued by Kiselyov (2015), these
laws differ depending on how the monad is used and how it should interact with other effects. The standard
MonadPlus type class has no laws associated. We introduce a different type class, MNondet, to impose the
minimal set of laws for nondeterminism from Rivas et al. (2018). We choose these laws because they are
consistent with both the list monad and with the behaviour of Prolog.
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The standard instance of MState is the state monad State s.

newtype State s a = instance Monad (State s) where
State {rungi. :: s — (a,s)} n x = State (As — (x, 5))

instance MState s (State s) where m >=f = State (As — let (x, ') = rungyye ms
get = State (As — (s, 5)) in runge (f x) ")

put s = State (,_— ((), 5))

2.3 The N-queens puzzle

The n-queens problem used here is an adapted and simplified version from that of Gibbons
and Hinze (2011). The aim of the puzzle is to place » queens on a n x n chess board such
that no two queens can attack each other. This means that no two queens should be placed
on the same row, the same column or the same diagonal of the chess board.

Given n, we number the rows and columns by [1 . . n]. Since all queens should be placed
on distinct rows and distinct columns, a potential solution can be represented by a permu-
tation xs of the list [1 .. n], such that xs !! i = j denotes that the queen on the ith column is
placed on the jth row. Using this representation, queens cannot be put on the same row or
column.

A naive algorithm. We have the following naive nondeterministic algorithm for
n-queens.

queens,give - MNondet m = Int — m [Int]
queens,give N = choose (permutations [ 1 . . n]) == filtr valid

The program queens,,. 4 :: [[Int]] gives as result [[2,4,1,3],[3, 1,4, 2]]. The program
uses a generate-and-test strategy: it generates all permutations of queens as candidate
solutions, and then tests which ones are valid.

The function permutations :: [a] — [[a]] from Data.List computes all the permutations
of its input. The function choose implemented as follows nondeterministically picks an
element from a list.

choose :: MNondet m = [a]l — ma
choose = foldr (([}) o n) @

The function filtr p x returns x if p x holds and fails otherwise.

filtr :: MNondet m = (a — Bool) > a — ma
filtr px = if p x then 1 x else &

The pure function valid :: [ Int] — Bool determines whether the input is a valid solution.

valid :: [Int] — Bool
valid [ ] = True
valid (q : gs) = valid gs A safeq 1 gs

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

From high to low: Simulating nondeterminism and state with state 7

A solution is valid when each queen is safe with respect to the subsequent queens:

safe :: Int — Int — [Int] — Bool
safe — _[] = True
safeqn(qi:qs) =and[q#q1,q #q +n,qFq1 —n,safeq(n+1)gs]

The call safe g n gs checks whether the current queen ¢ is on a different ascending and
descending diagonal than the other queens gs, where # is the number of columns that g is
apart from the first queen ¢; in gs.

Although this generate-and-test approach works and is quite intuitive, it is not very
efficient. For example, all solutions of the form (1 : 2 : ¢gs) are invalid because the first two
queens are on the same diagonal. However, the algorithm still needs to generate and test
all (n — 2)! candidate solutions of this form.

A backtracking algorithm. We can fuse the two phases of the naive algorithm to obtain
a more efficient algorithm, where both generating candidates and checking for validity
happens in a single pass. The idea is to move to a state-based backtracking implementation
that allows early pruning of branches that are invalid. In particular, when placing the new
queen in the next column, we make sure that it is only placed in positions that are valid
with respect to the previously placed queens.

We use a state (Int, [Int]) to contain the current column and the previously placed
queens. The backtracking algorithm of n-queens is implemented as follows.

queens :: (MState (Int, [ Int]) m, MNondet m) = Int — m [ Int]
queens n = loop where
loop = do (c, sol) < get
if ¢ > n then 1 so!/
else do 7 < choose[1..n]
guard (safer 1 sol)
§ < get
put (s ®r)
loop

The function guard fails when the input is false.

guard :: MNondet m = Bool — m ()
guard True =1 ()
guard False = @

The function s @ r updates the state with a new queen placed on row r in the next column.

(®) :: (Int, [Int]) — Int — (Int, [Int])
(®) (c,sol)r=(c+1,r:s0l)

The above monadic version of queens essentially assume that each searching branch
has its own state; we do not need to explicitly restore the state when backtracking.
Though it is a convenient high-level programming assumption for programmers, it causes
obstacles to low-level implementations and optimizations. In the following sections, we
investigate how low-level implementation and optimization techniques, such as those

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

8 W. Tang and T. Schrijvers

found in Prolog’s Warren Abstract Machine and Constraint Programming systems, can
be incorporated and proved correct.

3 Algebraic effects and handlers

This section introduces algebraic effects and handlers, the approach we use to define
syntax, semantics, and simulations for effects. Comparing to giving concrete monad imple-
mentations for effects, algebraic effects and handlers allow us to easily provide different
interpretations for the same effects due to the clear separation of syntax and semantics. As
a result, we can smoothly specify translations from high-level effects to low-level effects
as handlers of these high-level effects and then compose them with the handlers of low-
level effects to interpret high-level programs. Algebraic effects and handlers also provide
us with a modular way to combine our translations with other effects, and a useful tool, the
fusion property, to prove the correctness of translations.

3.1 Free monads and their folds

We implement algebraic effects and handlers as free monads and their folds.

Free monads. Free monads are gaining popularity for their use in algebraic effects
(Plotkin and Power, 2002, 2003) and handlers (Plotkin and Pretnar, 2009, 2013), which
elegantly separate syntax and semantics of effectful operations. A free monad, the syntax
of an effectful program, can be captured generically in Haskell.

data Freef a=Vara|Op (f (Freef a))

This data type is a form of abstract syntax tree (AST) consisting of leaves (Var a) and
internal nodes (Op (f (Freef a))), whose branching structure is determined by the functor
f. This functor is also known as the signature of operations.

A fold recursion scheme. Free monads come equipped with a fold recursion scheme.

fold :: Functor f = (a — b) —> (f b— b) — Freef a— b
fold gen alg (Var x) = genx
fold gen alg (Op op) = alg (fmap (fold gen alg) op)

This fold interprets an AST structure of type Free f a into some semantic domain b. It does
so compositionally using a generator gen :: a — b for the leaves and an algebra alg :: f b —
b for the internal nodes; together these are also known as a handler.

The monad instance of Free is straightforwardly implemented with fold.

instance Functor f = Monad (Free ) where
n = Var
m>=f = foldf Opm

Under certain conditions folds can be fused with functions that are composed with
them (Wu and Schrijvers, 2015; Gibbons, 2000). This gives rise to the following laws:
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fusion-pre : fold (gen o h) alg = fold gen alg o fmap h, 3.D

fusion-post: % o fold gen alg = fold (h o gen) alg’ with h o alg = alg’ o fmap h, (3.2)

fusion-post’ : % o fold gen alg = fold (h o gen) alg’ 3.3)
with /1 o alg o finap f = alg’ o fmap h o finap f and f = fold gen alg.

These three fusion laws turn out to be essential in the further proofs of this paper.

Nondeterminism. Instead of using a concrete monad like List, we use the free monad
Free Nondetp over the signature Nondetp following algebraic effects.

data Nondetr a = Fail | Oraa
This signatures gives rise to a trivial MNondet instance:

instance MNondet (Free Nondety) where
%] = Op Fail
(Dpg=0p(Orpq)

With this representation the right-distributivity law and the left-identity law follow
trivially from the definition of (>=) for the free monad.

In contrast, the identity and associativity laws are not satisfied on the nose. Indeed,
Op (Or Fail p) is for instance a different abstract syntax tree than p. Yet, these syntactic
differences do not matter as long as their interpretation is the same. This is where the
handlers come in; the meaning they assign to effectful programs should respect the laws.
We have the following /4yp handler which interprets the free monad in terms of lists.

hnp :: Free Nondetr a — [a]
hND =f0[d gennp algND

where
genyp x =[x]
algyp Fail =[]

algnp (Orp q) =p ++q
With this handler, the identity and associativity laws are satisfied up to handling as
follows:
hnp (D |m) = hypm = hyp (m || ©)
hyp (m [ n) [ 0) = hyp (m | (n [ 0))
In fact, two stronger contextual equalities hold:
hyp (@ | m) >=k) = hyp (m>=k) = hyp (m || @) >=k)
hyp ((m [ n) [ 0) >=k) = hyp (m ]| (n [ 0)) >=k)
These equations state that the interpretations of the left- and right-hand sides are indis-
tinguishable even when put in a larger program context >= k. They follow from the
definitions of Ayp and (=), as well as the associativity and identity properties of (-+).
We obtain the two non-contextual equations as a corollary by choosing k = 1.

State. Again, instead of using the concrete Stafe monad in Section 2.2, we model states
via the free monad Free (Stater s) over the state signature.
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data Statep s a = Get (s — a) | Puts a
This state signature gives the following MState s instance:

instance MState s (Free (Stater s)) where
get =Op(Getn)
put s = Op (Put s (1 ()

The following handler /g, ,, maps this free monad to the State s monad.

Ry - Free (Statep sya — State s a

hyue =f01d gen's algg
where
geng x = State $ ks — (x, 5)
algg (Get k)= State $ ks — rungge (k s) s
algg (Put s’ k) = State $ ks — rungye k s’

/

It is easy to verify that the four state laws hold contextually up to interpretation with 4, ..

3.2 Modularly combining effects

Combining multiple effects is relatively easy in the axiomatic approach based on type
classes. By imposing multiple constraints on the monad m, e.g. (MState s m, MNondet m),
we can express that m should support both state and nondeterminism and respect their
associated laws. In practice, this is often insufficient: we usually require additional laws
that govern the interactions between the combined effects. We discuss possible interaction
laws between state and nondeterminism in details in Section 4.

The coproduct operator for combining effects. To combine the syntax of effects given
by free monads, we need to define a right-associative coproduct operator :+: for signatures.

data(f:+:g2)a=1Inl(f a)|Inr(ga)

Note that given two functors f and g, it is obvious that f :4: g is again a functor. This
coproduct operator allows a modular definition of the signatures of combined effects. For
instance, we can encode programs with both state and nondeterminism as effects using
the data type Free (Statep :+: Nondetr) a. The coproduct also has a neutral element Nilg,
representing the empty effect set.

data Nilr a -- no constructors

We define the following two instances, which allow us to compose state effects with any
other effect functor f, and nondeterminism effects with any other effect functors f and g,
respectively. As a result, it is easy to see that Free (Stater s :+: Nondetp :+: f) supports
both state and nondeterminism for any functor f".

instance (Functor ) = MState s (Free (Stater s :+: f)) where
get =O0p$Inl$ Getn
putx=0p$Inl$ Putx(n())

instance (Functor [, Functor g) = MNondet (Free (g :+: Nondetr :+: f)) where
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@ =Op$inr$inlFail
x|y=0p$Inr$nl(Orxy)

Modularly combining effect handlers. In order to interpret composite signatures, we
use the forwarding approach of Schrijvers et al. (2019). This way the handlers can be
modularly composed: they only need to know about the part of the syntax their effect is
handling and forward the rest of the syntax to other handlers.

A mediator (#) is used to separate the algebra alg for the handled effects and the
forwarding algebra fwd for the unhandled effects.

#H:(fa>b)—>(ga—>b)—(f:+:29a—b
(alg # fwd) (Inl op) = alg op
(alg # fwd) (Inr op) = fwd op

The handlers for state and nondeterminism we have given earlier require a bit of adjust-
ment to be used in the composite setting since they only consider the signature of their own
effects. We need to interpret the free monads into composite domains, StateT (Freef)a
and Freef [a], respectively. Here, StateT is the state transformer from the Monad
Transformer Library (Jones, 1995).

newtype StateT s m a = StateT {rungsyer :: s — m(a,s)}
The new handlers, into these composite domains, are defined as follows:

Nstate i Functor f = Free (Statep s :4:f) a — StateT s (Freef)a
hsiae = fold geng (algs # fwd)
where
geng x = StateT $ ks — 1 (x, s)
algs (Get k)= StateT $ s — rungyer (ks)s
algs (Put s' k) = StateT $ Ls — runsyer ks’
fwds op = StateT $ Ls — Op $ fmap (Ak — runsyer k s) op

hnps 2 Functor f = Free (Nondety :+: f) a — Freef [a]
hND-&-f ZfOId 8€NNDp+f (algND+f #deND+f)

where
Zennpif =Varon
algnpir Fail = Var([]
algnp+y (Orp q) = liftM2 (+H) p q
Jwdnp.y op =0Opop

Also, the empty signature Nilg has a trivial associated handler.

hyi - Free Nilpa — a
hyy (Varx)=x

3.3 Proof device

The algebraic effects and handlers implementation we introduce in this paper is, much like
the core calculus of a programming language, a proof device and not an ergonomic library.
The results we obtain for this representation can be transferred to other representations.
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Explicit isomorphisms. For instance, notice for instance that A4, and syp., both require
the signature they handle to be on the left in the co-product. It is possible to relax this
requirement by means of advanced type-level programming, e.g., using type class over-
loading (Swierstra, 2008). That makes using handlers more ergonomic at the cost of
obscuring formal reasoning about them. Because the latter is the focus of this paper, we
do not introduce the additional flexibility. Instead, we appeal to explicit isomorphisms, to
reorder the signatures in a co-product. For example, the (<) isomorphism that we will
use in Section 4.2 swaps the order of two functors in the co-product signature of the free

monad.
(&) :: (Functor fi, Functor f,, Functor ) = Free (fi :+:f :-+:f)a— Free(f, :+: f1:+:f)a
(&) (Varx) =Varx
(<) (Op (Inlk)) = (Op o Inr o Inl) (fmap (<) k)

() (Op (Inr (Inl k))) = (Op o Inl) (fmap (<) k)
(<) (Op (Inr (Inr k))) = (Op o Inr o Inr) (fmap (<) k)

Transfer to other representations. Our use of type class constraints allows us to reduce
other monadic representations to the core algebraic effects and handlers representa-
tion by an appeal to parametricity (Voigtlinder, 2009). For instance, for a program
p :: Ym.MNondet m = m Int we have that:

p [ Int] = hyp (p :: Free Nondetr Int)

This is true because Ayp is the structure-preserving map from the Free Nondetp instance
of MNondet to the [ ] instance. That is to say, syp satisfies the following four equations:

hyvp (nx) = nx
hnp(m>==k) = hypm>==hypok
hhp@ = @
hyp(m[[n) = hypm[ hypn

Since the free-monad representation is initial, the structure-preserving map /yp is guar-
anteed to exist and be unique. Now, if we want to prove a property about p :: [Int], the
parametricity equation allows us to prove it instead about hyp (p :: Free Nondetr Int). A
similar observation can be made for other constraints, like MState or the combination of
MState and MNondet.

In the rest of this paper, we focus on results for the core representation of algebraic
effects and handlers. By means of the above approach, these results can be generalized to
other representations.

4 Modelling local state with global state

This section studies two flavours of effect interaction between state and nondeterminism:
local-state and global-state semantics. Local state is a higher-level effect than global state.
In a program with local state, each nondeterministic branch has its own local copy of
the state. This is a convenient programming abstraction provided by many systems that
solve search problems, e.g., Prolog. In contrast, global state linearly threads a single state
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through the nondeterministic branches. This can be interesting for performance reasons:
we can limit memory use by avoiding multiple copies, and perform in-place updates to
reduce allocation and garbage collection, and to improve locality.

In this section, we first formally characterize local-state and global-state semantics,
and then define a translation from the former to the latter which uses the mechanism of
nondeterminism to store previous states and insert backtracking branches.

4.1 Local-state semantics

When a branch of a nondeterministic computation runs into a dead end and the continuation
is picked up at the most recent branching point, any alterations made to the state by the
terminated branch are invisible to the continuation. We refer to this semantics as local-state
semantics. Gibbons and Hinze (2011) also call it backtrackable state.

The local-state laws. The following two laws characterize the local-state semantics for a
monad with state and nondeterminism:

put-right-identity : puts > =, 4.1
put-left-distributivity : puts > (m; || my) = (put s > my) || (put s > my). 4.2)

The equation (4.1) expresses that & is the right identity of put; it annihilates state
updates. The other law expresses that put distributes from the left in (]]).

These two laws only focus on the interaction between put and nondeterminism. The
following laws for get can be derived from other laws. The proof can be found in
Appendix 1.

get-right-identity : get> S =0, 4.3)

get-left-distributivity : get >= (Ax — ki x| ko x) = (get >=ky) || (get >= k). (4.4)

If we take these four equations together with the left-identity and right-distributivity

laws of nondeterminism, we can say that nondeterminism and state “commute”; if a gef or
put precedes a & or ||, we can exchange their order (and vice versa).

Implementation. Implementation-wise, the laws imply that each nondeterministic branch
has its own copy of the state. For instance, Equation (4.2) gives us

put 42 (put 21 || get) = (put 42 > put 21) || (put 42 > get)

The state we get in the second branch is still 42, despite the put 21 in the first branch.
One implementation satisfying the laws is

type Local sma=s— m(a,s)

where m is a nondeterministic monad, the simplest structure of which is a list. This imple-
mentation is exactly that of StateT s m a in the Monad Transformer Library (Jones, 1995)
which we have introduced in Section 3.2.

With effect handling (Kiselyov and Ishii, 2015; Wu et al., 2014), we get the local state
semantics when we run the state handler before the nondeterminism handler:
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hiocal :: Functor f = Free (Stater s :-+: Nondetp :+:f)a — (s — Freef [a])
hiocal = fmap (fmap (finap fs5t) o hypyr) © runsaser © hsiare

In the case where the remaining signature is empty (f = Nilg), we get:
fmap hyi; o hyoeqr o2 Free (Statep s :+: Nondetg :+: Nilp) a — (s — [a])

Here, the result type (s — [a]) differs from s — [(a, s)] in that it produces only a list of
results ([a]) and not pairs of results and their final state ([(a, 5)]). The latter is needed for
Local s m to have the structure of a monad, in particular to support the modular composition
of computations with (>=). Such is not needed for the carriers of handlers because the
composition of computations is taken care of by the (=) operator of the free monad.

4.2 Global-state semantics

Alternatively, one can choose a semantics where state reigns over nondeterminism. In this
case of non-backtrackable state, alterations to the state persist over backtracks. Because
only a single state is shared over all branches of nondeterministic computation, we call
this state the global-state semantics.

The global-state law. The global-state semantics sets apart non-backtrackable state from
backtrackable state. In addition to the general laws for nondeterminism ((2.6) — (2.9)) and
state ((2.10) — (2.13)), we provide a global-state law to govern the interaction between
nondeterminism and state.

put-or: (puts>>m) | n=puts> (m]n). (4.5)

This law allows lifting a put operation from the left branch of a nondeterministic choice.
For instance, if m = & in the left-hand side of the equation, then under local-state semantics
(laws (2.6) and (4.1)) the left-hand side becomes equal to n, whereas under global-state
semantics (laws (2.6) and (4.5)) the equation simplifies to put s > n.

Implementation. Figuring out a correct implementation for the global-state monad is
tricky. One might believe that Global s m a =s — (m a, s) is a natural implementation of
such a monad. However, the usual naive implementation of (>=) for it does not satisfy
right-distributivity (2.8) and is therefore not even a monad. The type ListT (State s) from
the Monad Transformer Library (Jones, 1995) expands to essentially the same implementa-
tion with monad m instantiated by the list monad. This implementation has the same flaws.
More careful implementations of ListT (often referred to as “ListT done right”) satisfy-
ing right-distributivity (2.8) and other monad laws have been proposed by Volkov (2014);
Gale (2007). The following implementation is essentially that of Gale.

newtype Global s a = Gl {runGl :: s — (Maybe (a, Global s a), s)}

The Maybe in this type indicates that a computation may fail to produce a result. However,
since the s is outside of the Maybe, a modified state is returned even if the computation
fails. This Global s a type is an instance of the MState and MNondet type classes.
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instance MNondet (Global s) where

& =Gl (As — (Nothing, s)) instance MState s (Global s) where
P | ¢ = Gl (As — case runGl p s of get = Gl (hs — (Just (s, D), s))
(Nothing, t)— runGlqt puts =Gl (A_— (Just ((), D), s))

(Just (x, 7), 1) = (Just (x,7 [ ), 1))

Failure, of course, returns an empty continuation and an unmodified state. Branching
first exhausts the left branch before switching to the right branch.

Effect handlers (Kiselyov and Ishii, 2015; Wu et al., 2014) also provide implementations
that match our intuition of non-backtrackable computations. The global-state semantics can
be implemented by simply switching the order of the two effect handlers compared to the
local state handler % ycq;.

hGiowar :: (Functor ) = Free (Statep s :+: Nondetr :+:f)a — (s — Freef [a])
hGioba = finap (fmap f5t) o runsyger © hsiare © hnpis 0 (<)

This also runs a single state through a nondeterministic computation. Here, the (<)
isomorphism from Section 3.2 allows /... and hgjpe have the same type signature.
In the case where the remaining signature is empty (f = Nilg), we get:

fmap hyi o hgiopar :: Free (Stater s :+: Nondetp :+: Nilp) a — (s > [a])

Like in Section 4.1, the carrier type here is again simpler than that of the corresponding
monad because it does not have to support the (>=) operator.

4.3 Simulating local state with global state

Both local state and global state have their own laws and semantics. Also, both interpreta-
tions of nondeterminism with state have their own advantages and disadvantages.

Local-state semantics imply that each nondeterministic branch has its own state. This
may be expensive if the state is represented by data structures, e.g. arrays, that are costly to
duplicate. For example, when each new state is only slightly different from the previous,
we have a wasteful duplication of information.

Global-state semantics, however, threads a single state through the entire computation
without making any implicit copies. Consequently, it is easier to control resource usage and
apply optimization strategies in this setting. However, doing this to a program that has a
backtracking structure, and would be more naturally expressed in a local-state style, comes
at a great loss of clarity. Furthermore, it is significantly more challenging for programmers
to reason about global-state semantics than local-state semantics.

To resolve this dilemma, we can write our programs in a local-state style and then
translate them to the global-state style to enable low-level optimizations. In this sub-
section, we show one systematic program translation that alters a program written for
local-state semantics to a program that, when interpreted under global-state semantics,
behaves exactly the same as the original program interpreted under local-state seman-
tics. This translation explicitly copies the whole state and relies on the nondeterminism
mechanism to insert state-restoring branches. We will show other translations from local-
state semantics to global-state semantics which avoid the copying and do not rely on
nondeterminism in Sections 7 and 8.
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get — ASs'
()
4 / \\>
puts puts’
comp 1]

Fig. 1: State-restoring put-operation.

State-restoring put. Central to the implementation of backtracking in the global state
setting is the backtracking variant putg of put. The idea is that putg, when run with a
global state, satisfies laws (2.10) to (4.2) — the state laws and the local-state laws. Going
forward, putz modifies the state as usual, but, when backtracked over, it restores the old
state.

We implement putg using both state and nondeterminism as follows:

putg :: (MState s m, MNondet m) = s — m ()
putg s = get == \s' — put s | side (put s')

Here the side branch is executed for its side effect onlys; it fails before yielding a result.

side :: MNondetm = ma— mb
sidem=m> O

Intuitively, the second branch generated by putg can be understood as a backtracking or
state-restoring branch. The putg s operation changes the state to s in the first branch put s,
and then restores it to the original state s” in the second branch after we finish all com-
putations in the first branch. Then, the second branch immediately fails so that we can
keep going to other branches with the original state s’. For example, assuming an arbitrary
computation comp is placed after a state-restoring put, we have the following calculation.

putr s > comp
= {- definition of puty -}

(get == As' — put s || side (put s')) > comp
= {- right-distributivity (2.8) -}

(get == As' — (put s > comp) || (side (put s') > comp))
= {- left identity (2.9) -}

(get == As' — (put s > comp) | side (put s))

This program saves the current state s’, computes comp using state s, and then restores the
saved state s’. Figure 1 shows how the state-passing works and the flow of execution for a
computation after a state-restoring put.

Another example of puty is shown in Table 2, where three programs are run with initial
state s9. Note the difference between the final state and the program result for the state-
restoring put.
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Table 2: Comparing put and putg

Program result  Final state

nx > get S0 S0
put s > nx > get N N
PUutr s > nx > get s S0

Translation with state-restoring put.

We do not expect the programmer to program against the global-state semantics directly
and use the state-restoring puty as they see fit, as this can be quite confusing and error-
prone. Instead, we provide an automatic translation: The programmer writes their program
against the local-state semantics and uses the regular putz. We then translate the local-
state semantics program to a corresponding global-state semantics program using the effect
handler local2global:

local2global :: Functor f
= Free (Stater s :+: Nondetr :+:f) a
— Free (Statep s :+: Nondetr :+:f) a
local2global = fold Var alg

where
alg (Inl (Put tk)) = putp t >k
algp=0Opp

This handler maps the put with local-state semantics onto the state-restoring putg with
global-state semantics. All other local-state operations are mapped onto their global-state
counterpart.

For example, recall the backtracking algorithm gueens for the n-queens example in
Section 2.3. It is initially designed to run in the local-state semantics because every branch
maintains its own copy of the state and has no influence on other branches. We can handle
it with Ay ,.,; as follows.

queensyocy i Int — [[Int]]
queensyocal = hNil Oﬂlp hLocal (05 []) o queens

With the simulation local2global, we can also translate queens to an equivalent program
in global-state semantics and handle it with Zgopa.

queensgiopa - Int — [[Int]]
queensGiobal = hwit o flip haiopar (0, [ 1) o local2global o queens

The following theorem guarantees that the translation local2global preserves the
meaning when switching from local-state to global-state semantics:

Theorem 1.  /igjopa 0 local2global = hyyeqr

Proof Both the left-hand side and the right-hand side of the equation consist of function
compositions involving one or more folds. We apply fold fusion separately on both sides
to contract each into a single fold:
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hiovat © local2global = fold gen s (alg] s # algpps # fwd )
hiocw = fold gengyg (algiHS #al Rgs #fwdpyg)

We approach this calculationally. That is to say, we do not first postulate definitions of
the unknowns above (alg’ s and so on) and then verify whether the fusion conditions are
satisfied. Instead, we discover the definitions of the unknowns. We start from the known
side of each fusion condition and perform case analysis on the possible shapes of input.
By simplifying the resulting case-specific expression, and pushing the handler applications
inwards, we end up at a point where we can read off the definition of the unknown that
makes the fusion condition hold for that case.

Finally, we show that both folds are equal by showing that their corresponding
parameters are equal:

genigs = 8€Nhgys
s _ N
algiys = algpys
D _ D
alg/pys = algpys

fW dLHS = fW dRHS

A noteworthy observation is that, for fusing the left-hand side of the equation, we do not
use the standard fusion rule fusion-post (3.2):

hGiobar © fold Var alg = fold (hGiopar © Var) alg’
= hGiobar 0 alg = alg’ o finap hgiopai

where local2global = fold Var alg. The problem is that we will not find an appropriate alg’
such that alg’ (fmap hgiopa t) restores the state for any z of type (Stater s :+: Nondetr :+:
f) (Free (Statep s :+: Nondetp :+: f) a).

Fortunately, we do not need such an alg’. We can assume that the subterms of ¢ have
already been transformed by local2global, and thus all occurrences of Put appear in the
putg constellation.

We can incorporate this assumption by using the alternative fusion rule fusion-
post’ (3.3):

hGiopar 0 fold Var alg = fold (hgiopar © Var) alg'
= hGiobar © alg o fimap local2global =  alg' o fmap hgiopa © fmap local2global

The additional finap local2global in the condition captures the property that all the
subterms have been transformed by local2global.

In order to not clutter the proofs, we abstract everywhere over this additional
fmap local2global application, except for the key lemma which expresses that the syn-
tactic transformation local2global makes sure that, despite any temporary changes, the
computation f restores the state back to its initial value.

We elaborate each of these steps in Appendix 2. |

Note on global replacement. To preserve the behaviour when going from local-state to

global-state semantics, care should be taken to replace all occurrences of put. Particularly,
placing a program in a larger context, where put has not been replaced, can change the
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meaning of its subprograms. An example of such a problematic context is (> put f), where
the get-put law (2.12) breaks and programs get > puty and 5 () can be differentiated:

(get > putg) > put t
= {- definition of puty -}

(get = As — get >= Asg — put s | side (put s¢)) > put t
= {- get-get(2.13)-}

(get >= As — put s || side (put s)) > put t
= {- right-distributivity (2.8) -}

(get = As — (put s >> put t) | (side (put s)) > put t)
= {- left-identity (2.9) -}

(get = As — (put s >> put t) || side (put s))
= {- put-put (2.10) -}

(get = As — put t || side (put s))

n() > putt
=putt

Those two programs do not behave in the same way when s # ¢. Hence, only provided
that all occurrences of put in a program are replaced by putg can we simulate local-state
semantics with global-state semantics. This has been articulated in the proof by the compo-
sition Agjpa © local2global: there is no room between the replacement by local2global and
the interpretation with 4,5, to add plain put operations. The global replacement require-
ment also manifests itself in the proof, in the form of the fusion-post’ rule rather than the
more widely used fusion-post rule.

5 Modelling nondeterminism with state

In the previous section, we have translated the local-state semantics, a high-level combi-
nation of the state and nondeterminism effects, to the global-state semantics, a low-level
combination of the state and nondeterminism effects. In this section, we further translate
the resulting nondeterminism component, which is itself a relatively high-level effect, to
a lower-level implementation with the state effect. Our translation coincides with the fact
that, while nondeterminism is typically modelled using the List monad, many efficient
nondeterministic systems, such as Prolog, use a low-level state-based implementation to
implement the nondeterminism mechanism.

5.1 Simulating nondeterminism with state

The main idea of simulating nondeterminism with state is to explicitly manage

1. a list of the results found so far, and
2. alist of yet to be explored branches, which we call a stack.

This stack corresponds to the choicepoint stack in Prolog. When entering one branch,
we can push other branches to the stack. When leaving the branch, we collect its result and
pop a new branch from the stack to continue.

We define a new type S a consisting of the results and stack.

type Comp s a = Free (Stater s) a
data S a =S {results::[a], stack :: [ Comp (S a) ()]}
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pops :: Comp (S a) () pushg :: Comp (Sa)() appends :: a
pops =do — Comp (S a) () — Comp (S a) ()
S xs stack < get — Comp (S a) () — Comp (S a) ()
case stack of pushs g p=do appends x p = do
[1 —-n0 S xs stack < get S xs stack < get
p:ps— do put (S xs (q : stack)) put (S (xs ++[x]) stack)
put (S xs ps); p p p
(a) Popping from the stack. (b) Pushing to the stack. (c) Appending a result.

Fig. 2: Auxiliary functions pops, pushs, and appends.

The branches in the stack are represented by computations in the form of free monads over
the Stater signature. We do not allow branches to use other effects here to show the idea
more clearly. In Section 5.2, we will consider the more general case where branches can
have any effects abstracted by a functor f".

For brevity, instead of defining a new stack effect capturing the stack operations like pop
and push, we implement stack operations with the state effect. We define three auxiliary
functions in Figure 2 to interact with the stack in S a:

e The function pops removes and executes the top element of the stack.
e The function pushg pushes a branch into the stack.
e The function appends adds a result to the current results.

Now, everything is in place to define a simulation function nondet2states that interprets
nondeterministic programs represented by the free monad Free Nondetr a as state-wrapped
programs represented by the free monad Free (Stater (S a)) ().

nondet2states :: Free Nondetr a — Free (Statep (S a)) ()
nondet2states = fold gen alg
where
genx = appends x pops
alg Fail = pops
alg (Or p q) = pushs q p

The generator of this handler records a new result and then pops the next branch from the
stack and proceeds with it. Likewise, for failure the handler simply pops and proceeds with
the next branch. For nondeterministic choices, the handler pushes the second branch on
the stack and proceeds with the first branch. The nondet2states implements the depth-first
search strategy which is consistent with the implementation of /yp>.

To extract the final result from the S wrapper, we define the extracts function.

extracts :: State (S a) () = [a]

extracts x = results o snd $ runge x (S[]1[])

3 Tt is also possible to implement the breadth-first search strategy by replacing the stack with a queue.
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Finally, we define the function runyp which wraps everything up to handle a non-
deterministic computation to a list of results. The state handler /g, is defined in
Section 3.1.

runyp :: Free Nondetr a — [a]

/

Gate © NONdet2stateg

runyp = extracts o h

We have the following theorem showing the correctness of the simulation via the equiva-
lence of the runyp function and the nondeterminism handler /yp defined in Section 3.1.

Theorem 2.  runyp = hyp

The proof can be found in Appendix 3.1. The main idea is again to use fold fusion.
Consider the expanded form

/

rare) © nondet2states = hyp

(extracts o h

Both nondet2states and hyp are written as folds. We use the law fusion-post’ (3.3) to fuse
the left-hand side into a single fold. Since the right-hand side is already a fold, to prove
the equation we just need to check the components of the fold Ayp satisfy the conditions
of the fold fusion, i.e., the following two equations: For the latter, we only need to prove
the following two equations:

(extracts o ) o zen = genyo
rae) © Alg o fmap nondet2stateg
/

= algnp o finap (extracts o hy,,,,

(extracts o h
) o fmap nondet2stateg

where gen and alg are from the definition of nondet2states, and genyp and algyp are from
the definition of /yp.

5.2 Combining the simulation with other effects

The nondet2states function only considers nondeterminism as the only effect. In this sec-
tion, we generalize it to work in combination with other effects. One immediate benefit is
that we can use it in together with our previous simulation local2global in Section 4.3.
Firstly, we need to augment the signature in the computation type for branches with an
additional functor f for other effects. The computation type is essentially changed from
Free (Stater s) a to Free (Stater s :+: f) a. We define the state type SS f a as follows:

type Compss sf a = Free (Statep s :+:f) a
data SS f a =SS {resultsss :: [a], stackss :: [ Compss (SSfa)f ()]}

We also modify the three auxiliary functions in Figure 2 to popss, pushss and appendsg
in Figure 3. They are almost the same as the previous versions apart from being adapted to
use the new state-wrapper type SS f a.

The simulation function nondet2state is also very similar to nondet2states except for
requiring a forwarding algebra fwd to deal with the additional effects in f.

nondet2state :: Functor f = Free (Nondetp :+: f) a — Free (Stater (SSf a) :+:f) ()
nondet2state = fold gen (alg # fwd)
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popss :: Functor f pushss :: Functor f appendss :: Functor f
= Compgs (SSf a)f () = Compgs (SSfa)f () =a
popss = do — Compss (SSfa)f () — Compss(SSfa)f ()
SS xs stack < get — Compss (SSfa)f () — Compgss (SSfa)f ()
case stack of pushss qp =do appendss x p = do
[1 —=n0 SS xs stack < get SS xs stack < get
p:ps— do put (SS xs (q : stack)) put (SS (xs ++[x]) stack)
put (SS xs ps); p p p
(a) Popping from the stack.  (b) Pushing to the stack. (c) Appending a result.

Fig. 3: Auxiliary functions popss, pushss and appendss.

where

genx = appendss x popss
alg Fail = popss

alg (Or p q) = pushss q p
Swdy = Op (Inry)

The function runyp., puts everything together: it translates the nondeterminism effect into
the state effect and forwards other effects using nondet2state, then handles the state effect
using /Ay, and finally extracts the results from the final state using extractss.

runyp4s :: Functor f = Free (Nondetr +: f) a — Freef [a]
runyp4s = extractss o hsye o nondet2state

extractss 2 Functor f = StateT (SS f a) (Freef) () — Freef [a]
extractss x = resultsss o snd (8) runger x (SS 111

We have the following theorem showing that the simulation runyp.r is equivalent to the
modular nondeterminism handler /ypr in Section 3.2.

Theorem 3.  runypyr = hnpir

The proof proceeds essentially in the same way as in the non-modular setting. The main
difference, due to the modularity, is an additional proof case for the forwarding algebra.

(extractss o hsiae) o fwd o fimap nondet2states
= fwdypys o fmap (extractss o hge) o fmap nondet2states

The full proof can be found in Appendix 3.2.

6 Allin one

This section combines the results of the previous two sections to ultimately simulate the
combination of nondeterminism and state with a single state effect.

6.1 Modelling two states with one state

When we combine the two simulation steps from the two previous sections, we end up
with a computation that features two state effects. The first state effect is the one present
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originally, and the second state effect keeps track of the results and the stack of remaining
branches to simulate the nondeterminism.

For a computation of type Free (Stater 51 :+: Stater s, :+: f) a that features two state
effects, we can go to a slightly more primitive representation Free (Stater (s1,s2) :+:f)a
featuring only a single state effect that is a pair of the previous two states.

The handler states2state implements the simulation by projecting different get and put
operations to different components of the pair of states.

states2state :: Functor f
= Free (Stater s| :+: Stater s, :+:f)a
— Free (Stater (s1,52) :+:f)a
states2state = fold Var (alg, # alg, # fwd)
where
alg, (Getk) =get>==A(s1,_) — ks
alg, (Put s} k) =get = X(_, s7) = put (s],82) >k
alg, (Getk) =get>==A_, $2)— ks
alg, (Put s, k) = get == A(s1, —) — put(s1,8,) >k
Jfwd op = Op (Inr op)

We have the following theorem showing the correctness of states2state:
Theorem 4. /g0, = nest o hgye 0 states2state

On the left-hand side, we write /g4, for the composition of two consecutive state handlers:

Nstates 2 Functor f = Free (Stater sy :+: Statep s, :+:f) a — StateT s, (StateT s, (Freef))a
hStates x = StateT (hStute O r'iilStateT (hState x))

Nyuses 1 Functor f = Free (Stater s| +: Stater s, -+ f) a — StateT (s1,52) (Freef)a
hZS‘tates t = StateT § A(s1,82) > a (§) runsiaer (Astare (runsiaer (hsiaie t) 1)) 52

On the right-hand side, we use the isomorphism nest to mediate between the two different
carrier types. The definition of nest and its inverse flatten are defined as follows:

nest  :: Functor f = StateT (s1,s2) (Freef) a — StateT s| (StateT s, (Freef))a
nestt = StateT $ As, — StateT $ Asy — =" (§) rungier t (s1, 52)

flatten :: Functor f = StateT s| (StateT s, (Freef))a — StateT (s1,s,) (Freef)a
flatten t = StateT $ A(s1,52) = @ 8) runger (Funsier t 1) S2

where the isomorphism ! and its inverse « rearrange a nested tuple

o ((a,x),) = (a, (x, ) a! i (a, (%) = ((@,x),)

a ((a,x),y) = (a, (x,)) a! (@, (x,») = (a,%),y)
The proof of Theorem 4 can be found in Appendix 4. Theorem 4 has two function com-
positions on the right-hand side, which would require using fusion twice, resulting
in a complicated handler. To avoid this complexity, we show the correctness of the
isomorphism of nest and flatten, and prove the following equation:

flatten o hsyases = hsiare © States2state
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The following commuting diagram summarizes the simulation.

htates

Free (Statep s\ :+: Statep s, :+:f) a ————— StateT s| (StateT s, (Freef))a

states2state Slatten nest

Free (Stater (s1,52) :+:f)a > StateT (s1,52) (Freef)a

hstate

6.2 Putting everything together

We have defined three translations for encoding high-level effects as low-level effects.

e The function local2global simulates the high-level local-state semantics with global-
state semantics for the nondeterminism and state effects (Section 4).

e The function nondet2state simulates the high-level nondeterminism effect with the
state effect (Section 5).

e The function states2state simulates multiple state effects with a single state effect
(Section 6.1).

Combining them, we can encode the local-state semantics for nondeterminism and state
with just one state effect. The ultimate simulation function simulate is defined as follows:

simulate :: Functor f
= Free (Stater s :+: Nondetp -+:f)a
— s — Freef [a]
simulate = extract o hgy,, o states2state o nondet2state o (<) o local2global

Similar to the extractsg function in Section 5.2, we use the extract function to get the final
results from the final state.

extract :: Functor f
= StateT (SS (Stater s :4:f) a,s) (Freef) ()
— 5 — Freef [a]
extract x s = resultsgs o fst o snd (8) rungier x (SS[1[1], s)

Figure 4 illustrates each step of this simulation.

In the simulate function, we first use our three simulations local2global, nondet2state
and states2state to interpret the local-state semantics for state and nondeterminism in terms
of only one state effect. Then, we use the handler /g, to interpret the state effect into a
state monad transformer. Finally, we use the function extract to get the final results.

We have the following theorem showing that the simulate function exactly behaves the
same as the local-state semantics given by fiz,cq;.

Theorem 5.  simulate = hy,cq

The proof can be found in Appendix 5.
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Free (Statep s :+: Nondetr :+:f)a
llncalZglobal

Free (Statep s :+: Nondetr :+:f)a
l(é)

Free (Nondetr :+: Stater s :-+:f) a
lnondeﬁstate

Free (Statep (SS (Stater s :+: f) a) :+: Stater s :+: 1) ()
Free (Statep (SS (Statep s :-+:f) a,s):+:1) ()

thtate

StateT (SS (Stater s :+:f) a,s) (Freef) ()

lextmct

s— Freef [a]

Fig. 4: An overview of the simulate function.

We provide a more compact and direct definition of simulate by fusing all the
consecutive steps into a single handler:

type Compsfa=(CPf as,s)— Freef [a]
data CPf as= CP {results ::[a], cpStack :: [ Comp s f a]}
simulater :: Functor f

= Free (Statep s :+: Nondetr :+:f) a

— 5
— Freef [a]
simulater x s = fold gen (alg, # alg, # fwd) x (CP[][ 1, s)
where
genx (CP xs stack, s) = continue (xs ++[x]) stack s

alg, (Getk) (CPuxsstack,s) = ks (CP xs stack, s)
alg, (Puttk) (CPuxsstack,s) =k (CP xs (backtracking s : stack), t)

alg, Fail (CP xs stack, s) = continue xs stack s
alg, (Orpq) (CPuxsstack,s) =p (CPxs(q: stack), s)
Jfwd op (CP xs stack, s) = Op (fmap ($(CP xs stack, s)) op)
backtracking s (CP xs stack, _) = continue xs stack s
continue xs stack s = case stack of
(I —nxs

(p:ps)— p(CPxsps,s)

The common carrier of the above algebras alg, # alg, # fwd is Comp s f a. This is a com-
putation that takes the current results, choicepoint stack and application state, and returns
the list of all results. The first two inputs are bundled in the CP type.
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N-queens with only one state. With simulate, we can implement the backtracking
algorithm of the n-queens problem in Section 2.3 with only one state effect as follows.

queensg, :: Int — [[Int]]
queenss;, = hyy o flip simulate (0, [ ]) o queens

7 Modelling local state with undo

Section 4.3 uses local2global to simulate local state with global state by replacing put
with the state-restoring version putg. The putp operation makes the implicit state copy-
ing of the local-state semantics explicit in the global-state semantics. This copying can
be rather costly if the state is big (e.g., a long array). It is especially wasteful when the
modifications made to that state are small (e.g., a single entry in the array). Fortunately,
lower-level effects present more opportunities for fine-grained optimization. In particular,
we can exploit the global-state semantics to avoid copying the whole state. Instead, we only
keep track of the modifications made to the state, and undo them when backtracking. This
section formalizes that approach in terms of an alternative translation from the local-state
semantics to the global-state semantics that incrementally records reversible state updates.

7.1 Reversible state updates

Our goal is to undo a state change without holding on to the old state. Instead, we should
be able to recover the old state from the new state. However, knowing only the new state
is usually not enough to accomplish this. We must also know “what update was applied to
the old state that led to the new state”.

We reify the information about the update in a type u, which depends on the particular
application at hand. For example, in the queens program of Section 2.3 we repeatedly
update the state to place an additional queen on the board. Recall that a state s of type
(Int, [Int]) consists of the current column ¢ and the partial solution sol, i.e., the rows of the
already placed queens. Hence, the information we need to characterize an update is the row
r of the queen to place in the current column, i.e., u = Int. The update itself is performed
as s @ r, where

(®) :: (Int, [Int]) — Int — (Int, [Int])
(@) (c,s0)r=(c+1,r:sol)

Now we can clearly recover the old state from the new state and the modification as
follows:

(©) ::(Unt,[Int]) — Int — (Int, [Int])
(©) (¢, s0l)r=(c — 1, tail sol)

Indeed, we clearly have (s r) ©r=s.

In general, we define a typeclass Undo s u with two operations () and (©) to char-
acterize reversible state updates. Here, s is the type of states and u is the type of
updates.

class Undo s u where
@®)::s—>u—>s
©B):s—>u—>s
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Instances of Undo should satisfy the following law which says that Ox is a left inverse of
©Dx:

plus-minus: (&x)o (Bx) = id. (7.1)

7.2 Reversible state update effect

For our optimized approach to work, we have to restrict the way the state is changed in
local-state programs. We no longer allow arbitrary put s” calls to change the implicit state.
The only supported changes are of the form put (s & u) where s is the current state.

To enforce this requirement, we replace the general get/put interface provided by MState
with the more restricted interface of a new type class:

class (Monad m, Undo s u) = MModify s um | m — s, m — u where
mget :ms
update ::u— m ()
restore :: u — m ()

This MModify class has three operations: a mget operation that reads and returns the state

(similar to the get operation of MState), an update u operation that updates the state with

the reversible state change u, and a resfore u operations that reverses the update u. Note

that only the mget and update operations are expected to be used by programmers; restore

operations are automatically generated by the translation to the global-state semantics.
The three operations satisfy the following laws:

mget-mget : mget == (As — mget ==k s) = mget = (As = ks5), (7.2)
update-mget : mget == As — update u > 1 (s ® u) = update u > mget, (7.3)
restore-mget : mget == \s — restore u > 1) (s © u) = restore u > mget, (7.4)
update-restore : update u > restoreu = (). (7.5)

The first law for mget corresponds to that for get. The second and third law, respectively,
capture the impact of update and restore on mget. Finally, the fourth law expresses that
restore undoes the effect of update.

We can rewrite the queens program to make use of this MModify type class. Compared
to the MState-based version in Section 2.3, we only need to replace get with mget and
put (s @ r) with update r.

queensy; . (MModify (Int, [ Int]) Int m, MNondet m) = Int — m [ Int]
queensy; n = loop where
loop = do (c, sol) < mget
if ¢ > n then 7 so/
else do r < choose[1..n]
guard (safer 1 sol)
update r
loop
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Like we did for the state effects in Section 3.1, we define a new signature Modifyr rep-
resenting the syntax of modification-based state effects and implement the free monad
Free (Modifyr s r:4:f) as an instance of MModify s r.

data Modifyr sra = MGet (s — a) | MUpdate r a | MRestore r a

instance (Functor f, Undo s r) = MModify s r (Free (Modifyr s r :+: f)) where
mget = Op (Inl (MGet n))
update r = Op (Inl (MUpdater (n ())))
restore r = Op (Inl (MRestore r (11 ())))

Like the hgy. handler, the following /a5 handler maps this free monad to the StateT
monad transformer, but now using the operations (@) and (&) provided by Undo s r.

hatodify :: (Functor f', Undo s r) = Free (Modifyp s r:+:f) a — StateT s (Freef) a
hatoaisy = fold gen (alg # fwd)

where
genx = StateT $ As — 1 (x, 5)
alg (MGet k) = StateT $ As — runger (ks)s

alg (MUpdate r k) = StateT $ As — rungyer k (s © 1)
alg (MRestore r k) = StateT $ As — runger k (s ©'1)
fwdy = StateT $ Ls — Op (finap (Ak — rungyer k s) y)

It is easy to check that the four laws hold contextually up to interpretation with Az -

Note that here we still use the StateT monad transformer and immutable states for the
clarity of presentation and simplicity of proofs. The (@) and (©) operations also take
immutable arguments. To be more efficient, we can use mutable states to implement in-
place updates or use the technique of functional but in-place update (Lorenzen et al., 2023).
We leave them as future work.

Similar to Sections 4.1 and 4.2, the local-state and global-state semantics of Modifyy
and Nondetr are given by the following functions ;. and Agiopain, respectively.

hiocay 22 (Functor f, Undo s r)

= Free (Modifyr s r :+: Nondetr :-+:f)a — (s — Freef [a])
hiocaive = fimap (fmap (fimap fst) o hyp.yr) © runisiaer © Ratodify
hGiopaivt =2 (Functor f, Undo s r)

= Free (Modifyp s r :+: Nondetr :+:f)a — (s = Freef [a])
hGiobaiv = fmap (fmap f5t) o rungaer © Aypodify © Anp4r © (&)

For example, the locate-state interpretation of gueens), is obtained through:

queensyocan - Int — [[Int]]
queensocal = hNil Oﬂip hLocalM (0, []) O queens)y

7.3 Simulating local state with global state and undo

We can implement the translation from local-state semantics to global-state semantics for
the modification-based state effects in a similar style to the translation local2global in
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Section 4.3. The translation local2globaly, still uses the mechanism of nondeterminism to
restore previous state updates for backtracking. In Section 8, we will show a lower-level
simulation of local-state semantics without relying on nondeterminism.

local2globaly; :: (Functor f, Undo s u)
= Free (Modifyr s u :4: Nondetr :+:f) a
— Free (Modifyp s u :+: Nondetp :+:f)a
local2globaly; = fold Var alg

where
alg (Inl (MUpdate u k)) = (update u || side (restore u)) > k
algp=0pp

Compared to local2global, the main difference is that we do not need to copy and store the
whole state. Instead, we store the update « and reverse the state update using restore u in
the second branch. The following theorem shows the correctness of local2globaly,.

Theorem 6. Given Functor f and Undo s u, the equation
haiobaim © local2globalyy = hyocain

holds for all programs p :: Free (Modifyr s u :+: Nondetr :4:f)a that do not use the
operation Op (Inl MRestore _ _).

The proof of this theorem can be found in Appendix 6.
As a consequence of the theorem, we can get the desired local-state behaviour for
queens), by simulating it with global-state semantics as follows:

queensgiopaiy -: Int — [[Int]]
queensGiobaivt = hir 0 flip hGiopainv (0, [ 1) o local2globaly, o queensy,

8 Modelling local state with trail stack

In order to restore the previous state during backtracking, the approaches of Section 4.3
and Section 7 both introduce a new failing branch at every individual modification of the
state. The Warren Abstract Machine (WAM) (Ait-Kaci, 1991) does this in a more efficient
and lower-level way: it stores consecutive updates in a trail stack and then batch-processes
them on backtracking. This avoids introducing any additional branches. This section first
incorporates that trail-stack idea in the modification-based approach of Section 7. Then, by
combining it with the earlier state-based simulation of nondeterminism, we get an overall
simulation of local state in terms of two stacks, the choicepoint stack and the trail stack.

8.1 Simulating local state with global trail stack

Let us work out the trail stack idea in more detail. For that, we will need a second instance
of the state effect. The primary one keeps track of the state featured in the local-state
semantics. The new, secondary one keeps track of the trail stack. We can easily model this
stack datastructure as a Haskell lists.

newtype Stack a = Stack [a]
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We store this stack in the secondary instance of the state effect, and we add and remove
elements through the pushStack and popStack functions.

pushStack :: MState (Stack a) m popStack :: MState (Stack a) m
=a—>m() = m (Maybe a)
pushStack x = do popStack = do
Stack xs < get Stack xs < get
put (Stack (x : xs)) case xs of

[] — 1 Nothing
(x: xs") — do put (Stack xs'); n (Just x)

We store two types of entries in the trail stack. The first types are the reversible updates
u (see Section 7) that we apply to the primary state. The second types are markers that
mark the end of a batch on the trail stack; we represent these with the unit type (). Hence,
we use the sum type Either u () to use both as elements of the trail stack.

When we enter a left branch, we push a Right () marker on the trail stack. For every
state update # we perform in that branch, we push the corresponding Left u entry on top of
the marker. When we backtrack to the right branch, we unwind the trail stack down to the
marker and reverse all updates along the way. This process is known as “untrailing”.

untrail :: (MState (Stack (Either u ())) m, MModify s um) = m ()
untrail = do top < popStack
case top of
Nothing S
Just (Right )) = n ()
Just (Left u) — restore u > untrail

With the above trail stack functionality in place, the following translation function
local?trail simulates the local-state semantics with global-state semantics by means of
the trail stack.

local?trail :: (Functor f, Undo s u)

= Free (Modifyp s u :+: Nondetr :+:f) a

— Free (Modifyr s u :+: Nondetr :+: Stater (Stack (Either u ())) :+:f) a
local?trail = fold Var (alg, # alg, # fwd)

where
alg, (MUpdate u k) = pushStack (Left u) > update u > k
alg, p =O0polnl$p
alg, (Orpq) = (pushStack (Right ()) > p) || (untrail > q)
alg, p =Opolnrolnl$p
fwdp =Opolnrolnrolnr$p

As already informally explained above, this translation function 1) pushes updates to the
trail tack, 2) pushes a marker to the trail stack in the left branch of a choice, and 3) untrails
in the right branch. All other operations remain as is.

To ensure that pushStack and popStack access the secondary, trail-stack state in the
above translation, we also need to define the following instance of MState.
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instance (Functor f, Functor g, Functor h)
= MState s (Free (f :+: g :+: Statep s :+: h)) where
get =Opolnrolnrolnl$ Getn
putx = Op o InroInroInl$ Putx (n ()

Now, we can combine the simulation local2trail with the global-state semantics
provided by Agiopains, and handle the trail stack at the end.

hGiopair =2 (Functor f, Undo s u)
= Free (Modifyr s n:+: Nondetg :-+:f)a— s — Freef [a]
hGiovair = finap (fimap fst o flip runsier (Stack [ 1) o hswase) © hGiopain © local2trail

The following theorem establishes the correctness of /.7 With respect to the local-state
semantics given by /,.,; defined in Section 4.1.

Theorem 7. Given Functor f and Undo s u, the equation

hGlabalT = hLocalM

holds for all programs p :: Free (Modifyr s u :+: Nondetr :+:f)a that do not use the
operation Op (Inl (MRestore _ _)).

The proof can be found in Appendix 7; it uses the same fold fusion strategy as in the
proofs of other theorems.

8.2 Putting everything together, again

We can further combine the local2trail simulation with the nondet2state simulation
of nondeterminism from Section 5 and the stateZstate simulation of multiple states
from Section 6.1. The resulting simulation encodes the local-state semantics with one
modification-based state and two stacks, a choicepoint stack generated by nondet2state
and a trail stack generated by local2trail. This has a close relationship to the WAM of
Prolog. The modification-based state models the state of the program. The choicepoint
stack stores the remaining branches to implement the nondeterministic searching. The trail
stack stores the previous state updates to implement the backtracking.

The combined simulation function simulater is defined as follows:

simulater  :: (Functor f, Undo s u)
= Free (Modifyr s u :+: Nondetr :+: f) a
— s — Freef [a]
simulater x s = extractT o hge
o finap fst o flip runsuser S © Mypodify
o (&) o states2state o (O)
o (&) o nondet2state o (&)
o local2trail $ x

It uses the auxiliary function extractT to get the final results and (O) to reorder the signa-
tures. Note that the initial state used by extractT is (SS[][], Stack []), which contains an
empty results list, an empty choicepoint stack, and an empty trail stack.
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Free (Modifyp s u :+: Nondetr :+: f) a
llocathmil
Free (Modifyp s u :+: Nondety :+: Stater (Stack (Either u())):+:f)a
l(@)onondeﬂstateo(@)
Free (Modifyr s u :+: Statep (St s uf a) :+: Stater (Stack (Either u())) :+:f) ()
l(@)ostatesZstateo(O)
Free (Modifyp s u :+: Stater (St s u f a, Stack (Either u ())) :+: /) ()
| st runsaer s
Free (Stater (St suf a, Stack (Either u ())) :+: 1) ()
lextmctTthm,e

Freef [a]

Fig. 5: An overview of the simulater function.

extractT x = resultsss o f5t o snd ($) runger x (SS[1[ 1, Stack [ 1)

(O) :: (Functor f1, Functor f,, Functor f3, Functor f4)
= Free (fi :-+:fo :+:f3:+:f4)a— Free(f, :+:f3:+:f1:+:f4)a

(O) (Var x) = Varx
(O)(Op (Inl k)) = (Op o Inr o Inr o Inl) (finap (O) k)
(O) (Op (Inr (Inl k))) = (Op o Inl) (fmap (O) k)

(O) (Op (Inr (Inr (Inl k)))) = (Op o Inr o Inl) (fmap (O) k)
(O) (Op (Inr (Inr (Inr k)))) = (Op o Inr o Inr o Inr) (fimap (O) k)

Figure 5 illustrates each step of this simulation. The state type Stsuf a is defined as

SS (Modifyr s u :+: Stater (Stack (Either u ())) :+:f) a.

In the simulater function, we first use our three simulations local2trail, nondet2state
and states2state (together with some reordering of signatures) to interpret the local-state
semantics for state and nondeterminism in terms of a modification-based state and a general
state containing two stacks. Then, we use the handler /45 to interpret the modification-
based state effect, and use the handler /g, to interpret the two stacks. Finally, we use the

function extractT to get the final results.
As in Section 6.2, we can also fuse simulater into a single handler.

type Compfasu=(WAM f asu,s)— Freef [a]
data WAM f asu= WAM {results ::[a]
, cpStack :: [Comp f a s u]
, trStack ::[Eitheru ()]}
simulaterg :: (Functor f, Undo s u)
= Free (Modifyr s u :+: Nondetr :-+:f) a
—> s

— Freef [a]
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simulatery x s = fold gen (alg, # alg, # fwd) x (WAM [1[1[],s)
where
genx (WAM xs cp tr, s) = continue (xs ++[x]) cp trs
alg, (MGet k) (WAM xs cp tr,s) =k s (WAM xs cp tr, s)
alg, (MUpdate u k) (WAM xs cp tr,s) =k (WAM xs cp (Left u : tr), s ® u)
alg, (MRestore u k) (WAM xscp tr,s) =k (WAM xs cp tr, s © u)

alg, Fail (WAM xs cp tr, s) = continue xs cp tr s

alg, (Orpq) (WAM xs cp tr,s) = p (WAM xs (untrail q : cp) (Right () : tr), s)
fwd op (WAM xs cp tr, s) = Op (finap ($(WAM xs cp tr, s)) op)

untrail q (WAM xs cp tr, s) = case tr of

[1—> q(WAM xs cp tr, s)

Right ():tr' — q(WAM xs cp tr', s)

Leftn:tr'  — untrail g (WAM xscp tv', s © u)
continue xs cp tr s = case cp of

[] —nxs

p:cp — p(WAM xs cp' tr, s)

Here, the carrier type of the algebras is Comp f a s u. It differs from that of simulater in
that it also takes a trail stack as an input.

N-queens with two stacks. With simulater, we can implement the backtracking algorithm
of the n-queens problem with one modification-based state and two stacks.

queensSimT :: Int — [[Int]]
queensSimT = hy; o flip simulater (0, [ ]) o queensy,

9 Related work

There are various related works.

9.1 Prolog

Prolog is a prominent example of a system that exposes nondeterminism with local state
to the user, but is itself implemented in terms of a single, global state.

Warren abstract machine. The folklore idea of undoing modifications upon backtrack-
ing is a key feature of many Prolog implementations, in particular those based on the
Warren Abstract Machine (WAM) Warren (1983); Ait-Kaci (1991). The WAM’s global
state is the program heap and Prolog programs modify this heap during unification only in
a very specific manner: following the union-find algorithm, they overwrite cells that con-
tain self-references with pointers to other cells. Undoing these modifications only requires
knowledge of the modified cell’s address, which can be written back in that cell dur-
ing backtracking. The WAM has a special stack, called the trail stack, for storing these
addresses, and the process of restoring those cells is called untrailing.

WAM derivation and correctness. Several authors have studied the derivation of the
WAM from a specification of Prolog, and its correctness.
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Borger and Rosenzweig (1995) start from an operational semantics of Prolog based on
derivation trees and refine this in successive steps to the WAM. Their approach was later
mechanized in Isabelle/HOL by Pusch (1996). Pirog and Gibbons (2011) sketch how the
WAM can be derived from a Prolog interpreter following the functional correspondence
between evaluator and abstract machine Ager et al. (2005).

Neither of these approaches is based on an abstraction of effects that separates them
from other aspects of Prolog.

The 4-port box model. While trailing happens under the hood, there is a folklore Prolog
programming pattern for observing and intervening at different point in the control flow
of a procedure call, known as the 4-port box model. In this model, upon the first entrance
of a Prolog procedure it is called; it may yield a result and exits; when the subsequent
procedure fails and backtracks, it is asked to redo its computation, possibly yielding the
next result; finally it may fail. Given a Prolog procedure p implemented in Haskell, the
following program prints debugging messages when each of the four ports are used:

(putStr "call" || side (putStr "fail")) >
p==Ax—>

(putStr "exit" || side (putStr "redo")) >
nx

This technique was applied in the monadic setting by Hinze (1996), and it has been our
inspiration for expressing the state restoration with global state.

Functional models of prolog. Various authors have modelled (aspects of) Prolog in func-
tional programming languages, often using monads to capture nondeterminism and state
effects. Notably, Spivey and Seres (1999) develop an embedding of Prolog in Haskell.

Most attention has gone towards modelling the nondeterminism or search aspect of
Prolog, with various monads and monad transformers being proposed (Hinze, 2000;
Kiselyov et al., 2005). Notably, Schrijvers et al. (2014) shows how Prolog’s search can
be exposed with a free monad and manipulated using handlers.

None of these works consider mapping high-level to low-level representations of the
effects.

9.2 Reasoning about side effects

There are many works on reasoning and modelling side effects. Here, we cover those that
have most directly inspired this paper.

Axiomatic reasoning. Gibbons and Hinze (2011) proposed to reason axiomatically about
programs with effects and provided an axiomatic characterization of local state seman-
tics. Our earlier work in Pauwels et al. (2019) was directly inspired by their work: we
introduced an axiomatic characterization of global state and used axiomatic reasoning to
prove handling local state with global state correct. We also provided models that satisfy
the axioms, whereas their paper mistakenly claims that one model satisfies the local state
axioms and that another model is monadic. This paper is an extension of Pauwels et al.
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(2019), but notably, we depart from the axiomatic reasoning approach; instead we use
proof techniques based on algebraic effects and handlers.

Algebraic effects. Our formulation of implementing local state with global state is directly
inspired by the effect handlers approach of Plotkin and Pretnar (2009). By making the free
monad explicit our proofs benefit directly from the induction principle that Bauer and
Pretnar established for effect handler programs . While Lawvere theories were originally
Plotkin’s inspiration for studying algebraic effects, the effect handlers community has for
a long time paid little attention to them. Yet, Luksi¢ and Pretnar (2020) have investigated
a framework for encoding axioms or effect theories in the type system: the type of an
effectful function declares the operators used in the function, as well as the equalities that
handlers for these operators should comply with. The type of a handler indicates which
operators it handles and which equations it complies with. This allows expressing at the
type level that a handler reduces a higher-level effect to a lower-level one.

Wu and Schrijvers (2015) first presented fusion as a technique for optimizing composi-
tions of effect handlers. They use a specific form of fusion known as fold—build fusion or
short-cut fusion (Gill et al., 1993). To enable this kind of fusion they transform the han-
dler algebras to use the codensity monad as their carrier. Their approach is not directly
usable because it does not fuse non-handler functions, and we derive simpler algebras (not
obfuscated by the codensity monad) than those they do.

More recently, Yang and Wu (2021) have used the fusion approach of Wu and Schrijvers
(2015) (but with the continuation monad rather than the codensity monad) for reasoning;
they remark that, although handlers are composable, the semantics of these composed han-
dlers are not always obvious and that determining the correct order of composition to arrive
at a desired semantics is nontrivial. They propose a technique based on modular handlers
(Schrijvers et al., 2019), which considers conditions under which the fusion of these mod-
ular handlers respect not only the laws of each of the handler’s algebraic theories but also
additional interaction laws. Using this technique they provide succinct proofs of the cor-
rectness of local state handlers, constructed from a fusion of state and nondeterminism
handlers.

Earlier versions. This paper refines and much expands on two earlier works of the last
author.

Pauwels et al. (2019) have the same goal as Section 4: it uses the state-restoring version
of put to simulate local state with global state. It differs from this work in that it relies on
an axiomatic (i.e., law-based), as opposed to handler-based, semantics for local and global
state. This means that handler fusion cannot be used as a reasoning technique. Moreover,
it uses a rather heavy-handed syntactic approach to contextual equivalence, and it assumes
that no other effects are invoked.

Another precursor is the work of Seynaeve et al. (2020), which establishes similar results
as those in Section 5.1. However, instead of generic definitions for the free monad and
its fold, they use a specialized free monad for nondeterminism and ordinary recursive
functions for handling. As a consequence, their proofs use structural induction rather than
fold fusion. Furthermore, they did not consider other effects either.
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10 Conclusion and future work

We studied the simulations of higher-level effects with lower-level effects for state and
nondeterminism. We started with the translation from the local-state semantics of state
and nondeterminism to the global-state semantics. Then, we further showed how to trans-
late nondeterminism to state (a choicepoint stack), and translate multiple state effects into
one state effect. Combining these results, we can simulate the local-state semantics, a
high-level programming abstraction, with only one low-level state effect. We also demon-
strated that we can simulate the local-state semantics using a trail stack in a similar style to
the Warren Abstract Machine of Prolog. We define the effects and their translations with
algebraic effects and effect handlers, respectively. These are implemented as free monads
and folds in Haskell. The correctness of all these translations has been proved using the
technique of program calculation, especially using the fusion properties.

In future work, we would like to explore the potential optimizations enabled by muta-
ble states. Mutable states fit the global-state semantics naturally. With mutable states, we
can implement more efficient state update and restoration operations for the simulation
local2globaly, (Section 7), as well as more efficient implementations of the choicepoint
stacks and trail stacks used by the simulations nondet2state (Section 5.2) and local?trail
(Section 8), respectively. We would also like to consider the low-level simulations of other
control-flow constructs used in logical programming languages such as Prolog’s cut oper-
ator for trimming the search space. Since operators like cut are usually implemented as
scoped or higher order effects (Pirdg et al., 2018; Wu et al., 2014; Yang et al., 2022;
van den Berg and Schrijvers, 2023), we would have to adapt our approach accordingly.
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1 Proofs for get laws in local-state semantics

In this section, we prove two equations about the interaction of nondeterminism and state
in the local-state semantics.
Equation (4.3): get > 0 =0

Proof

get > J

= {- definition of (>>) -}
get == (As — Q)

= {- Law (4.1): put-right-identity -}
get == (As — put s > )

= {- Law (2.5): associativity of (>) -}
(get == put) > O

= {- Law (2.12): get-put -}
n0)>o

= {- Law (2.3): return-bind and definition of (>) -}
%)
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Equation (4.4): get = (Ax — ki x [| kp x) = (get == ky) || (get >= k)
Proof

get = (Ax— kx| ko x)
= {- Law (2.3): return-bind and definition of (>>) -}
n () > (get == (Ax — k1 x [ k2 X))
= {- Law (2.5): associativity of (>=>=) -}
() > get) >=(x— kx| kp x)
= {- Law (2.12): get-put -}
((get == put) > get) >= (Ax —> k1 x | ka x)
= {- Law (2.5): associativity of (>) -}
(get = (As — put s > get)) >= (Ax —> k1 x | ka x)
= {- Law (2.5): associativity of (>=) -}
get = (As — (As — put s >> get) s >= (Ax — k1 x [| k X))
= {- function application -}
get = (As — (put s > get) >= (Ax — k1 x || kx x))
= {- Law (2.11): put-get -}
get = (As — (put s > 1 s) >= Ax — ki x [ kx x))
= {- Law (2.5): associativity of (>>) -}
get = (As — put s > (n s >= (Ax = ki x [| k2 x)))
= {- Law (2.3): return-bind and function application -}
get = (As — put s > (k1 s || k2 s))
= {- Law (4.2): put-left-distributivity -}
get = (As — (put s > ki s) || (put s > ky s))
= {- Law (2.3): return-bind (twice) -}
get = (As — (puts > (ns >=ky)) | (put s > (ns >=ky)))
= {- Law (2.5): associativity of (>>) -}
get = (As — ((put s > n s) >=ky) | (put s > ns) >=ky))
= {- Law (2.11): put-get -}
get = (As — ((put s > get) >= k) | (put s > get) >=ky))
= {- Law (2.5): associativity of (>) -}
get >= (As — (put s > (get >=ky)) [| (put s > (get >=k)))
= {- Law (4.2): put-left-distributivity -}
get >= (As — put s > ((get >=ky) || (get >=k,)))
= {- Law (2.5): associativity of (>=>=) -}
(get == put) > ((get == ky) || (get >=kr))
= {- Law (2.12): get-put -}
n () >> ((get >= k) [ (get >= k)
= {- Law (2.3): return-bind and definition of (>>) -}
(get ==k || (get >= k)

2 Proofs for modelling local state with global state

This section proves the following theorem in Section 4.3.
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Theorem 1.  /igjopa © local2global = hpyeqr

Preliminary. It is easy to see that rungsuer o hsue can be fused into a single fold defined
as follows:

hstarer o Functor f = Free (Statep s :+:f)a — (s — Freef (a, s))
hstare1 = fold gens (algs # fwds)
where
geng x s = Var(x,s)
algs (Getk) s =kss
algs (Putsk) _=ks

Sfwdsy s = Op (fmap ($s) y)

For brevity, we use fgyse; to replace rungyer o s in the following proofs.

2.1 Main proof structure
The main theorem we prove in this section is

Theorem 8. /gjpa © local2global = hyyear

Proof Both the left-hand side and the right-hand side of the equation consist of function
compositions involving one or more folds. We apply fold fusion separately on both sides
to contract each into a single fold:

hGiopal © local2global = fold gen, ys (alg; ;s # alghig # fwd 1s)
hiocat = fold gengyg (angSeHs #al Rl[-)IS # fwd ys)
We approach this calculationally. That is to say, we do not first postulate definitions of
the unknowns above (alg; ;s and so on) and then verify whether the fusion conditions are
satisfied. Instead, we discover the definitions of the unknowns. We start from the known
side of each fusion condition and perform case analysis on the possible shapes of input.
By simplifying the resulting case-specific expression, and pushing the handler applications
inwards, we end up at a point where we can read off the definition of the unknown that
makes the fusion condition hold for that case.
Finally, we show that both folds are equal by showing that their corresponding
parameters are equal:

gehys = 8€Npps
algiHS = algzseﬂs
algjLVgS = algji\e/gs
Swdpyg = fwdgyg

A noteworthy observation is that, for fusing the left-hand side of the equation, we do not
use the standard fusion rule:

hGiobar © fold Varalg = fold (hGiopar © Var) alg’
&= hélopar 0 alg = alg’ o fmap héiopar
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where local2global = fold Var alg. The problem is that we will not find an appropriate alg’
such that alg’ (finap hgiopa t) restores the state for any ¢ of type (Stater s :+: Nondetp :+:
1) (Free (Statep s :+: NonDetF :+: ) a).

Fortunately, we do not need such an alg’. As we have already pointed out, we can
assume that the subterms of ¢ have already been transformed by local2global, and thus
all occurrences of Put appear in the putz constellation.

We can incorporate this assumption by using the alternative fusion rule:

hGiovar © fold Varalg = fold (hGiopar © Var) alg’
= hGiopal © alg o fmap local2global = alg’ o fmap hgigpa © fmap local2global

The additional fmap local2global in the condition captures the property that all the
subterms have been transformed by local2global.

In order to not clutter the proofs, we abstract everywhere over this additional
fmap local2global application, except in the one place where we need it. That is the appeal
to the key lemma:

hswater (hnp4r (<) (local2global t))) s

do (x, -) < hsiarer (hnp+y (<) (local2global 1)) s; 7 (x, 5)

This expresses that the syntactic transformation local2global makes sure that, despite any
temporary changes, the computation ¢ restores the state back to its initial value.
We elaborate each of these steps below. |

2.2 Fusing the right-hand side
We calculate as follows:

hLocal
= {- definition -}
hi, o hsiater
with
hy :: (Functor f) = (s — Free (Nondetr :+:f) (a,s)) = s — Freef [a]

i = finap (fnap (finap f51) o hpsr)
= {- definition of Age; -}

hy o fold geng (algs # fwdy)
= {- fold fusion-post (Equation 3.2) -}

fold genpyg (algfeHs #al Rgs #fwd pys)

This last step is valid provided that the fusion conditions are satisfied:

hpogens = gengyg
hy o (algs#fwds) = (algnys # alghos # fwdgys) o finap hy

We calculate for the first fusion condition:

hy (geng x)
= {- definition of geng -}
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hy (As — Var (x, s))
= {- definition of 4, -}
Jmap (fmap (fmap fst) o hypyr) (As — Var (x, s))
= {- definition of finap -}
As — fmap (fmap fst) (hnp+y (Var (x, 5)))
= {- definition of Axpy -}
As — fmap (fmap fst) (Var [ (x,s)])
= {- definition of fimap (twice) -}
As — Var [x]
= {- define genpygx =Ars — Var[x] -}
= 8€NRHs X
We conclude that the first fusion condition is satisfied by

gengys i Functor f = a — (s — Freef [a])
genpys X = As — Var [x]

The second fusion condition decomposes into two separate conditions:

hpoalgs = algyygofimap hy
hpofwds = (algggs # fwdgys) o fmap hy,

We calculate for the first subcondition:
case t = Get k

hy (algs (Get k)
= {- definition of algs -}
hy (As —> kss)
= {- definition of 4, -}
Jmap (fmap (fmap fst) o hypir) (As — k s'5)
= {- definition of finap -}
As — fmap (fmap fst) (hnp+y (k s 5))
= {- beta-expansion (twice) -}
= s — (Asy 52 — fimap (fmap fst) (hnp+y (ks251))) s
= {- definition of fimap (twice) -}
As — (finap (fmap (fmap (finap f5t) o hypyr)) (As1 $2 — ks 51)) 88
{- eta-expansion of k -}
As — (fmap (fmap (fimap (fimap fst) o hypiy)) k) s s
{- define algy;s (Getk) =As — kss-}
— alglyys (Get (fimap (finap (finap (finap fi1) © hxp)) )
= {- definition of finap -}
= algyys (finap (fimap (finap (finap f5t) o hxp.4r)) (Get k))
= {- definition of 4, -}
= alg‘;HS (fmap hy (Get k))

case t=Putsk

hy (algs (Put s k))
= {- definition of algs -}
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hy(_—ks)
= {- definition of /; -}
finap (finap (fmap fst) o hapsy) (h—— k)
= {- definition of finap -}
A—— fmap (fmap fst) (hnp+y (k s))
= {- beta-expansion -}
A—— (As1 — fmap (fmap f51) (hxpy (k 51))) s
= {- definition of finap -}
= A_—> (fmap (fmap (fmap fs5t) o hypir) (As1 — k s1)) s
= {- eta-expansion of k -}
— A= (fnap (fmap (fmap f31) o hypss) k) s
= {- define algy,s (Pussk)=\_— ks -}
= algfa rs (Put s (fmap (fmap (finap fst) o hypir) k))
= {- definition of finap -}
= algfa us (fmap (fmap (fimap fst) o hypy)) (Put s k))
= {- definition of /4 -}
= algISeHS (fmap hy (Put s k))

We conclude that the first subcondition is met by taking:

algSRHS :: Functor f = Statep s (s — Freef [a]) — (s — Freef [a])
algyys (Getk) =is— kss
algyys (Putsky=xr_— ks

The second subcondition can be split up in two further subconditions:

hyofwdsolnl = alghhs o fimap hy
hpofwdsolnr = fwdpygofmap hy

For the first of these, we calculate:

hy, (fwds (Inl op))
= {- definition of fwds -}

hy (As — Op (fmap ($s) (Inl op)))
= {- definition of finap -}

hy (As — Op (Inl (fmap ($s) op)))
= {- definition of /; -}

fmap (fmap (fmap fst) o hnp.s) (hs — Op (Inl (fimap ($s) op)))
= {- definition of fimap -}

As — fimap (fmap fst) (hnp+y (Op (Inl (fmap ($s) 0p))))
= {- definition of Ayp,/ -}

ks = fmap (fmap f31) (algypss (inap hypss (fmap ($5) op)))
We split on op:
case op = Fail
ks = fmap (fnap f31) (algnpss (finap hpsy (fnap (Ss) Fail)))
= {- defintion of finap (twice) -}
As — finap (finap fst) (algnpr Fail)
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= {- definition of algnp4s -}

As — fimap (fmap fst) (Var [ ])
= {- definition of fimap (twice) -}

As — Var|[]
= {- define alghh Fail = s — Var[] -}
alghPe Fail

= {-definition fo finap -}
algphys (fimap hy, fail)

caseop=0rpgq

As — fmap (fmap fst) (algnp+s (fmap hyps (fimap ($s) (Or p q))))
= {- defintion of finap (twice) -}

As — fmap (fmap fst) (algnpir (Or (hnpiy (P ) (hnpir (9 9))))
= {- definition of algnpis -}

As — fmap (fmap fst) (liftM2 () (hnp+r (P 5)) (hnpr (4 5)))
= {- Lemma3 -}

As — liftM2 (+) (fmap (fmap fs1) (hnp-y (p 5))) (fimap (fmap f5t) (hnps (4 5)))
= {- define algys (Or p q) = ks — lifiM2 (+) (p5) (¢ 9) -}

alggps (Or (fimap (fmap fst) o hnp.r o p) (fmap (fimap f5t)  hxpyy © q))
= {- defintion of finap (twice) -}

alggps (fmap (fimap (fimap (fmap f5t) o hyp.sr)) (Or p ¢))
= {- defintion of /; -}

algyiys (fmap by, (Or p q))

From this we conclude that the definition of alghy)s should be:

alghbs :: Functor f = Nondety (s — Freef [a]) — (s — Freef [a])
alghbe Fail = \s — Var[]
alglils (Orp ) =hs — M2 (+) (P 5) (4 5)

For the last subcondition, we calculate:

hy (fwds (Inr op))
= {- definition of fwdy -}
hr (As — Op (finap ($s) (Inr op)))
= {- definition of finap -}
hy (As — Op (Inr (fimap ($s) op)))
= {- definition of &, -}
fmap (fmap (fmap fst) o hxpy) (As — Op (Inr (fmap ($s) op)))
= {- definition of finap -}
As — fmap (fmap fst) (hxp+s (Op (Inr (fmap (3s) 0p))))
= {- definition of hypy/ -}
ks = finap (finap fs1) (fwdxps (fnap hp..s (finap ($) op))
= {- definition of fwdyps -}
As — fmap (fmap fst) (Op (fmap hnp.s (fmap ($s) op)))
= {- definition of finap -}
As — Op (fmap (fmap (fimap fs1)) (fmap hp+s (fmap ($s) op)))
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= {- definition of 2 -} |
ks = Op (hy, (finap ($s) op))
= {- Lemma2 -}
As — Op (fmap ($s) (fmap hy op))
= {- define fwdpys op = As — Op (fimap ($s) op) -}
Swd gy (fmap hy, op)

From this we conclude that the definition of fiwd g should be:

Swdpys i Functorf = f (s — Freef [a]) — (s — Freef [a])
Jwdgys op = ks — Op (fimap (8s) op)

2.3 Fusing the left-hand side

We proceed in the same fashion with fusing left-hand side, discovering the definitions that
we need to satisfy the fusion condition.
We calculate as follows:

hGiopar © local2global
= {- definition of local2global -}
hGiobar © fold Var alg
where

alg (Inl (Puttk)) =putg t >k
algp=0pp

= {- fold fusion-post (Equation 3.2) -}

Jold gen g (algiHS # “lgggs #fwd )

This last step is valid provided that the fusion conditions are satisfied:

hGiopai © Var = genpyg

hGovar 0 alg = (algy s # alg) s # fwd ) o fimap hiopar

We calculate for the first fusion condition:

hGiopar (Var x)
= {- definition of Agjpas -}

JSmap (fmap fst) (hsaier (hnp+r (<) (Var x))))
= {- definition of (&) -}

Smap (fmap fst) (hsaer (hnp+r (Var x)))
= {- definition of Ayp -}

Jmap (fmap f5t) (hsiarer (Var [x]))
= {- definition of Age; -}

Jimap (finap fit) (us — Var ([x], 5))
= {- definition of finap (twice) -}

As — Var[x]
= {- define gen; g x =As — Var[x] -}

gen psg X
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We conclude that the first fusion condition is satisfied by

gen; g - Functor f = a — (s — Freef [a])
gen;ygx =As — Var [x]

We can split the second fusion condition in three subconditions:

hGiopar © alg o Inl = alngS o fmap hgiopal
hGiopar © alg o InroInl = algggs o fmap hgiopal
hGiopat 0 alg o Inr o Inr = fwd| g o finap hiobal

Let’s consider the first subconditions. It has two cases:
case op = Get k

haiobal (alg (Inl (Get k)))
= {- definition of alg -}
haGiovar (Op (Inl (Get k)))
= {- definition of Agjpar -}
JSmap (fmap f5t) (hswaer (hnp+s () (Op (Inl (Get k))))))
= {- definition of (&) -}
Jmap (fmap f51) (hsiarer (hnp+r (Op (Inr (Inl (fmap (<) (Get k)))))))
= {- definition of finap -}
Jmap (fmap f5t) (hsiaer (hnp+r (Op (Inr (Inl (Get (<) © k)))))))
= {- definition of Ayp4 -}
Jmap (fmap f51) (hsiarer (Op (finap hypy (Inl (Get (<) o k))))))
= {- definition of finap -}
Smap (fmap f5t) (hsiaer (Op (Inl (Get (hnp+s o (<) 0 k)))))
= {- definition of Agyse; -}
JSmap (fmap fst) (As — (hswarer © hypir 0 (&) 0 k) s'5)
= {- definition of fimap -}
(ks — fmap fst ((hswater © hnp+r © (<) 0 k) 5 5))
= {- definition of finap -}
(As = ((fmap (fmap f5t) o hsarer © hnpis 0 (<) 0 k) 5 5))
= {- define alg} ;s (Getk)=Lrs — kss -}
alg; s (Get (hGiopar © k)
= {- definition of finap -}
algs s (fmap haiopa (Get k))

case op=Putsk

hGiovar (alg (Inl (Put s k)))
= {- definition of alg -}
hGiobal (putr s > k)
= {- definition of puty -}
hGiopal ((get = Lt — put s || side (put 1)) > k)
= {- definitions of side, get, put, ([]), (>=) -}
hGiopar (Op (Inl (Get (At — Op (Inr (Inl (Or (Op (Inl (Put s k)))
(Op (Inl (Put t (Op (Inr (Inl Fail))))))))))
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= {- definition of Agjopas -}
Smap (fmap fst) (hsaier (hnp+r (<)
(Op (Inl (Get (At — Op (Inr (Inl (Or (Op (Inl (Put s k)))
(Op (Inl (Put t (Op Inr (Inl Fail)))))))))))))))
= {- definition of (&) -}
Jmap (fimap f5t) (hstarer (hnps (
(Op (Inr (Inl (Get (At — Op (Inl (Or (Op (Inr (Inl (Put s (<) k)))))
(Op (Inr (Inl (Put t (Op (Inl Fail)))))))))))))))
= {- definition of l’lNDJrf -}
Jmap (fmap fst) (hstater (
(Op (Inl (Get (At — liftM2 (-+) (Op (Inl (Put s (hnp+r (&) k)))))
(Op (nl (Put t (Var [D))))))))
= {- definition of Age; -}
Jmap (fmap fst)
(At = hsiarer (liftM2 (+) (Op (Inl (Put s (hypy (<) £)))))
(Op (Inl (Put t (Var [1))))) 1)
= {- definition of /iftM?2 -}
Jmap (fmap fst)
(At = hsarer (do x < Op (Inl (Put s (hyp+r (&) k))))
y <« Op (Inl (Putt (Var[1])))
Var (x ++y)
)1
= {- Lemma4 -}
Jmap (fmap fst)
(At — do (x, t1) < hsaer (Op (Inl (Put s (hnpiy (<) £))))) ¢
(v, 22) < hstarer (Op (Inl (Put t (Var [1)))) 4
hStatel (Var ()C H_y)) 5]
)
= {- definition of Agye; -}
Jmap (fmap fs1)
(At — do (x, =) < hgwarer (hnp+s (&) k) s
(ys ZL2) < Var ([ ]9 t)
Var (x ++y, t2)
)
= {- monad law -}
Jmap (fmap fst)
(At — do (x, -) < hguarer (hnps () k) s
Var (x ++[1, 1)
)
= {- right unit of (H) -}
Jmap (fmap fst)
(At — do (x, _) < hstarer (hnpayr (&) k) s
Var (x,t)
)
= {- definition of finap fst -}
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Jmap (fmap fi1)
(At = dox < fimap fst (hsaer (hnp+r () k)) s)
Var (x, t)
)
= {- definition of finap -}
Jmap (fmap fst)
(At — dox < (fmap (fmap f51) (hsarer (hnp+r () k)))) s
Var (x,t)
)
= {- definition of finap (fmap fst) -}
\_ — dox <« (finap (fmap f5t) (hsarer (hnp+r (&) k)))) s
Var x
= {- monad law -}
\_— (fmap (fmap fst) (hsaer (hnp1r () £)))) s
= {- definition of hgjopa -}
\_ = (hGilopar k) s
= {- define alg},;; (Putsk)=\_— ks -}
alg; s (Put s (hgiopal k)
= {- definition of fmap -}
alg} s (finap heiopa (Put s))

We conclude that this fusion subcondition holds provided that:

alngS :: Functor f = Statep s (s — Freef [a]) — (s — Freef [a])
alg; ;s (Getk) =his—>kss
alg; s (Putsk)y=\_— ks

Let’s consider the second subcondition. It has also two cases:
case op = Fail

hGiobar (alg (Inr (Inl Fail)))
= {- definition of alg -}

hGiobai (Op (Inr (Inl Fail)))
= {- definition of Agippas -}

Jmap (fmap fst) (hsiare1 (hnp+y (<) (Op (Inr (Inl Fail))))))
= {- definition of (&) -}

Jmap (finap fs1) (hsiarer (s (Op (Inl (finap (<) Fail)))))
= {- definition of finap -}

Jmap (fmap f51) (hsiarer (hnp+y (Op (Inl Fail))))
= {- definition of Ayp.s -}

SJimap (fmap f5t) (hsiarer (Var [ 1))
= {- definition of Agze; -}

fmap (fmap fst) (As — Var ([ 1,s))
= {- definition of finap twice and fs¢ -}

As — Var|[]
= {- define alghng Fail = s — Var[]-}
alghn Fail
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= {- definition of finap -}
algggS (fmap hGlobal Fall)

caseop=0Orpgq

haiovar (alg (Inr (Inl (Or p q))))
= {- definition of alg -}
haiovar (Op (Inr (Inl (Or p q))))
= {- definition of Agjopar -}
Jmap (fmap fst) (hsaier (hnp+r (<) (Op (Inr (Inl (Or p ¢)))))))
= {- definition of (&) -}
Jmap (fmap fst) (hswater (hnp+r (Op (Inl (fimap (<) (Or p 9))))))
= {- definition of finap -}
Jmap (fmap fst) (hsiater (hnp+r (Op (Inl (Or (<) p) (<) 9))))))
= {- definition of hyp,/ -}
JSmap (fmap fst) (hsarer (LiftM2 (++) (hnp+r ((€) P)) (hvp+r () 9))))
= {- definition of /iftM?2 -}
Smap (fimap fst) (hswzer (A0 x < hypir (<) p)
Y < hapiy () q)
n(x++y))
= {- Lemma4-}
JSmap (fmap f5t) (Aso — (do (x, 51) <= hsarer (hnp+r (&) P)) 50
0, 52) <= hsiarer (hnp+r (&) @) 51
Nstatel (77 (x Hy)) 52))
= {- definition of Age; -}
Sfmap (fimap fst) (Aso — (do (x, 51) < hswaer (hvp1r ((£) P)) So
(V> 52) < hsrer (hvp+r (€) @) 51
Var (x ++y, 52)))
= {- Lemma 1 (p and g are in the codomain of local2global) -}
Jmap (fmap fst) (Aso — (do (x, s1) <= do {(x, —) <= hswarer (hnp+r (<) P)) S0 1 (x,50) }
,52) < do {(y, -) < hswier (hvpir () @) 151 (%, 51)}
Var (x ++y,52)))
= {- monad laws -}
Smap (fimap fst) (Aso — (do (x, ) < hsiaer (hnpr ((£) P)) So
v, =) < hswer (hnp1y () 9)) 50
Var (x ++y, 50)))
= {- definition of finap (twice) and fst -}
Aso — (do (x, —) < hswarer (hnpr () p)) So
s =) < hser (hnp1r () 9)) 50
Var (x ++y))
= {- definition of finap, fst and monad laws -}
Aso — (do x < finap fst (hsare1 (hnpiyr ($) P)) S0)
y < fimap fst (hswzer (hnp1r () 9)) 50)
Var (x ++y))
= {- definition of finap -}
Aso — (do x < fimap (fmap f5t) (hswaer (hnp+y ((€) P))) S0
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y < fmap (fmap f5t) (hsaer (hnp+r (€2) 9))) 50
Var (x ++y))
= {- definition of Agopa -}
Aso —> (do X <= hGiopal P S0
¥ <= hGiobal 4 So
Var (x ++y))
= {- definition of /iftM2 -}
Aso = liftM2 (+H) (hGiobai P S0) (hGiobar 4 So)
= {- define alg)fis (Orp q) = hs — lifiM2 (++) () (¢ 5) -}
algYPs (Or (hGioba P) (hGiobal 9))
= {- definition of fimap -}
algygs (fmap hGobal (Or p q))

We conclude that this fusion subcondition holds provided that:

alg]LVgS :: Functor f = Nondetr (s — Freef [a]) — (s — Freef [a])
alg]LVgS Fail =As— Var[]

alg)s (Orp q) = s — LftM2 (+) (p 5) (¢ )

Finally, the last subcondition:

héiobal (alg (Inr (Inr op)))
= {- definition of alg -}
haioba (Op (Inr (Inr op)))
= {- definition of Agjppas -}
Jmap (fmap f5t) (hsiaer (hnp+r (<) (Op (Inr (Inr 0p))))))
= {- definition of (&) -}
Smap (fmap f5t) (hsiater (hnp+s (Op (Inr (Inr (fmap (<) 0p))))))
= {- definition of Axp4 -}
Jmap (fmap fst) (hsaier (Op (fmap hnps (Inr (fmap (<) op)))))
= {- definition of fimap -}
Jmap (fmap fst) (hsaer (Op (Inr (fmap hypy (fmap (<) op)))))
= {- fmap fusion -}
fmap (fmap fst) (hsiarer (Op (Inr (fmap (hnp+s o (<)) 0p))))
= {- definition of Agse; -}
fmap (fmap fst) (.s — Op (fmap ($s) (fmap hsarei (fimap (hnp-y © (<)) 0p))))
= {- fmap fusion -}
fmap (fmap fst) (.s — Op (fmap ($s) (fmap (hsaer © hnp+y © (<)) 0p)))
= {- definition of fimap -}
s — fmap fst (Op (fimap ($s) (fmap (hsiaer © hnpr 0 (<)) 0p)))
= {- definition of fimap -}
As — Op (fmap (fmap fst) (fmap ($s) (fmap (hsiarer © hnp+s © (<)) 0p)))
= {- fmap fusion -}
As — Op (fmap (fmap f5t o ($5)) (fmap (hsiaser © hnp1s © (<)) 0p)))
= {- Lemma?2-}

As — Op (fimap (($s) o fimap (fimap fs1)) (fimap (hsiare1 © hnpr © (<)) 0p)))
= {- finap fission -}

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

From high to low: Simulating nondeterminism and state with state 51

As — Op ((fmap (3s) o fmap (fmap (fmap f51))) (fmap (hsiaer © hnp+s © (<)) 0p))
= {- fimap fusion -}

ks — Op (finap ($5) (fmap (finap (finap i) o hsiares © hnpis o (€)) 0p))
= {- definition of hgjopar -}

As — Op (fmap ($s) (fmap haiopa 0p))
= {- define fwd; g op = As — Op (finap ($s) op -}

Swd s (fmap hgiobar 0p)

We conclude that this fusion subcondition holds provided that:

fwd g i Functor f = f (s — Free f [a]) — (s — Freef [a])
Jwd s op = ks — Op (fmap ($s) op)

2.4 Equating the fused sides

We observe that the following equations hold trivially.

genrys = &eNpys
_ s
alngS = algrys
ND ND
algrys = algpys

Swdpys = fwdgys

Therefore, the main theorem holds.

2.5 Key lemma: State restoration

The key lemma is the following, which guarantees that local2global restores the initial
state after a computation.

Lemma 1 (State is Restored).

hstater (hnp4r (&) (local2global t))) s

do (x, ) < hsiarer (hnp+y (<) (local2global 1)) s; 7 (x, 5)

Proof The proof proceeds by structural induction on ¢.
case t=Vary

hsiater (hnp+r () (local2global (Var y)))) s
= {- definition of local2global -}

hswater (hnpir (&) (Var y))) s
= {- definition of (<) -}

hswate1 (hnpyr (Var y)) s
= {- definition of hyp4/ -}

hStateI (Var [J/]) N
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= {- definition of Agze; -}

Var ([yl,s)
= {- monad law -}

do (x, ) < Var ([y],s); Var (x, s)
= {- definition of local2global, hypys, (&), hsier and 1 -}
do (x, -) < hswrer (hnp1y (<) (local2global (Var y)))) s; n (x, 5)

case t = Op (Inl (Get k))

hsiater (hnp+s (<) (local2global (Op (Inl (Get k)))))) s
= {- definition of local2global -}
hstater (hnp+r (<) (Op (Inl (Get (local2global o k)))))) s
= {- definition of (&) -}
hstater (hnpr (Op (Inr (Inl (Get () o local2global o k)))))) s
= {- definition of hypy/ -}
hsiater (Op (Inl (Get (hypyy o (&) o local2global o k)))) s
= {- definition of Agse; -}
(hstater © hnpsy o (&) o local2global o k) s s
= {- definition of (o) -}
(hstarer (hnp+r (&) (local2global (k 5))))) s
= {- induction hypothesis -}
do (x, _) < hsarer (&) (hnpys (local2global (k 5)))) s; 1 (x, 5)
= {- definition of local2global, (<), hnp+s, hswater -}
do (x, _) < hgiarer (hnp+s (local2global (Op (Inl (Get k))))) s; 1 (x, s)

case t = Op (Inr (Inl Fail))

hstater (hnp+r (&) (local2global (Op (Inr (Inl Fail)))))) s
= {- definition of local2global -}
hsiater (hnp+y (<) (Op (Inr (Inl Fail))))) s
= {- definition of (&) -}
hsiater (hnp4r (Op (Inl Fail))) s
= {- definition of Ayp4 -}
hsier (Var[1) s
= {- definition of Agye; -}
Var ([1,s)
= {- monad law -}
do (x, _) < Var([],s); Var (x,s)
= {- definition of local2global, (<), hxp+s, hsiater -}
do (x, =) < hsiater (hnp4r (&) (local2global (Op (Inr (Inl Fail)))))) s; n (x, s)

case t = Op (Inl (Put t k))

hsiarer (hnp+y (<) (Iocal2global (Op (Inl (Put t k)))))) s
= {- definition of local2global -}
hswater (hnp4r (&) (putg t > local2global k))) s
= {- definition of puty -}
hsater (hnp1r (&) ((get == At — put t || side (put t')) > local2global k))) s
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= {- definition of (])), get, put, side and (>=) -}
hsiater (hnp+r (<) (Op (Inl (Get (A —
Op (Inr (Inl (Or (Op (Inl (Put t (local2global k))))
(Op (Inl (Put t' (Op (Inr (Inl Fail))))))))))))) s
= {- definition of (&) -}
hsiater (hnp+r (Op (Inr (Inl (Get (At —
Op (Inl (Or (Op (Inr (Inl (Put t (<) (local2global k))))))
(Op (Inr (Inl (Put ' (Op (Inl Fail))))))))))) s
= {- definition of l’lNDJrf -}
hStateI (OP (]I’ll (G@f ()‘t/ e
liftM2 (-H) (Op (Inl (Put t (hnpyy (&) (local2global k))))))
(Op (Inl (Put ¢ (Var []))))))) s
= {- definition of Age; -}
hsarer (iftM2 (++) (Op (Inl (Put t (hyp+y (<) (local2global k))))))
(Op (nl (Put s (Var [1)))) s
= {- definition of /iftM?2 -}
hsiater (do x <= Op (Inl (Put t (hyps (&) (local2global k)))))
y < Op (Inl (Puts (Var[])))
Var (x ++y)
)s
= {- Lemma4 -}
do (x,51) < et (Op (Inl (Put t (hpsy () (local2global K))) s
(v 52) < hsuter (Op (Inl (Put s (Var [ D)) 51
Var (x ++y, s2)
= {- definition of Age; -}
do (x, 51) < hgiarer (hnp+s (<) (local2global k))) ¢
1,52) < Var ([1,5)
Var (x ++y, s2)
= {- monad laws -}
do (x, -) < hgiarer (hnpis (<) (local2global k))) t
Var (x ++[ 1, s)
= {- right unit of (+) -}
do (x, -) < hsiarer (hnp+s (<) (local2global k))) t
Var (x, s)
= {- monad laws -}
do (x, _) <= do {(x, -) < hgiares (hnp+s (<) (local2global k))) t; 7 (x, 5) }
Var (x,s)
= {- deriviation in reverse -}
do (x, ) < hsiaer (hnp+r (&) (local2global (Op (Inl (Put t k)))))) s
Var (x,s)

case t = Op (Inr (Inl (Or p q)))

hsiater (hvp+y () (local2global (Op (Inr (Inl (Or p 9))))) s
= {- definition of local2global -}

hstater (hnp+r (&) (Op (Inr (Inl (Or (local2global p) (local2global g))))))) s
= {- definition of (&) -}
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hster (hp sy (Op (Inl (Or () (local2global p)) () (local2global g)))) s
= {- definition of Ayp4 -}
hsiater (iftM2 () (hnp+y (<) (local2global p))) (hnp+y (<) (local2global q)))) s
= {- definition of /iftM2 -}
hsiater (do x <= hypyy (<) (local2global p))
¥ < hnpyr (&) (local2global q))
Var (x ++y)
)s
= {- Lemma4 -}
do (x, 51) < hswarer (hnp1r (&) (local2global p))) s
(7, 52) < hsiaer (hnp+r (&) (local2global q))) s,
hStateI (Var (x _i_'—y)) §2
= {- induction hypothesis -}
do (x,51) < do {(x, ) < hsiarer (hnp+r (&) (local2global p))) s; 1 (x, 5)}
0, 82) <= do {(y, -) < hswter (hnps (<) (local2global q))) s1;1 (v, 51) }
hStatel (Var (x ‘H'y)) 52
= {- monad laws -}
do (x, _) < hsrer (hnp+s (&) (local2global p))) s
0, 2) < hswrer (hnp+r () (local2global ¢))) s
hStarel (Var (x 'Hy )) §
= {- definition of Agye; -}
do (x, 1) < hsiuer (hypsy (<) (local2global p))) s
(0 ) < hsuter (hpiy (¢) (local2global q))) s
0 (x -+, 5)
= {- monad laws -}
do (x, _) < (
do (x, ) < hsuer (hapss () (focal2global p))) s
O, 2) < hswater (hnp+r () (local2global g))) s
1 (x++y,s)
)
n (x,s)
= {- derivation in reverse (similar to before) -}
do (x, =) < hstater (hnp4r (&) (local2global (Op (Inv (Inl (Or p q))))))) s
n (x,s)

case t = Op (Inr (Inry))

hsiarer (hnp+y (<) (local2global (Op (Inr (Inr y)))))) s
= {- definition of local2global -}

hstater (hnp+s (<) (Op (Inr (Inr (fmap local2global y)))))) s
= {- definition of (&); fimap fusion -}

hstater (hnp+s (Op (Inr (Inr (fmap ((<) o local2global) y))))) s
= {- definition of hxp./; finap fusion -}

hsiater (Op (Inr (fmap (hyp+y © (<) o local2global) y))) s
= {- definition of Ag.;; fmap fusion -}

Op (fmap ((85) © hstaer © hxpis © (&) o local2global) y)
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= {- induction hypothesis -}
Op (finap (== A(x, ) = 1 (x, 5)) 0 ($5) 0 Asiarer © hnp4s 0 (&) o local2global) y)
= {- finap fission; definition of (>=) -}
do (x, ) < Op (fmap ((85) 0 hsiarer © hnp+y © (&) o local2global) y)
1 (x,5)
= {- deriviation in reverse (similar to before) -}
do (x, ) < hsiarer (hnp+y () (local2global (Op (Inr (Inr y)))))) s
1 (x,s)

2.6 Auxiliary lemmas

The derivations above make use of two auxiliary lemmas. We prove them here.

Lemma 2 (Naturality of ($s)).  ($x) o finap f =f o ($x)

Proof
(($x) o fmap f)m

= {- function application -}
(fmap f m) x

= {- eta-expansion -}
(fmap f (hy om y)) x

= {- definition of finap -}
(O of (my))x

= {- function application -}
7 (mx)

= {- definition of o and $ -}
(f o (S m

Lemma 3.

Jmap (fmap fst) (lift M2 () p q) = liftM2 (++) (fmap (fmap fst) p) (fmap (fmap f5t) q)

Proof

Jmap (fmap fst) (liftM2 (+) p q)
= {- definition of /iftM2 -}
Jmap (fmap fst) (do {x < p;y < q; 1 (x ++»)})
= {- derived property for monad: finap f (m >=k) =m >=fmap f ok -}
do {x < p;y < q; fmap (fmap fs1) (n (x ++)) }
= {- definition of finap -}
do {x < p;y < q;n (fmap fst (x ++))}
= {- naturality of (-H) -}
do {x < p;y < q; 0 ((fimap fst x) ++(fmap fst y)) }
= {- monad left unit law (twice) -}
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do {x < p;x’ < n (fmap fstx);y < q; ' < n (fmap fst y) n (x" ++)')}
= {- definition of finap -}

do {x < fmap (fmap fst) p; y < fmap (fmap fst) q; n (x ++y)}
= {- definition of /iftM2 -}

liftM2 (+) (fmap (fmap fst) p) (fmap (fmap fst) q)

Lemma 4 (Distributivity of Age;)-

hswater (P >=Kk) s = hsyae1 p S = Mx,5") = hstarer (kx) 8’

Proof The proof proceeds by induction on p.
case p = Varx

hstarer Varx ==k) s
= {- monad law -}
hswater (kx) s
= {- monad law -}
n (x,s) == A(x, ') = hsyer (kx)s'
= {- definition of Age; -}
hStatel (Var x) § == )‘(x’ S/) - hStatel (kx) S/

case p = Op (Inl (Get p))

hsater (Op (Inl (Get p)) >=k) s
= {- definition of (>=) for free monad -}
hsater (Op (fmap (3= k) (Inl (Get p)))) s
= {- definition of finap for coproduct (:+:) -}
hsater (Op (Inl (fmap (3= k) (Get p)))) s
= {- definition of finap for Get -}
hsater (Op (Inl (Get (hx — p s 5= K)))) s
= {- definition of Agye; -}
hsarer (s >=k)s
= {- induction hypothesis -}
hswater (P 8) s == A(x, 5") = hsarer (kx) s
= {- definition of Agye; -}
hswarer (Op (Inl (Get p))) s == M(x, ") = hsie; (kx) s’

case p = Op (Inl (Put t p))

hsiater (Op (Inl (Put t p)) >=k) s
= {- definition of (>=) for free monad -}

hster (Op (fmap (5= k) (Inl (Put 1 p)))) s

= {- definition of finap for coproduct (:+:) -}
hsiater (Op (Inl (fmap (= k) (Put t p)))) s

= {- definition of finap for Put -}
hsater (Op (Inl (Put t (p == k)))) s
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= {- definition of Ag; -}
hState] (p == k) t
= {- induction hypothesis -}
hStateI p 1 >= )"(xs S/) - hStateJ (k X) s'
= {- definition of Age; -}
hstate1 (Op (Inl (Put t p))) s 5= M(x, s") = hstarer (kx) s'

case p = Op (Inry)

hState] (Op (II’IV_)/) == k) §
= {- definition of (>==) for free monad -}

hsiaer (Op (fmap (3= k) (Inr y))) s
= {- definition of fimap for coproduct (:+:) -}

hsiaer (Op (Inr (fmap (= k) ))) s
= {- definition of Age; -}

Op (fmap (Ax — hstare X 5) (finap (>= k) y))
= {- fmap fusion -}

Op (fmap (Ax = hstarer (x >=k) 5)) y)
= {- induction hypothesis -}

Op (fmap (Ax — hsre; X s 3= AMX, ') = hsje; (kX') s')y)
= {- fmap fission -}

Op (fmap (hx — x 3= (X', ") = hsarer (kX') 8') (finap (Ax — hsyarer X 5) ¥))
= {- definition of (>=) -}

Op ((fmap ()‘x — hsater )CS) y)) == A(x’, S,) — hsiatel (k x,) s’
= {- definition of Age; -}

Op (Inry)s == MX', ") = hsrer (kX') s’

import Data.Bitraversable (Bitraversable)

3 Proofs for modelling nondeterminism with state

In this section, we prove the theorems in Section 5.

3.1 Only nondeterminism

This section proves the following theorem in Section 5.1.

Theorem 2.  runyp = hyp

Proof We start with expanding the definition of runyp:

/

are © NONdet2states = hyp

extracts o h

Both nondet2states and hyp are written as folds. We use the fold fusion law fusion-
post’ (3.3) to fuse the left-hand side. Since the right-hand side is already a fold, to prove
the equation we just need to check the components of the fold Ayp satisfy the conditions
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of the fold fusion, i.e., the following two equations:

(extracts o hi,,,) o gen = gennp
State) © alg o fimap nondet2states

= algyp o finap (extracts o h,,,,) o fmap nondet2stateg

(extracts o h

For brevity, we omit the last common part finap nondet2states of the second equa-
tion in the following proof. Instead, we assume that the input is in the codomain of
fimap nondet2states.

For the first equation, we calculate as follows:

extracts (N, (gen x))
= {- definition of gen -}
extracts (N, (appends x pops))
= {- definition of extracts -}
results o snd $ rungye (B, (appends x pops)) (S[1[1)
= {- Lemma6 -}
results o snd $ runsiae (R, Pops) (S ([1+H+[x] [1)
= {- definition of (++) -}
results o snd $ rungye (B, pops) (S [x]1[])
= {- Lemma7-}
results o snd $ ((), S [x][1])
= {- definition of snd -}
results (S [x][1])
= {- definition of results -}
[x]
= {- definition of genyp -}
gennp X

For the second equation, we proceed with a case analysis on the input.
case Fail

extracts (R, (alg Fail))
= {- definition of alg -}
extracts (N, pops)
= {- definition of extracts -}
results o snd $ runsyse (W, pops) (ST111)
= {- Lemma7-}
results o snd $ (), S[1[1)
= {- evaluation of results, snd -}
[]
= {- definition of algyp -}
algnp Fail
= {- definition of finap -}
(algnp o fmap (extracts o h, . ) Fail

State
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case Orpq

extracts (R, (alg (Orp q)))
= {- definition of alg -}
extracts (N, (pushs q p))
= {- definition of extract -}
results o snd $ runsyae (Ng,,,, (Pushs gp)) (ST
= {- Lemma9 -}
results o snd $ runsiae (W, p) (S[10g1)
= {- Lemma5 -}
results o snd $ runsiae (h,,,, pops) (S ([ 1+extracts (K, p)) [4])
= {- definition of (-+) -}
results o snd $ runsyae (Ns,,,, pops) (S (extracts (W, p)) [q])

= {- Lemma 8 -}

results o snd $ runsiae (h,,,, q) (S (extracts (Wg,,,, p)) [1)
= {- Lemma5 -}

results o snd $ runsyae (N, pops) (S (extracts (g, p) +extracts (h,,.. 9)) [ 1)
= {- Lemma7-}

results o snd $ ((), S (extracts (N, p) +H-extracts (W, 4)) [ 1)
= {- evaluation of results, snd -}

extracts (W, p) +H-extracts (W, q)
= {- definition of algyp -}

algnp (Or ((extracts o h,,,,) p) ((extracts o hg,,,.) q))
= {- definition of fimap -}

(algnp o finap (extracts o h,,,,)) (Or p q)

In the above proof we have used several lemmas. Now we prove them.
Lemma 5 (pop-extract).
rulisige (Mg, P) (S X8 stack) = rungye (B, pops) (S (xs +rextracts (hy,,,, p)) stack)

holds for all p in the codomain of the function nondet2states.

Proof We prove this lemma by structural induction on p :: Free (Stater (S a)) (). For
each inductive case of p, we not only assume this lemma holds for its sub-terms (this is the
standard induction hypothesis) but also assume Theorem 2 holds for p and its sub-terms.
This is sound because in the proof of Theorem 2, for (extracts o k, ,, o nondet2states) p =
hyp p, we only apply Lemma 5 to the sub-terms of p, which is already included in the
induction hypothesis so there is no circular argument.

Since we assume Theorem 2 holds for p and its sub-terms, we can use several useful
properties proved in the sub-cases of the proof of Theorem 2. We list them here for easy

reference:

e extract-gen: extracts o h,,,, o gen =1
e extract-algl: extracts (I, ., (alg Fail)) =[]

State

e extract-alg2: extracts (h,,, (alg (Orp q))) = extracts (s, p) +extracts (B, q)
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We proceed by structural induction on p. Note that for all p in the codomain of
nondet2stateg, it is either generated by the gen or the alg of nondet2states. Thus, we only
need to prove the following two equations where p = genx or p =algx and x is in the
codomain of fmap nondet2states.

1. rungie (W, (gen x)) (S xs stack) = runsie (Mg, pops) (S (xs +
+extracts (K, (gen x))) stack)

2. runsie (M, (alg x)) (S xs stack) = runsige (h,,,, pops) (S (xs +
+extracts (W, ., (alg x))) stack)

State
For the case p = gen x, we calculate as follows:

Fulsiare (g, (gen x)) (S xs stack)
= {- definition of gen -}
runsiae (.., (appends x pops)) (S xs stack)
= {- Lemma 6 -}

runsiare (W, POPs) (S (xs ++[x]) stack)
= {- definition of n -}

runsiae (W, POPs) (S (xs 1 x) stack)
= {- extract-gen -}

Fulsiate (M0, POPs) (S (xs H-extracts (R, (gen x))) stack)

For the case p = alg x, we proceed with a case analysis on x.
case Fail

Fulsiare (M, (alg Fail)) (S xs stack)
= {- definition of alg -}
Funsire (g, (POPs)) (S Xs stack)
= {- definition of [] -}
Funsire (Mg, POPs) (S (xs [ ]) stack)
= {- extract-algl -}
Funsiae (W, POPs) (S (xs ++extracts (h,,, (alg Fail))) stack)

State

case Or p1 pa

runsiase (M, (alg (Or p1 p2))) (S xs stack)
= {- definition of alg -}

runsae (Wyq. (Pshs p2 p1)) (S xs stack)
= {- Lemma?9 -}

runsiae (Mg, P1) (S x5 (p2 © stack))
= {- induction hypothesis -}

runsiare (M, POPs) (S (xs +extracts (R, p1)) (p2 : stack))
= {- Lemma 8§ -}

runsiare (M P2) (S (x5 ++extracts (R, p1)) stack)
= {- induction hypothesis -}

Funsiate (g0 POPs) (S (x8 +H-extracts (B, p1) +extracts (hy,,,, p2)) stack)
= {- extract-alg2 -}

runsiare (Mg, POPs) (S (x5 +h,,,, (alg (Or py p2))) stack)
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The following four lemmas characterise the behaviours of stack operations.

Lemma 6 (evaluation-append).

runsiate (o, (appends x p)) (S xs stack) = runsiase (R, p) (S (x5 ++[x]) stack)

Proof

/

runsiae (R, (appends x p)) (S xs stack)
= {- definition of appendy -}

Fulsiare (M, (et == A(S xs stack) — put (S (xs +H-[x]) stack) > p)) (S xs stack)
= {- definition of gef -}

Funsise (M, (Op (Get 1) == A(S xs stack) — put (S (xs ++[x]) stack) > p)) (S xs stack)
= {- definition of (>=) for free monad and Law 2.3: return-bind -}

runse (M, ., (Op (Get (M(S xs stack) — put (S (xs ++[x]) stack) > p)))) (S xs stack)

State
= {- definition of /i, -}
Fulsiare (State (s — runsie (M., (M(S xs stack) — put (S (xs ++[x]) stack) > p) 5)) 5))
(S xs stack)
= {- definition of rung,, -}
(As = rungiare (W, (M(S x5 stack) — put (S (xs ++-[x]) stack) > p) s5)) s) (S xs stack)
= {- function application -}
Fulsiate (M, (A(S x5 stack) — put (S (xs +-[x]) stack) > p) (S xs stack))) (S xs stack)
= {- function application -}
Fulsiate (M, (put (S (xs +-[x]) stack) > p)) (S xs stack)
= {- definition of put -}
runsiase (s, (Op (Put (S (xs -+[x]) stack) (1 ) > p)) (S xs stack)
= {- definition of (>>) for free monad and Law 2.3: return-bind -}
Fulsiare (M, (Op (Put (S (xs +-[x]) stack) p))) (S xs stack)
= {- definition of 4, -}
FuRsiare (State (As — runsise (M., P) (S (xs H-[x]) stack))) (S xs stack)
= {- definition of rung;y, -}
(As = runggre (M, P) (S (xs H-[x]) stack)) (S xs stack)
= {- function application -}

runsiase (Mg ) (S (v [ x]) stack)

Lemma 7 (evaluation-popl).

TUnSate (h./Stale pops) (Sxs[D)=(0,Sxs[])

Proof

FUnstate (hg'tate pops) (S xS [ ])
= {- definition of pops -}

/
FuRsiare (B

ate (861 == (S x5 stack) —
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casestackof[]  —n()
op : ps — do put (S xs ps); op)) (Sxs [])
= {- definition of gef -}
Funsiare (M., (Op (Get 1) >= A(S xs stack) —
casestackof[]  —n()
op : ps — do put (S xs ps); op)) (Sxs [ 1)
= {- definition of (=) for free monad and Law 2.3: return-bind -}
Fulsiare (Mg, (Op (Get (A(S xs stack) —
case stack of [ ] =10
op : ps — do put (S xs ps); op)))) (Sxs [ 1)
= {- definition of A, -}

FUfsiare (State (As — runsiae (Ngy,,, (M(S xs stack) —

case stack of [ ] —-7n()
op : ps — do put (S xs ps); op) 5)) ) (Sxs[])
= {- definition of rung;,, -}
(ks = runge (M., (AM(S xs stack) —
case stack of [ ] —-7()
op : ps — do put (S xs ps); op) s)) s) (Sxs[])
= {- function application -}
Funsire (Mg, (A(S x5 stack) —
case stack of [ ] —-1n()

op : ps — do put (S xs ps); op) (Sxs 1) (Sxs[])
= {- function application, case-analysis -}
runsiate (Wygre (1 0)) (S xs [ 1)
= {- definition of A}, . -}

State

runsie (State (As — ((),5))) (Sxs [ 1)
= {- definition of rung,,., function application -}

(0, Sxs[])

Lemma 8 (evaluation-pop2).

Fulsiare (M., POPs) (S x5 (q = stack)) = runsiae (Mg, q) (S x5 stack)

Proof

runsiare (M, POPs) (S x5 (q : stack))
= {- definition of popy -}
runsiae (R,
case stack of [ ] —-1n(
op : ps — do put (S xs ps); op)) (S xs (q : stack))
= {- definition of gef -}
Fulsiare (Mg, (Op (Get 1) >= A(S xs stack) —
case stack of [ ] —->n0

op : ps — do put (S xs ps); op)) (S xs (q : stack))

(get == A(S xs stack) —
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= {- definition of (>=) for free monad and Law 2.3: return-bind -}
Fulsiare (M., (Op (Get (A(S xs stack) —
case stack of [ ] -1
op : ps — do put (S xs ps); op)))) (S xs (q : stack))
= {- definition of 4, -}
FUsare (State (s — runsiase (M, (M(S xs stack) —
case stack of [ ] -1
op : ps — do put (S xs ps); op) s5)) 5)) (S xs (q : stack))
= {- definition of rung;y, -}
(As = runsge (M, (A(S x5 stack) —
case stack of [ ] R
op : ps — do put (S xs ps); op) s)) s) (S xs (q : stack))
= {- function application -}
runsiare (M, (A(S x5 stack) —
case stack of [ ] —-n()
op : ps — do put (S xs ps); op) (S xs (q : stack)))) (S xs (q : stack))
= {- function application, case-analysis -}
FuRsse (M, (put (S xs stack) > q)) (S xs (q : stack))
= {- definition of puf -}
Fulsare (M, (Op (Put (S xs stack) (n () > q)) (Sxs (q : stack))
= {- definition of (>>) for free monad and Law 2.3: return-bind -}
Funsize (s, .. (Op (Put (S xs stack) q))) (S xs (q : stack))

State
= {- definition of 4, -}
FUlsare (State (s — runsie (Mg, q) (S xs stack))) (S xs (q : stack))
= {- definition of rungy, -}
(As = rungae (M., q) (S x5 stack)) (S xs (q : stack))
= {- function application -}
runse (s, .. q) (S xs stack)

State

Lemma 9 (evaluation-push).

rulsiare (Mg, (PUshs q p)) (S xs stack) = runsyae (W, p) (S x5 (q : stack))

Proof

runsare (e (Pushs g p)) (S xs stack)
= {- definition of pushg -}

FUunsaze (W, (g€t = M(S xs stack) — put (S xs (q : stack)) > p)) (S xs stack)
= {- definition of gef -}

Fulsiare (M., (Op (Get 1) >= A(S xs stack) — put (S xs (q : stack)) > p)) (S xs stack)
= {- definition of (>=) for free monad and Law 2.3: return-bind -}

rungse (s, . (Op (Get (M(S xs stack) — put (S xs (q : stack)) >> p)))) (S xs stack)

State
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= {- definition of A, -}
FUulsie (State (s — runse (N, (M(S xs stack) — put (S xs (q : stack)) > p) 5)) 5))
(S xs stack)
= {- definition of rung. -}
(hs = rungigre (W, (M(S x5 stack) — put (S xs (q : stack)) > p) s)) s) (S xs stack)
= {- function application -}
Funsiare (Mg, (M(S x5 stack) — put (S xs (q : stack)) > p) (S xs stack))) (S xs stack)
= {- function application -}
FuRsiare (Mg, (PUt (S x5 (q < stack)) > p)) (S xs stack)
= {- definition of put -}
Funsiare (Mg, (Op (Put (S xs (q : stack)) (n () > p)) (S xs stack)
= {- definition of (>>) for free monad and Law 2.3: return-bind -}
Fufsiare (M, (Op (Put (S xs (q : stack)) p))) (S xs stack)
= {- definition of A, -}
FUfsiare (State (As — runsige (N, p) (S x5 (q : stack)))) (S xs stack)
= {- definition of rung,, -}
(ks = rungre (W, P) (S x5 (q < stack))) (S xs stack)
= {- function application -}

runsire (R, p) (S xs (q : stack))

3.2 Combining with other effects

This section proves the following theorem in Section 5.2.

Theorem 3.  runypyr = hnpir

Proof The proof is very similar to that of Theorem 2 in Appendix 3.1.
We start with expanding the definition of runyp.:

extractss o hgae © nondet2state = hyp

We use the fold fusion law fusion-post’ (3.3) to fuse the left-hand side. Since the right-
hand side is already a fold, to prove the equation we just need to check the components of
the fold Ayp satisfy the conditions of the fold fusion. The conditions can be splitted into
the following three equations:

(extractss o hgiae) © gen = gennpys
(extractss o hsaze) © alg o fmap nondet2states

= algnp4s o fmap (extractss o hsae) o fimap nondet2stateg
(extractss o hsiase) o fwd o fmap nondet2states

= fwdypys o fmap (extractss o hgye) o fmap nondet2states

For brevity, we omit the last common part finap nondet2states of the second equa-
tion in the following proof. Instead, we assume that the input is in the codomain of
fmap nondet2stateg.
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For the first equation, we calculate as follows:

extractss (hsyqe (gen x))
= {- definition of gen -}

extractss (hswe (appendss x popss))
= {- definition of extractss -}

resultsss o snd ($) rungier (hsire (appendss x popss)) (SS1[1)
= {- Lemmall -}

resultsss o snd ($) runsier (hsare popss) (SS ([14++[xD [ 1)
= {- definition of (-+) -}

resultsss o snd §) runsiser (hsiare popss) (SS [x1[1)
= {- Lemma 12 -}

resultsss o snd ($) n (0, SS[x][ 1)
= {- evaluation of snd, resultsgss -}

n [x]

= {- definition of  for free monad -}
Var [x]

= {- definition of np -}
(Varon)x

= {- definition of genyp,s -}

gEeNNp4r X

For the second equation, we proceed with a case analysis on the input.
case Fail

extractss (hsyae (alg Fail))
= {- definition of alg -}
extractss (hswate POPss)
= {- definition of extractss -}
resultsss o snd ($) runger (Msiare Popss) (SS 11 1)
= {- Lemma 12 -}
resultsss o snd ) n (0, SS[1[1)
= {- evaluation of snd, resultsss -}
n[]
= {- definition of 5 for free monad -}
Var|[]
= {- definition of algyp,s -}
algnp4y Fail
= {- definition of finap -}
(algnpys o fmap (extractss o hsiye)) Fail

case Inl (Orp q)

extractss (hsie (alg (Or p q)))
= {- definition of alg -}

extractss (hse (pushss q p))
= {- definition of extractss -}
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resultsss o snd ) runswer (hsare (Pushss qp)) (SST111)
= {- Lemma 14 -}
resultsss o snd () runsier (hsiae ) (SS[1[q])
= {- Lemma 10 -}
resultsgs o snd ($)
do {P/ < extractss (hStatep); FUNStateT (hState pOPSS) (SS ([] Hp/) [q])}
= {- definition of (-+) -}
resultsss o snd (§) do {p" < extractss (hsare p); "unsiaser (Rsiate POPss) (SSp' [q1)}
= {- Lemma 13 -}
resultsss o snd (§) do {p" < extractgs (hsae p); "unsiaser (hsiare 9) (SSP' [ 1)}
= {- Lemma 10 -}
resultsss o snd ($) do {p’ < extractss (hsiue p);
do {q' < extractss (hsise q); Funsiater (state popss) (SS (" ++q')[1)})
= {- Law (2.5) for do-notation -}
resultsss o snd (§) do {p' < extractss (hswe p); q' < extractss (hsise 9);
FUNStateT (hStatepOpSS) (SS (p, Hq/) [])}
= {- Lemma 12 -}
resultsss o snd ()
do {p’ < extractss (hswre p); q' < extractss (hswe 9); 1 (0, SS (" ++¢) [ D}
= {- evaluation of snd, resultsgs -}
do {p' < extractss (hsie p); ¢ < extractss (hse q); 1 (P +q')}
= {- definition of /ifiM?2 -}
liftiM2 (H) ((extractss o hsie) p) ((extractss o hsue) q)
= {- definition of algyp4s -}
algnpir (Or ((extractss o hgiue) p) ((extractss o hsire) q))
= {- definition of finap -}
(algnpy o fmap (extractss o hse)) (Or p q)

For the last equation, we calculate as follows:

extractss (hsiare (fwd y))
= {- definition of fwd -}

extractss (hsie (Op (Inry)))
= {- definition of Ag -}

extractss (StateT $ As — Op $ finap (Ak — rungyer k ) (fmap hsue v))
= {- definition of extractss -}

resultsss o snd ()

runsier (StateT $ As — Op S fimap (Ak — runsaer k s) (finap hswae )) (SS [111)

= {- definition of rungr -}

resultsss o snd ($) (As — Op $ fmap (Mk — runsuer k s) (fmap hsiae v)) (SST111)
= {- function application -}

resultsss o snd (8) Op $ fimap (Ak — runsier k (SS [1[1)) (fmap hsiare ¥))
= {- definition of (§) -}

Op (fmap ()"k — resultsgs o snd ($> FURger k (SS [ [])) (fmap hstate »)
= {- definition of fwdyp4s -}

Swdnpyy (fmap (Ak — resultsgs o snd (8) rungyer k (SS[1[1)) (finap hsiae ¥))
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= {- definition of extractss -}

fwdnpr (fmap extractss (fmap hsiaze ¥))
= {- Law (2.2) -}

Swdnpr (fmap (extractss o hsiare) y)

In the above proof we have used several lemmas. Now we prove them.

Lemma 10 (pop-extract of SS).

runsiaer (Msiae p) (SS x5 stack)
=do {p' < extractss (hsie P); unsiater (Psiae popss) (SS (xs ++p') stack) }

holds for all p in the codomain of the function nondet2state.

Proof The proof structure is similar to that of Lemma 5. We prove this lemma by struc-
tural induction on p :: Free (Stater (SSf a) :+:f) (). For each inductive case of p, we not
only assume this lemma holds for its sub-terms (this is the standard induction hypothesis)
but also assume Theorem 3 holds for p and its sub-terms. This is sound because in the proof
of Theorem 3, for (extractss o hsys. o nondet2state) p = hypr p, we only apply Lemma 10
to the sub-terms of p, which is already included in the induction hypothesis so there is no
circular argument.

Since we assume Theorem 3 holds for p and its sub-terms, we can use several useful
properties proved in the sub-cases of the proof of Theorem 3. We list them here for easy
reference:

e extract-gen-ext: extractss o hgy. 0 gen = Varon

e extract-algl-ext: extractss (s (alg Fail)) = Var[ ]

e extract-alg2-ext:  extractss (hsue (alg (Or p q))) = liftM2 () (extractss (hsase P))
(extractss (hswte 9))

o extract-fwd extractss (hse (fWd y)) = fwdnpr (fmap (extractss o hsiie) y)

We proceed by structural induction on p. Note that for all p in the codomain of
nondet2state, it is either generated by the gen, alg, or fwd of nondet2state. Thus,
we only need to prove the following three equations, where x is in the codomain of
fmap nondet2states and p = gen x, p = alg x, and p = fwd x, respectively.

L. FunstateT (thate (gen x)) (SS xS StaC'k)
=do {p' < extractss (hsare (gen x)); runsuer (hsie popss) (SS (xs ++p') stack) }

2. runsarer (Msiare (alg x)) (SS xs stack)
=do {p’' < extractss (hsae (alg x)); rungier (hsae popss) (SS (xs ++p') stack)}

3. runser (hswe (fWd x)) (SS xs stack)
=do {p’ <« extractss (hsiae (fwd x)); runser (Asare popss) (SS (xs ++p’) stack)}

For the case p = gen x, we calculate as follows:
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runsier (Msase (gen x)) (SS xs stack)
= {- definition of gen -}
runsiarer (Msiare (appendss x popss)) (SS xs stack)
= {- Lemmall -}
TUngater (hState pOPSS) (SS (XS —|—|—[.X]) StaCk)
= {- definition of np -}
TUngtateT (hState POPSS) (SS ()CS ++n x) stack)
= {- definition of Var and reformulation -}
do {p" < Var (1 x); runsiaer (hswae popss) (SS (xs ++p") stack) }
= {- extract-gen-ext -}
do {p' < extractss (hsie (gen x)); runsuer (hsiare popss) (SS (xs ++p') stack)}

For the case p = alg x, we proceed with a case analysis on x.
case Fail

rungsier (siae (alg Fail)) (SS xs stack)
= {- definition of alg -}
FUnstateT (hState popSS) (SS xS StaCk)
= {- definition of [] -}
rungater (hState POPSS) (SS (xS _H[ ]) StaCk)
= {- definition of Var -}
do {p' < Var[]; runsier (hsiate popss) (SS (xs ++p’) stack)}
= {- extract-algl-ext -}
do {p’ < extractss (hswae (alg Fail)); runsier (hsiare popss) (SS (xs ++p') stack) }

case Orp1 p,

runsiaer (Msase (alg (Or p1 p2))) (SS xs stack)
= {- definition of alg -}
runsiaeer (Msate (Pushss p2 p1)) (SS xs stack)
= {- Lemma 14 -}
runsirer (Msae P1) (SS x5 (P2 : stack))
= {- induction hypothesis: pop-extract of p; -}
do {p/l < extractss (hState Pl), FUnsateT (hState pOPSS) (SS (XS ++p/1) (pZ : StaCk))}
= {- Lemma 13 -}
do {p/l < extractss (hStatepl); FUnsateT (hState p2) (SS (XS —’_'—p/l) StaCk)}
= {- induction hypothesis: pop-extract of p, -}
do {p), < extractss (hsie p2); do {p| < extractss (hsie P1);
runssater (hState POPSS) (SS (.X'S lel _{_'—p/z) StaCk)} }
= {- Law (2.5) with do-notation -}
do {p), < extractss (hsiate P2); Py < extractss (hsiae P1);
runsater (hState POPSS) (SS (XS Hp,] Hp/z) StaCk)}
= {- definition of /ifiM?2 -}
do {p' < liftM2 (++) (extractss (hsware p2)) (extractss (hsise P1));
FUNStateT (hState Popss) (SS (xs ++P/) StaCk)}
= {- extract-alg2-ext -}
do {p’' < extractss (hsise (alg (Or p1 p2))); runsuer (hsiae POPss) (SS (xs ++p') stack) }
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For the case p = fwd x, we proceed with a case analysis on x.

runsser (Mswre (fwd x)) (SS xs stack)
= {- definition of fwd -}
runsiaer (hsare (Op (Inr x))) (SS xs stack)
= {- definition of Agys. -}
runsiger (StateT (As — Op (fmap (Ay — runsaer (hsare ¥ 5)) X)) (SS xs stack)
= {- definition of runs.r -}
Op (fmap (hy = runsier (hstare  (SS xs stack))) x)
= {- induction hypothesis -}
Op (fmap (Ay — do {p’ < extractss (hsate ¥); "unsiater (hstare POPss) (SS (xs ++p') stack)}) x)
= {- definition of >= -}
do {p' <= Op (fmap (hy — extractss (hsare ¥)) X); runisiater (hstare pOPss) (SS (xs ++p') stack) }
= {- definition of fwdnps -}
do {p’ < fwdnps (finap (\y — extractss (hsiase ) X); Fulisiarer (Msiate POPsS)
(SS (xs ++p') stack)}
= {- extract-fwd -}
=do {p' < extractss (hsre (fWd X)); runsier (hsware Popss) (SS (xs ++p’) stack) }

The following four lemmas characterize the behaviours of stack operations.

Lemma 11 (evaluation-append-ext).

runsater (siare (appendss x p)) (SS xs stack) = runser (hswaze p) (SS (xs ++[x]) stack)

Proof

YUNSateT (hSta[g (appendss XP)) (SS X§ StaCk)
= {- definition of appendss -}

runsiazer (Bstase (get == A(SS xs stack) — put (SS (xs ++[x]) stack) > p)) (SS xs stack)
= {- definition of get -}
runsyger (Bsiae (Op (Inl (Get 1)) = A(SS xs stack) — put (SS (xs ++[x]) stack) > p))
(SS xs stack)
= {- definition of (>=) for free monad and Law 2.3: return-bind -}
runsiaer (Bsare (Op (Inl (Get (A(SS xs stack) — put (SS (xs ++[x]) stack) > p)))))
(SS xs stack)
= {- definition of /g, -}
rungaer (StateT (As — runsiaer (hsiare (A(SS xs stack) — put (SS (xs ++[x]) stack)
> p)s))s)) (SS xs stack)
= {- definition of rung;.r -}
(As = runggeer (Bsiate (M(SS xs stack) — put (SS (xs ++[x]) stack) > p) 5)) s)
(SS xs stack)
= {- function application -}
runsser (hstate (M(SS xs stack) — put (SS (xs ++[x]) stack) > p) (SS xs stack)))
(SS xs stack)
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= {- function application -}

runsiaer (Msiare (put (SS (xs ++[x]) stack) > p)) (SS xs stack)
= {- definition of put -}

runsiaer (Rsiare (Op (Inl (Put (SS (xs +=+[x]) stack) (1 ()))) > p)) (SS xs stack)
= {- definition of (>>) for free monad and Law 2.3: return-bind -}

runsaer (Rsiare (Op (Inl (Put (SS (xs ++[x]) stack) p)))) (SS xs stack)
= {- definition of Agys. -}

rungaer (StateT (As — runser (hsiae p) (SS (xs ++[x]) stack))) (SS xs stack)
= {- definition of runsr -}

(As = runsiaser (hsiare ) (SS (xs ++[x]) stack)) (SS xs stack)
= {- function application -}

TUngtateT (hState P) (SS (XS —|—|—[.X]) StaCk)

Lemma 12 (evaluation-pop1-ext).

runsiarer (Nsiare POPss) (SSxs [1) =1 (0, SSxs [1)

Proof

FUngstateT (hState POPSS) (SS xS [ ])
= {- definition of popss -}
runsier (Mstase (get == A(SS xs stack) —
case stack of [ ] —-7n()
op : ps — do put (SS xs ps); op)) (SSxs [])
= {- definition of gef -}
runsuater (hsware (Op (Inl (Get 1)) >= M(SS xs stack) —
case stack of [ ] —-1n()
op : ps — do put (SS xs ps); op)) (SSxs [ 1)
= {- definition of (>=) for free monad and Law 2.3: return-bind -}
runsier (Msae (Op (Inl (Get (A(SS xs stack) —
case stack of [ ] -1
op : ps — do put (SS xs ps); op))))) (SSxs [ ])
= {- definition of Ag, -}
rungser (StateT (As — runsiger (Msae (M(SS xs stack) —
case stack of [ ] —-1n0
op : ps — do put (SS xs ps); op) 5)) 5)) (SSxs [])
= {- definition of rung.r -}
(As = runsgrer (hstare (M(SS xs stack) —
case stack of [ ] -1
op : ps — do put (SS xs ps); op) 5))s) (SSxs [ ])
= {- function application -}
TUnstateT (hState (()"(SS Xs StaCk) g
case stack of [ ] —->1n(
op : ps — do put (SS xs ps); op) (SSxs[ 1)) (SSxs[])
= {- function application, case-analysis -}
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runsaser (hsiae (1 ())) (SSxs[1)
= {- definition of g, -}

runser (StateT (ks — 1 ((),5))) (SSxs [])
= {- definition of rung..r -}

(As =1 (0,5) (SSxs[])
= {- function application -}

(0,8Sxs[1)

Lemma 13 (evaluation-pop2-ext).

TungateT (hState POPSS) (SS Xs (q : StaCk)) = rungsateT (hState Q) (SS xS StaCk)

Proof

runsier (Bsae POPss) (SS xs (q : stack))
= {- definition of popss -}
runsiaeer (Bsare (get == A(SS xs stack) —
case stack of [ ] -1
op : ps — do put (SS xs ps); op)) (SS xs (g : stack))
= {- definition of gef -}
runsser (hswe (Op (Inl (Get 1)) == A(SS xs stack) —
case stack of [ | -1
op : ps — do put (SS xs ps); op)) (SS xs (g : stack))
= {- definition of (>=) for free monad and Law 2.3: return-bind -}
runsyser (hstae (Op (Inl (Get (A(SS xs stack) —
case stack of [ ] S
op : ps — do put (SS xs ps); op))))) (SS xs (q : stack))
= {- definition of g, -}
runsier (StateT (As — runger (hstaze (M(SS xs stack) —
case stack of [ ] —-n()
op : ps — do put (SS xs ps); op) 5)) 5)) (SS xs (q : stack))
= {- definition of rungy,r -}
(As = runggeer (Bssate (M(SS xs stack) —
case stack of [ ] —-17()
op : ps — do put (SS xs ps); op) 5)) 5) (SS xs (g : stack))
= {- function application -}
runsiaeer (Bstare (M(SS xs stack) —
case stack of [ ] —n()

71

op : ps — do put (SS xs ps); op) (SS xs (q : stack)))) (SS xs (q : stack))

= {- function application, case-analysis -}

runsiarer (Bsae (put (SS xs stack) > q)) (SS xs (q : stack))
= {- definition of put -}
runsiaer (hsiare (Op (Inl (Put (SS xs stack) (n ()))) > q)) (SS xs (q : stack))
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= {- definition of (>>) for free monad and Law 2.3: return-bind -}
runsier (hsiae (Op (Inl (Put (SS xs stack) q)))) (SS xs (q : stack))
= {- definition of Agys. -}
runssaer (StateT (As — runsier (Msiare ) (SS x5 stack))) (SS xs (g : stack))
= {- definition of runsyer -}
(As = runssgrer (hsware q) (SS xs stack)) (SS xs (q : stack))
= {- function application -}
TUngtateT (hState Q) (SS XS StaCk)

Lemma 14 (evaluation-push-ext).

runssater (hState (PuShSS qp)) (SS xS SIaCk) = FrungsateT (hState P) (SS Xs (C] : StLle))

Proof

runsiger (Msiae (pushss q p)) (SS xs stack)
= {- definition of pushgg -}

runssaser (Msware (get == M(SS xs stack) — put (SS xs (q : stack)) > p)) (SS xs stack)
= {- definition of gef -}
runsier (Msase (Op (Inl (Get 1)) >= A(SS xs stack) — put (SS xs (q : stack)) > p))
(SS xs stack)
= {- definition of (>=) for free monad and Law 2.3: return-bind -}
runsigrer (Msate (Op (Inl (Get (A(SS xs stack) — put (SS xs (q : stack)) > p)))))
(SS xs stack)
= {- definition of Ag, -}
runser (StateT (As — rungwer (hsiase (M(SS xs stack) — put (SS xs (q : stack)) > p) 5)) s))
(SS xs stack)
= {- definition of rung.r -}
(As = runsyger (Msiae (M(SS xs stack) — put (SS xs (q : stack)) > p) s)) s) (SS xs stack)
= {- function application -}
runsiater (hsiate (M(SS xs stack) — put (SS xs (q : stack)) > p) (SS xs stack))) (SS xs stack)
= {- function application -}
runsier (Msate (put (SS xs (q : stack)) > p)) (SS xs stack)
= {- definition of put -}
runsier (hsate (Op (Inl (Put (SS xs (q : stack)) (n ()))) > p)) (SS xs stack)
= {- definition of (>>) for free monad and Law 2.3: return-bind -}
runsiaer (hsate (Op (Inl (Put (SS xs (q : stack)) p)))) (SS xs stack)
= {- definition of Ay, -}
runser (StateT (As — runsier (Mswae ) (SS xs (g : stack)))) (SS xs stack)
= {- definition of runsyer -}
(As = runsgrer (hsware p) (SS x5 (q : stack))) (SS xs stack)
= {- function application -}
TUngtateT (hState p) (SS XS (q : StaCk))
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4 Proofs for modelling two states with one state

In this section, we prove the following theorem in Section 6.1.

Theorem 4. /g0 = nest o hgyye o states2state

Proof Instead of proving it directly, we show the correctness of the isomorphism of nest
and flatten and prove the following equation:

flatten o hsyytes = hsiae © States2state

It is obvious that « and «~' form an isomorphism, i.e., ¢ oa™' =id and o 'oa =
id. We show that nest and flatten form an isomorphism by calculation. For all #::
StateT sy (StateT s, (Freef)) a, we show that (nest o flatten) t = ¢.

(nest o flatten) t
= {- definition of flatten -}

nest $ StateT $ A(s1,52) = & (8) runsiuser (Funsaser t S1) 2
= {- definition of nest -}

StateT $ Ls; — StateT $ hsy — o~ ($)

runger (StateT $ A(s1, 52) = o (8) runsier (runger t 1) $2) (51, 52)

= {- definition of runger -}

StateT $ Ls; — StateT $ Asy — = ($)

(A(s1,52) = & (8) runguer (runsuer t s1) 52) (51, 52)

= {- function application -}

StateT $ As; — StateT $ hsy — a1 ($) (& (8) runsiger (Funser t 51) 52)
= {- Equation (2.2) -}

StateT $ As; — StateT $ Lsy — (finap (@' o @) (Funsuer (FiRsaer t 51) $2))
= {-a'oa=id-}

StateT $ Ls; — StateT $ Ls, — (fimap id (runsiyzer (FUnsrer tS1) 52))
= {- Equation (2.1) -}

StateT $ As; — StateT $ Asy — (runsuer (Funsaer t S1) 52)
= {- p-reduction and reformulation -}

StateT $ As; — (StateT o runser) (Funsger t 1)
= {- StateT o rungyer = id -}

StateT $ As) — rungyer t 51
= {- n-reduction -}

StateT $ runger t
= {- StateT o rungyer =id -}

t

For all ¢ :: StateT (s1, s2) (Free f) a, we show that (flatten o nest) t =t.

(flatten o nest) t =t
= {- definition of nest -}

flatten $ StateT $ As| — StateT $ Asy — a~' (§) runguer t (s1, 52)
= {- definition of flatten -}

StateT $ A(s1,52) = a ($)
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runsier (Funsaer (StateT $ Asy — StateT $ Asy — o' (8) runger t (s1,52)) 51) 52

= {- definition of rung,.r -}

StateT $ A(s1,52) = a ($)

runser (As) — StateT $ ksy — o (§) runsaer t (s1,52)) 51) $2

= {- function application -}

StateT $ A(s1,52) — & (8) runsier (StateT $ hsy — a=" (8) runsuzer t (s1,52)) 52
= {- definition of rungyser -}

StateT $ 1(s1, 52) = o ) (Asz — o' (8) rungiger t (51, 52)) 52
= {- function application -}

StateT $ 1(s1, 52) = o ) (@' (8) rungyaer t (s1, 52))
= {- definition of (§) -}

StateT $ A(s1, 52) — finap o (fmap o~ (runger t (s1, 52)))
= {- Equation (2.2) -}

StateT $ A(s1, 52) — finap (a 0 ™) (runsaer t (51, 52))
= {- aca"'=id-}

StateT $ A(s1,52) — finap id (runger t (51, 52))
= {- Equation (2.1) -}

StateT $ A(s1, $2) = Funser t (s1,52)
= {- n-reduction -}

StateT $ rungser t
= {- StateT o rungyr =id -}

t

/

ares Which is defined as

Then, we first calculate the LHS flatten o hg.s into one function 4

Wopures - Functor f = Free (Stater 51 :+: Statep s, -+ f) a — StateT (s1,52) (Freef) a

h/States = StaIET $ )‘(Sl 5 SZ) —> o <$) FUNStateT (hState (runStateT (hState ZL) Sl)) 82

For all ¢ :: Free (Stater sy :+: Stater s, :+: f) a, we show the equation (flatten o hgyes) t =

Hguures t DY the following calculation.

(flatten o hgyares) t
= {- definition of Ages -}
(ﬂatten o ()‘t — StateT (thate O FungstateT (hState t)))) t
= {- function application -}
ﬂatten (StateT (hStafe O r'ilisateT (hState 1))
= {- definition of flatten -}
StateT $ A(s1, 52) = o ($)
runswser (Funsuaer (StateT (hswte © Tunsater (Msate 1)) 51) 82
= {- definition of rung.r -}
StateT $ A(s1,52) —> a ($)
runswser (Mstate © "unsater (Astate 1)) 51) 52
= {- definition of A, -}
W, .t

States
Now we only need to show that for any input ¢ :: Free (Statep s| :+: Staterp s, :+:f) a, the

equation A, .. t = (hswae o states2state) t holds. Note that both sides use folds. We can
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proceed with either fold fusion, as what we have done in the proofs of other theorems, or
a direct structural induction on the input ¢. Although using fold fusion makes the proof
simpler than using structural induction, we opt for the latter here to show that the our
methods of defining effects and translations based on algebraic effects and handlers also
work well with structural induction.

case t = Varx

(hstaze © states2state) (Var x)
= {- definition of states2state -}
hState (Var x)
= {- definition of Ag. -}
StateT $ As — 11 (x, 5)
= {- lets=(s1,52) -}
StateT $ A(sy, s2) = Var (x, (s1, 52))
= {- definition of & -}
StateT $ A(s1,s2) — Var (o ((x, 51), 52))
= {- definition of finap -}
StateT $ A(s1, s2) — finap a $ Var ((x, s1), 52)
= {- definition of -}
StateT $ A(s1,52) = fmap a $ 1 ((x, 51), 52)
= {- B-expansion -}
StateT $ A(s1,52) — fimap a $ (As — 1 ((x, 51), 5)) 52
= {- definition of runsr -}
StateT $ A(s1, 52) — fimap o $ runsyer (StateT $ ks — 1 ((x, s1), 5)) 52
= {- definition of A -}
StateT $ A(s1,52) — fmap a $ runsier (hsiae (1 (%, $1))) 52
= {- B-expansion -}
StateT $ A(s1, 52) = fmap a $ rungger (hsiae (As = 1 (x,5)) 51)) 52
= {- definition of runsier -}
StateT $ A(s1, s2) = fmap a $ runser (hsate (runswaer (StateT $ ks — 1 (x, 5)) 51)) 52
= {- definition of Agy. -}
StateT $ A(s1,52) — fmap a $ runsier (Msare Funsater (hsie (Var x)) s1)) s2
= {- definition of (§) -}
StateT $ A(s1,52) — o §) runsiaser (hsware "unstater (hsiare (Var x)) si)) s
= {- definition of 4, -}
hfS‘tates (Var .Xf)

case t = Op (Inl (Get k))
Induction hypothesis: &

/

ates (K 8) = (hsiare 0 states2state) (k s) for any s.

(hstaze © states2state) (Op (Inl (Get k)))
= {- definition of states2state -}

hsie $ get == A(s1, _) — states2state (k s1)
= {- definition of gef -}

hsiae $ Op (Inl (Get 1)) = A(s1, _) — states2state (k s1)
= {- definition of (>=) -}
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hsiate (Op (Inl (Get (M(s1, —) — states2state (k s1)))))
= {- definition of Ay, -}
StateT $ As — rungiger (M(s1, ) = hswre (states2state (k s1))) s) s
= {- lets=(s1,52) -}
StateT $ A(s1,52) —> runsier (M(S1, =) —> hstare (states2state (k s1))) (s1, 52)) (51,52)
= {- function application -}
StateT $ L(s1, 52) —> runsier (hsie (states2state (k s1))) (s1,52)
= {- induction hypothesis -}
StateT $ A(s1,52) = runsirer (Mg, (k51)) (51, 52)
= {- definition of A, -}
StateT $ A(s1, $2) — runsuer (StateT $ A(s1, 52) — a ($)
runsster (hState (runStateT (hState (k Sl)) sl)) SZ) (Sl > SZ)
= {- definition of runger -}
StateT $ A(s1, 52) — (A(s1,52) — a ($)
runsarer (Msiare (runswrer (hswre (k $1)) 51)) $2) (51, 52)
= {- function application -}
StateT $ A(s1,8) — @ &) runsier (hswate (Punswaser (Mstare (k $1)) S1)) 52
= {- B-expansion -}
StateT $ A(s1,52) —> « ($)
runsarer (Msware (As — runser (hsiare (k 5)) 8) 51)) 52
= {- definition of rung.r -}
StateT $ A(sy, $2) = a ($)
runsigrer (Msiare (Funsiarer (StateT $ As — runsiger (Rsiare (k 5)) 8) $1)) 82
= {- definition of Ag, -}
StateT $ 1(s1, 52) = o () runsier (Msiare ("unsarer (hsiae (Op (Inl (Get k)))) 51)) 52
= {- definition of A, . -}

States

RSyates (Op (Inl (Get k)))

case t = Op (Inl (Put s k))

Induction hypothesis: /.. k = (hsie © states2state) k.

(hstaze © states2state) (Op (Inl (Put s k)))
= {- definition of states2state -}
hsiare $ get == M(_, s3) — put (s, 57) > (states2state k)
= {- definition of get and put -}
hswae $ Op (Inl (Get n)) == A(_, s2) = Op (Inl (Put (s, s2) (n ()))) >> (states2state k)
= {- definition of (>=) and (>>) -}
hswae $ Op (Inl (Get (M(_, s2) — Op (Inl (Put (s, s2) (states2state k))))))
= {- definition of Agy -}
algs (Get (M, 52) = hstae (Op (Inl (Put (s, 57) (states2state k))))))
= {- definition of algs -}
StateT $ Ls' — runsuer
(M2, 52) = hsiae (Op (Inl (Put (s, s2) (states2state k))))) s') s’
= {- lets' =(s1,52)-}
StateT $ A(s1,52) = Fulser
(M2, 52) = hswre (Op (Inl (Put (s, s2) (states2state k))))) (51, 52)) (51, 52)
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= {- function application -}
StateT $ M(s1, $2) —> Funser
(hstate (Op (Inl (Put (s, s2) (states2state k))))) (s1, 52)
= {- definition of Agys. -}
StateT $ M(s1, S2) = Funsiaer
(StateT $ A _ — runsier (Msae (States2state k)) (s, 52)) (s1, 52)
= {- definition of runsser -}
StateT $ A(s1,52) = (A_ — runsurer (hswe (states2state k)) (s, s2)) (51, 52)
= {- function application -}
StateT $ A(s1,52) = runsier (Msire (states2state k)) (s, s2)
= {- induction hypothesis -}
StateT $ 1(s1,52) = runsiarer (Nypp05 k) (5, 52)
= {- definition of A, -}
StateT $ A(s1, 52) — runsuer (StateT $ A(s1,52) — a ($)
runser (Nsiare Funsaer (s k) $1)) 52) (5, 52)
= {- definition of rungy,r -}
StateT $ A(s1, 52) = (A(s1,52) — a ($)
runswter (Mswate Funsarer (Mswate k) 51)) 52) (5, 52)
= {- function application -}
StateT $ A(s1,52) = o ($)
YURSateT (hState (runStateT (hState k) S)) §2
= {- B-expansion -}
StateT $ A(s1,52) = o ($)
runsirer (Msare (A" — runsirer (Msiie k) 5) 51)) 52
= {- definition of rung.r -}
StateT $ A(s1,52) = a ($)
runsarer (Msate (runswarer (StateT $ As" — runsuer (hswre k) ) 51)) 52
= {- definition of /g, -}
StateT $ A(s1,52) = a ($)
runsser (Msare (Funsaer (hsae (Op (Inl (Put s k)))) s1)) 52
= {- definition of A¢, . -}

States

Fsares (Op (Inl (Put s k)))

case t = Op (Inr (Inl (Get k)))
Induction hypothesis: #,

States

(k 8) = (hstare © states2state) (k s) for any s.

(hstaze © states2state) (Op (Inr (Inl (Get k))))
= {- definition of states2state -}
hswe $ get == A(_, s) — states2state (k s)
= {- definition of get -}
hsie $ Op (Inl (Get n)) = A(_, 55) — states2state (k s,)
= {- definition of (>=) for free monad -}
hsiare (Op (Inl (Get (M(_, ) — states2state (k s72)))))
= {- definition of /g, -}
StateT $ As — runguyer (M, $2) = hsie (states2state (k s3))) s) s
= {- lets=(s1,5)-}
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StateT $ A(s1, 52) = runsier (M=, $2) = hsiare (States2state (k 57))) (s1, 52)) (51, 52)
= {- function application -}
StateT $ A(s1,52) —> runsier (s (states2state (k 52))) (s1,52)
= {- induction hypothesis -}
StateT $ A(s1,52) = runsirer (g, (k52)) (51, 52)
= {- definition of A, -}
StateT $ A(s1,52) = runsier (StateT $ A(s1, 52) — o ($)
runssater (hState (runStateT (hState (k 52)) Sl)) SZ) (Sl s s2)
= {- definition of runsr -}
StateT $ A(s1, 52) — (A(s1,52) — a ($)
runssater (hState (runStateT (hState (k SZ)) Sl)) SZ) (Sl > SZ)
= {- function application -}
StateT $ A(s1,52) = o ($)
runsier (Nsiare (Funsiarer (hsiare (k $2)) 51)) 52
= {- reformulation -}
StateT $ A(s1,52) = o ($)
(runsiarer (hsare © (Ak — runsuer k $1) © hsare © k) 52) 52)
= {- B-expansion -}
StateT $ A(s1,52) = o ($)
(As = runsurer (hswate © (Ak — runsuer k $1) © hstare © k) 5) 5) 52
= {- definition of rung.r -}
StateT $ A(sy, $2) = a ($)
runsiger (StateT $ As — rungrer ((Asiare © (Ak — runsiger k $1) © hgiare 0 k) 5) 5) 52
= {- definition of Ag, -}
StateT $ A(sy, s2) = a ($)
runsuser (hse (Op (Inl (Get (Ak — runguger k s1) 0 hsiae © k))))) 52
= {- definition of finap -}
StateT $ A(sy, s2) = a ($)
runsiarer (siare (Op $ finap (Ak — rungyer k s1) (Inl (Get (hsiaze © k))))) 52
= {- B-expansion -}
StateT $ A(sy, s2) = a ($)
runsiarer (staze (As — Op S finap (Mk — rungier k ) (Inl (Get (hsuaze © k)))) 51)) 52
= {- definition of rungyer -}
StateT $ A(s1,52) = a (§) runser (Asiare
(runsiaer (StateT $ s — Op $ finap (Ak — runsier k s) (Inl (Get (hsiare © k)))) 51)) 52
= {- definition of Ay -}
StateT $ A(s1,52) = o ($)
runsiarer (Nstate Ftnssater (Mswate (Op (Inr (Inl (Get k))))) s1)) 52
= {- definition of 4§, . -}

States

hyures (Op (Inr (Inl (Get k))))

case t = Op (Inr (Inl (Put s k)))

Induction hypothesis: A, .. k = (hswae © states2state) k.

(hstare © states2state) (Op (Inr (Inl (Put s k))))
= {- definition of states2state -}
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hswae $ get == A(sy, —) — put (s1, 5) > (states2state k)
= {- definition of gef and put -}
hsiae $ Op (Inl (Get 1)) == A(s1, ) — Op (Inl (Put (s1, s) (n ()))) > (states2state k)
= {- definition of (>=) and (>) -}
hsiae $ Op (Inl (Get (M(s1, —) — Op (Inl (Put (s1, ) (states2state k))))))
= {- definition of Agys. -}
StateT $ As' — runsyer
((A(s1, =) = hsiae (Op (Inl (Put (s1, s) (states2state k))))) s') s’
= {- lets' =(s1,52) -}
StateT $ M(s1, S2) = Funsizer
((A(s1, =) = hsiare (Op (Inl (Put (s1, s) (states2state k))))) (s1, 52)) (51, 52)
= {- function application -}
StateT $ M(s1,82) = runsger
(state (Op (Inl (Put (s1, s) (states2state k))))) (s1, 52)
= {- definition of g, -}
StateT $ A(s1, 52) = runsuer (StateT $
A" — rungiyer (hswge (States2state k)) (s1, 8)) (51, 52)
= {- definition of rungyr -}
StateT $ A(s1,52) = (AS" — runger (Msie (states2state k)) (s, 8)) (s1, 52)
= {- function application -}
StateT $ A(s1,52) — runsuer (hse (states2state b)) (s1, 5)
= {- induction hypothesis -}
StateT $ 1(s1,52) = runsiger (N5 k) (51,5)
= {- definition of A, -}
StateT $ A(s1, 52) = rungier (StateT $ A(s1, 52) = o ($)
runsser (Nsiate (Funsaer (s k) $1)) 2) (51, 5)
= {- definition of rung.r -}
StateT $ A(s1,52) = (A(s1,82) = o ()
runsater (sate (Funsaer (s k) $1)) 2) (51, 5)
= {- function application -}
StateT $ A(s1,52) = a ($)
TungateT (hState (runStateT (hState k) sl)) s
= {- B-expansion -}
StateT $ A(s1,52) = a ($)
(As" = runsuer (hsate (Munsiaser (hstare k) $1)) ) 52
= {- definition of runser -}
StateT $ A(s1,52) = a ($)
TUngstateT (StatET $ As" — FUnsateT (hState (runStateT (hStare k) Sl)) S) 52
= {- definition of g, -}
StateT $ A(s1,52) = a ($)
runsiaer (Msware (Op (Inl (Put s (runsacer (hsare k) 51))))) $2
= {- reformulation -}
StateT $ A(s1,52) = a ($)
runsaer (Msware (Op (Inl (Put s (Ak — runsuer k $1) (hsiae k)))))) 52
= {- definition of finap -}
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StateT $ A(s1,52) — a ($)
runsyrer (Bsare (Op $ fmap (Ak — rungyer k s1) (Inl (Put s (hsae k))))) 52
= {- B-expansion -}
StateT $ A(s1, 7)) = a ) runsier
(hState (()\S/ - Op $fmap ()‘k —> FUNSateT kS/) (Inl (PlltS (hState k)))) Sl)) 82
= {- definition of rungr -}
StateT $ )‘(Sl > S2) —> <$> FUNStateT (hSrate (runStateT (StateT $
As' — Op $ fmap (Ak — rungiaer k s") (Inl (Put s (hsiaze k)))) 51)) 52
= {- definition of Agy -}
StateT $ A(s1,52) = o ($)
FUnStateT (hState (runStateT (hState (OP (]}’ll" ([}’ll (Put N k))))) Sl)) 82
= {- definition of /¢, -}

States

Hyures (Op (Inr (Inl (Put s k))))

case t = Op (Inr (Inry))
Induction hypothesis: /g, .. ¥ = (hsiae © states2state) y.

(Mstare © states2state) (Op (Inr (Inry)))
= {- definition of states2state -}

hsare $ Op (Inr (finap states2state y))
= {- definition of Ag, -}

fwds (fmap (hsiye o States2state) y)
= {- induction hypothesis -}

fwds (fmap hf?zates »)
= {- definition of 4}, -}

fwds (fmap (At — StateT
$ )"(sl 5 SZ) —> o ($> TUngsateT (hState (runStateT (thate t) Sl)) SZ)y)
= {- definition of fwds -}
StateT $ \s — Op $ fimap (Mk — runsyer k s) (fmap (At — StateT
$ )"(Sl s SZ) —> ($> Tunsater (hState (runStateT (hSmte t) Sl)) Sz)y)
= {- Equation (2.2) -}
StateT $ As — Op (fmap (Ak — rungyer k s) o (At — StateT
$ )“(Sl s SZ) —>a ($> TunsateT (hState (runStateT (hState t) Sl)) SZ)) y)
= {- reformulation -}
StateT $ \s — Op (fimap (Mt — runsyqer (StateT
$ )‘(Sla SZ) — o ($> FunsaterT (hState (runStateT (hState t) Sl)) SZ) S)y)
= {- definition of runser -}
StateT $ As — Op (fimap (At —
(M(s1,82) = a &) runsuser (hsiate (Funsirer (state ) $1)) $2) 8) )
= {- lets=(s1,52) -}
StateT $ A(s1,52) —> Op (fmap (At —
(A(s1,52) = @ (§) runser (hsware (runswarer (hsware 1) 51)) 52) (51,52)) ¥)
= {- function application -}
StateT $ A(s1,52) —> Op (fmap (At — « ($)
FUNStateT (hState (runStateT (hState t) 51)) SZ)y)
= {- reformulation -}
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StateT $ A(s1, s2) — Op (finap (a $)
o (Ak — rungier k 52) © hswre © (Ak — runger k 51) © hsiae) ¥)
= {- definition of ($) -}
StateT $ A(s1,52) — a ($)
Op (fmap (Mk — rungiger k 52) © hsige © (Ak — rungsiger k S1) 0 hsiae) ¥)
= {- Equation (2.2) -}
StateT $ A(s1,52) — a ($)
Op $fmap ()"k —> FUNgateT kSZ) (fmap (hState o ()‘k — YUNgigteT kSl) o hState)y)
= {- B-expansion -}
StateT $ A(s1,52) =~ a ($) (As — Op $
Jinap (Ak — runser k s) (fmap (hsiae © (M — rungier k S1) 0 Rsiare) ¥)) $2
= {- definition of runsy,r -}
StateT $ A(s1,52) = a () runser (StateT $ ks — Op $
Sfinap (Ak — runsier k s) (fmap (hsiate © (M — rungier k S1) 0 Rsiare) ¥)) S2
= {- definition of g, -}
StateT $ A(s1,52) = « ($) runsrer
(hstate (Op (Inr (fmap (Mk — runsuser k 51) © hsware) ¥)))) 52
= {- Equation (2.2) -}
StateT $ A(s1,52) = o ($) runger
(hstare (Op (Inr (fmap (Ak — rungger k s1) (finap hsie y))))) 52
= {- definition of fimap -}
StateT $ A(sy, S2) —> ($) FunsiateT
(hstare (Op $ finap (Mk — runsaer k sy) (Inr (fmap hsyae 3)))) 52
= {- B-expansion -}
StateT $ A(s1,52) = a () runsuer (Msase
((As — Op $ fmap (Lk — runguer k s) (Inr (fmap hsie ¥))) s1)) 52
= {- definition of rungy.r -}
StateT $ )\’(Sl’ 32) —> o ($) FUnsateT (hState (runStateT (StateT $
As — Op $ fmap (Ak — rungyer k s) (Inr (fmap hse ))) $1)) 2
= {- definition of /g, -}
StateT $ A(s1,52) — a ($)
FUnStateT (hState (runStateT (hStal‘e (Op (Inr (In”)’)))) Sl)) S$2
= {- definition of A¢, . -}

States

hfS‘tates (Op ([I’ll" (Il’lf‘y)))

5 Proofs for the all in one simulation

In this section, we prove the correctness of the final simulation in Section 6.2.

Theorem 5.  simulate = hy .0

Proof We calculate as follows, using all our three previous theorems Theorem 1,
Theorem 3, Theorem 4, and an auxiliary lemma Lemma 15.
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simulate
= {- definition of simulate -}

extract o gy o states2state o nondet2state o (<) o local2global
= {- Theorem 4 -}

extract o flatten o hgyes o nondet2state o (<) o local2global
= {- Lemma 15 -}

fmap (fimap fst) o runger © Astase © extractss o hsue © nondet2state o (<) o local2global
= {- definition of runyp, -}

Jmap (finap f5t) o runsier © Asiae © runyp4s o (&) o local2global
= {- Theorem 3 -}

Jmap (finap f5t) o rungiger © Asie © hnp4y o (&) o local2global
= {- definition of Agjopa -}

hGiobai © local2global
= {- Theorem 1 -}

hiocal

Lemma 15.  extract o flatten o hgyyes = fmap (finap fst) o runssyer © hsaze © extractss o hszaze

Proof As shown in Appendix 4, we can combine flatten o hsyes into one function A,

defined as follows:

. :: Functor f = Free (Statep sy :+: Stater s, :+: f) a — StateT (s1,52) (Freef)a

States *

hfs‘tares 1= StateT $ )‘*(Sl 5 SZ) —> o ($) FUNStateT (hState (runStareT (hState t) Sl)) 82

Then we show that for any input ¢:: Free (Stater (SS (Stater s :+:f) a) :+: (Statep s :+:
/) 0, we have (extract o h,,,,.) t = (fmap (finap f5t) o runsier © hsiare © extractss o hsye) t
via the following calculation.

(extract o hig,,,, )t
= {- function application -}
extract (Hg,,,. t)
= {- definition of A, -}
extract (StateT $ A(sy,52) —> « ($)
runsser (Nsiae (Funsaer (hsiae t) $1)) 52)
= {- definition of extract -}
As — resultsgs o fst o snd ($) runger (StateT $ A(s1,52) = a ($)
runsarer (state (Funsiaer (Asare 1) $1)) 52) (SS 111, 9)
= {- definition of rung.r -}
As — resultsss o fst o snd ($) (A(s1, s2) = a ($)
runsarer (hstate Funsaer (Msare 1) $1)) 52) (SS 111, 9)
= {- function application -}
As — resultsgs o fst o snd ($) (a (5)
runsuser (hsiate unswaer (Msiae 1) (SST1[1))) 5)
= {- Equation (2.2) -}
s — resultsgs o fst o snd o o ($)
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runsser (Nsare (Funsaer (sae 1) (SST1L1))) s
= {- fstosnd oo =snd o fst -}
ASs —> resultsSS o Sl’ld Oﬁt <$> Tunsater (hSmte (runStateT (hState t) (SS [] []))) N
= {- Equation (2.2) and definition of ($) -}
As — fmap (resultsss o snd) o fmap fst $
TungateT (hState (runStateT (hStale ZL) (SS [ ] [ ]))) s
= {- definition of flip and reformulation -}
As — fmap (resultsss o snd) o fmap fst $
ﬂip (runSrateT o hState) S (runStateT (hState t) (SS [ ] [ ]))
= {- reformulation -}
As — finap (resultsss o snd) o (finap fst o flip (runsuer © Aswue) S) $
FUngstateT (hState t) (SS [] [])
= {- parametricity of free monads -}
As — (fmap fst o flip (runsiger © hsie) ) o finap (resultsss o snd) $
runswser (Mstare ) (SS[1[1)
= {- definition of ($) -}
As — (fmap fst o flip (runsiger © hsiue) 8) $ resultsgs o snd ($)
runswter (Msiare ) (SS[1[1)
= {- function application -}
As — fimap fst (runsaer (hswe (resultsss o snd (3)
FUNStateT (hState t) (SS [] [ ]))) S)
= {- definition of fimap -}
As — fimap (fmap fst) (runsiyer (hsae (resultsgs o snd ($)

runswater (Rsae 1) (SS [111)))) s
= {- reformulation -}

As — (fmap (fimap fst) o runser © hsiae $ resultsss o snd ($)
runser (Nsware 1) (SS [1[1D) s
= {- p-reduction -}
fmap (fmap fst) o runswzer © hsare $ resultsss o snd (8) runsier (hsae £) (SST1[1)
= {- definition of extractss -}

fmap (fmap f5t) o rungyer © hswe $ extractss (hsgre t)
= (-

(finap (fmap f5t) o runsier © hsise © extractss o Rsiye) t

Note that in the above calculation, we use the parametricity (Reynolds, 1983; Wadler,
1989) of free monads which is formally stated as follows:

Jmap f og=gofmapf

for any g :: Va.Free F a — Free G a with two functors F and G.

6 Proofs for modelling local state with undo

In this section, we prove the following theorem in Section 7.
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Theorem 6. Given Functor f and Undo s u, the equation
hGiobain © local2globalyy = hyocain

holds for all programs p :: Free (Modifyr s u :+: Nondetp :4:f)a that do not use the
operation Op (Inl MRestore _ _).

The proof structure is very similar to that in Appendix 2. We start with the following
preliminary fusion.

Preliminary. It is easy to see that rung.r o hyoai; can be fused into a single fold defined
as follows:

hytodify1 2 (Functor f, Undo s r) = Free (Modifyg sr:+:f)a— (s — Freef (a, s))
hytoaify1 = fold geng (algs # fwds)
where

geng x s=Var(x,s)

algs (MGet k) s=kss

algs MUpdaterk) s=k(s®r)

algs (MRestorerk)s=k(s©r)

Sfwds y s = Op (fmap ($s) )

For brevity, we use hyoqif1 to replace runsiser © huodis in the following proofs.

6.1 Main proof structure
The main proof structure of Theorem 6 is as follows.

Proof Both the left-hand side and the right-hand side of the equation consist of function
compositions involving one or more folds. We apply fold fusion separately on both sides
to contract each into a single fold:

RGiobaivt © local2globaly, = fold gen, s (alg] s # alghns # fwd i)

Biocavt = Jold gengyg (alghys # algyps # fwdgys)

Finally, we show that both folds are equal by showing that their corresponding parameters

are equal:
gehys = 8€Mpys
algiHS = angSeHS
al ugs = al R]L-)IS
Swdigs = fwdgyg
We elaborate each of these steps below. |

6.2 Fusing the right-hand side

We calculate as follows:
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hLocalM
= {- definition -}
hr o hypdif1
with
hy :: (Functor f', Functor g)
=> g (Free (Nondetr :+:f) (a,s)) — g (Freef [a])
i, = finap (fnap (finap fst) o hyp-)
= {- definition of hModify] -}
hy o fold geng (algs # fwdy)
= {- fold fusion-post (Equation 3.2) -}
fold genpys (algpys # alggps # fwd pys)

This last step is valid provided that the fusion conditions are satisfied:

hpogens = gengyg (1)
hyo(algs#fwds) = (alghys# alghog # fwdgys) o fmap hy  (2)

For the first fusion condition (1), we define gengyg as follows

gengys  Functor f = a — (s — Freef [a])
genpys X = As — Var [x]

We show that (1) is satisfied by the following calculation.

hy (geng x)
= {- definition of geng -}
hp (As — Var (x, s))
= {- definition of /; -}
fimap (fimap (fmap fst) o hypir) (As — Var (x, s))
= {- definition of finap -}
As — fmap (fmap fst) (hnp+y (Var (x, 5)))
= {- definition of hyp,/ -}
As — fmap (fmap fst) Var [(x, s)])
= {- definition of fimap (twice) -}
As — Var [x]
= {- definition of genpys -}
= genpyg X

By a straightforward case analysis on the two cases /n/ and /nr, the second fusion condition
(2) decomposes into two separate conditions:

hpoalgs = algISQHS ofmap hy (3)

hpofwdsolnl = alghnsofmaph, (4)
hpofwdsolnr = fwdgpygofmaphy (5)

For the subcondition (3), we define algy,,g as follows.

algszS 22 Undo s r = Modifyr sr (s = p)— (s > p)
alghs (MGet k) =As—kss

algfms (MUpdaterk) =rs —> k(s ®r)

algfe us (MRestorer k) =As — k(s @r)
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We prove its correctness by a case analysis on the shape of input ¢:: Statep s (s —
Free (Nondetp :+: 1) (a, 5)).

case t = Get k

hy (algs (Get k))
= {- definition of algg -}
hy (As > ks s)
= {- definition of 4, -}
Jmap (finap (finap fst) o hypyr) (As — ks s)
= {- definition of finap -}
As — finap (fimap fst) (hyp+r (k s 5))
= {- beta-expansion (twice) -}
= As — (Asy 52 — fmap (fmap f5t) (hnpyy (k52.51))) s s
= {- definition of finap (twice) -}
= As — (finap (fimap (finap (fmap f5t) o hypyr)) (As1 52 — ks2 51))s s
= {- eta-expansion of k -}
= As — (fmap (fmap (finap (finap fst) o hypyr)) k) s s
= {- definition of algRHS -}
= alg‘};Hs (Get (fmap (fimap (finap (fmap fst) o hypir)) k))
= {- definition of finap -}
algyys (fmap (fimap (finap (fimap f3t) o hyp ) (Get k)
= {- definition of /4, -}
= alg} s (fimap hy, (Get k))

case t = MUpdater k

hy (algs (MUpdate r k))
= {- definition of algs -}
hy(As—>k(s®r))
= {- definition of 4, -}
finap (finap (finap fit) o hyp7) (hs — k (s & 1)
= {- definition of finap -}
ks = finap (finap fit) (hyps (k (s ® 1))
= {- beta-expansion -}
= As = (Asy — fmap (fmap fst) (hnp+y (k1)) (s © )
= {- definition of finap -}
As — (fmap (fmap (fmap f51) © hnp+s) (As) — k s1)) (s © 1)
{- eta-expansion of k -}
As — (fmap (fmap (fmap f5t) o hxpr) k) (s @ 1)
{- definition of algy,s -}
algfeHS (MUpdate r (fmap (finap (finap fst) o hnpyy) k))
= {- definition of finap -}
= alg‘;HS (finap (fimap (fmap fst) o hypir)) (MUpdate r k))
= {- definition of 4, -}
= alg‘fms (fmap hy (MUpdate r k))

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

From high to low: Simulating nondeterminism and state with state 87

case t = MRestorerk

hy (algs (MRestore r k))
= {- definition of algs -}
hy(As—> k(sor))
= {- definition of A -}
fmap (fmap (fmap fst) © hnpy) (hs — k (s © 7))
= {- definition of finap -}
hs = finap (finap f51) (s (k (s © 1))
= {- beta-expansion -}
= As — (As) — fmap (finap f5t) (hnp+r (k1)) (s© 1)
= {- definition of finap -}
= As — (fmap (fmap (fimap fst) o hypiy) (As) — ks1)) (s © 1)
= {- eta-expansion of k -}
= As — (fmap (fmap (fimap fst) o hypis) k) (s © 1)
= {- definition of alg;ZHS -}
= alg}Se us (MRestore r (fmap (fmap (fmap fst) o hyps) k))
= {- definition of finap -}
= alg,se us (fimap (fimap (fmap fst) o hxp1r)) (MRestore r k))
= {- definition of /4, -}
= alg} ¢ (finap hy (MRestore r k))

For the subcondition (4), we define alghh as follows.

algﬁfls :: Functor f = Nondetr (s — Freef [a]) — (s = Freef [a])
alghbe Fail = \s — Var[]
algyys (Orp q) = hs — LfM2 (++) (p 5) (g 5)

To show its correctness, given op :: Nondetr (s — Free (Nondetr :4:f) (a,s)) with
Functor f, we calculate:

hy (fwds (Inl op))
= {- definition of fwdy -}
hi (As — Op (fmap ($s) (Inl op)))
= {- definition of finap -}
hy (As — Op (Inl (fmap ($s) op)))
= {- definition of /; -}
fmap (fmap (fmap fst) o hxpy) (ks — Op (Inl (fmap ($s) op)))
= {- definition of finap -}
ks — finap (finap f51) (ip7 (Op (Inl (fnap ($5) op))
= {- definition of Ayp,f -}

As = finap (finap fst) (algnp.s (fnap hyp-y (finap (S5) 0p)))

We proceed by a case analysis on op:
case op = Fail

As — finap (finap fst) (algnpyr (finap hypr (finap ($s) Fail)))
= {- defintion of fimap (twice) -}
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As — fmap (fmap fs5t) (algnp+r Fail)
= {- definition of algyp4s -}

As — fmap (fmap fst) (Var [])

= {- definition of finap (twice) -}
As — Var|[]

= {- definition of alghh -}
alghbe Fail

= {-definition of finap -}
algys (fimap hy fail)

caseop=0rpgq

As — fmap (fmap fst) (algnp+s (fmap hyp-y (fmap ($5) (Or p 9))))
= {- defintion of finap (twice) -}

As — fimap (finap fst) (algnpis (Or (hnpiy (P 5)) (hap+r (g°5))))
= {- definition of algnpis -}

As — fmap (finap f5t) (liftM2 (-H) (hnpr (0 5)) (hapsr (4 °5)))
= {- Lemma 3 -}

ks = UfiM2 (+) (fimap (finap fs1) (hps7 (p ) (imap (finap f51) (hpsr (q )
= {- definition of alghrs -}

algpps (Or (fmap (fmap fst) o hyp.y o p) (fmap (fimap fst) o hyp.y o q))
= {- defintion of finap (twice) -}

alghns (finap (fimap (finap (finap fst) o hyp.r)) (Or p q))
= {- defintion of A, -}

algyis (fmap by, (Or p q))

For the last subcondition (5), we define fwd pg as follows.

Swd gy i Functor f = f (s — Freef [a]) = (s — Freef [a])
Jwdpys op = ks — Op (fmap ($s) op)

To show its correctness, given input op :: f (s — Free (Nondetr :+: f) (a, s)), we calculate:

hy (fwds (Inr op))
= {- definition of fwdy -}
hr (As — Op (finap ($s) (Inr op)))
= {- definition of finap -}
hy (As — Op (Inr (fimap ($s) op)))
= {- definition of &, -}
fmap (fmap (fmap fst) o hxpy) (As — Op (Inr (fmap ($s) op)))
= {- definition of finap -}
As — fmap (fmap fst) (hxp+s (Op (Inr (fmap (3s) 0p))))
= {- definition of hypy/ -}
ks = finap (finap fs1) (fwdxps (fnap hp..s (finap ($) op))
= {- definition of fwdyps -}
As — fmap (fmap fst) (Op (fmap hnp.s (fmap ($s) op)))
= {- definition of finap -}
As — Op (fmap (fmap (fimap fs1)) (fmap hp+s (fmap ($s) op)))
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= {- fimap fusion -}
As — Op (fmap (fmap (fmap fst) o hyp.y) (fimap (3s) op))
= {- definition of 2 -} |
As — Op (hy (fmap (8s) op))
= {- Lemma?2-}
As — Op (fmap (($s) o hy) op)
= {- fmap fusion -}
As — Op (fmap ($s) (fimap hy, op))
= {- definition of fwdyyg -}
Swd gy (fmap hy, op)

6.3 Fusing the left-hand side
We calculate as follows:

hGiobaint © local2globaly,
= {- definition of local2globaly; -}
hGiobaint © fold Var alg

where
alg (Inl (MUpdate r k)) = (update r || side (restore r)) > k
algp =0pp

= {- fold fusion-post’ (Equation 3.3) -}
Jold geny s (alg] s # algpys # fwd prs)

This last step is valid provided that the fusion conditions are satisfied:
hGiobai © Var = genyyg (1)

hGiobaim © alg o fmap local2globaly,
= (alg‘zHS #al Lgs # fwd ) o fmap hgiopaivs © finap local2globaly,  (2)
The first subcondition (1) is met by

gen g - Functor f = a — (s — Freef [a])
gen;ygx = As — Var [x]

as established in the following calculation:

hGiobain (Var x)
= {- definition of Agiopans -}

Sfimap (fmap f5t) (hstoairy1 (hp+r (&) (Var x))))
= {- definition of (&) -}

Smap (fimap fst) (hypoaipy1 (hnpay (Var x)))
= {- definition of Ayp,f -}

JSmap (fmap fst) (hyoaify1 (Var [x]))
= {- definition of Aypais s -}

Sfmap (fmap fst) (As — Var ([x], 5))
= {- definition of finap (twice) -}
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As — Var [x]
= {- definition of gen, ;s -}
genpyg X

We can split the second fusion condition (2) in three subconditions:

hGiobains © alg o Inl o fmap local2globaly, = alg‘zHS o fmap hgiopans © fmap local2globaly, — (3)
hGiovaint © alg o Inr o Inl o fmap local2globaly, = alg‘lgq o fmap hgiopan © fmap local2globaly,  (4)
NGiopan © alg o Inr o Inr o fmap local2globaly, = fwd, ;s o fmap heiopan © finap local2globaly, — (5)

For brevity, we omit the last common part finap local2globaly; of these equations
in the following proofs. Instead, we assume that the input is in the codomain of
Jfmap local2globaly,. Also, we use the condition in Theorem 6 that the input program does
not use the restore operation.

For the first subcondition (3), we can define algiHS as follows.

alg‘ZHS 2 (Functor f, Undo s r) = Modifyr s r (s — Freef [a]) = (s > Freef [a])
alg‘zHS (MGet k) =As—kss

algiHS (MUpdaterk) =As > k(s ®r)

algs s (MRestore rk) = As — k(s ©r)

We prove it by a case analysis on the shape of input op :: Modifyr s r (Free (Modifyp s r :+:
Nondetr :+: f) a). Note that we only need to consider the case that op is of form MGet k
or MUpdate r k where restore is also not used in the continuation k.

case op = MGet k

atopan (alg (Inl (MGet k)
= {- definition of alg -}
hGiobavt (Op (Inl (MGet k)))
= {- definition of Agiopans -}
Smap (fmap fst) (haodip1 (hnp+r (<) (Op (Inl (MGet k))))))
= {- definition of (&) -}
fmap (fmapfg[) (hModiﬁ/I (hND+f (OP (]}’ll" (I}’ll (fmap (¢>) (MGet k)))))))
= {- definition of finap -}
finap (fmap f5t) (hasoaisy1 (hnpr (Op (Inr (Inl (MGet ((<) o k)))))))
= {- definition of Ayps -}
Smap (fimap f5t) (hsoaii1 (Op (fmap hypy (Inl (MGet ((<) o k))))))
= {- definition of finap -}
finap (fmap fst) (hasoaisy1 (Op (Inl (MGet (hypys o (&) 0 k)))))
= {- definition of Ay -}
Jmap (fmap f5t) (As — (hygodify1 © hnp4r © (&) 0 k) 5°5)
= {- definition of finap -}
As — fmap fst (huyodify1 © hnpay 0 (&) 0 k) s'5)
= {- definition of finap -}
As — ((fmap (fmap f51) o hytodify1 © Anp+r © (<) 0 k) s5°5)
= {- definition of Agopairs -}
As = (hGiobain 0 k) s s
= {- definition of alg; ;5 -}
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alg} ;s (MGet (hgiopain © k)
= {- definition of finap -}
alg} s (fmap hiosan (MGet k))

case op = MUpdate r k From op is in the codomain of finap local2global,; we obtain k is
in the codomain of local2globaly,.

haiopbav (alg (Inl (MUpdate r k)))
= {- definition of alg -}
hGiopaivt ((update v || side (restore r)) > k)
= {- definitions of side, update, restore, ([]), and (>) -}
hGiobaine (Op (Inr (Inl (Or (Op (Inl (MUpdate r k)))
(Op (Inl (MRestore r (Op (Inr (Inl Fail))))))))))
= {- definition of Agppainrs -}
JSmap (fmap fst) (sodifir (hnp+r (<)
(Op (Inr (Inl (Or (Op (Inl (MUpdate r k)))
(Op (Inl (MRestore r (Op Inr ((Inl Fail)))))))))))))
= {- definition of (<) -}
Smap (fimap f5t) (hagoaify1 (hvpar
(Op (Inl (Or (Op (Inr (Inl (MUpdate r (<) k)))))
(Op (Inr (Inl (MRestore r (Op (Inl Fail))))))))))))
= {- definition of Ayp,/ -}
Jmap (fmap f5t) (hatodify1 (
(lifiM2 (+) (Op (Inl (MUpdate r (hnp+s ((<) k)))))
(Op (Inl (MRestorer (Var[1)))))))
= {- definition of /iftM2 -}
Jmap (fmap f5t) (hyodify1 (
do x <— Op (Inl (MUpdate r (hypr (&) k))))
y < Op (Inl (MRestorer (Var[])))
Var (x ++y)

)
= {- Lemma 17 -}
fmap (fmap fst) (At —
do (x, 11) <= hugoairy1 (Op (Inl (MUpdate r (hyp+r (<) k))))) ¢
(> t2) < hagoaisyr (Op (Inl (MRestorer (Var [ 1)) t
hatoaisyr (Var (x ++)) &
)
= {- definition of Zyais7 -}
Jmap (fmap fst)
(At —do(x,-) < huoaiyr (hnp1r (&) k) (1@ 7)
0, ) < Var([1,t©7r)
Var (x +y, 1)
)
= {- monad law -}
JSmap (fmap fst)
(At — do (x, 1) < hutoaippr (hap+r () k) (@ F)
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Var x ++[1, 61 ©71)
)
= {- right unit of (+) -}
Jmap (fmap fst)
(At = do (x, t1) <= hutoaippr (hvpsr () k) (D )
Var (x,t ©r)
)
= {- Lemma 16 -}
Jmap (fmap fst)
(At — do (x,t D7) < hypoaiys (hnpir (&) k) (t D7)
Var (x, t®r)Or)
)
= {- Equation (7.1) -}
JSmap (fmap fst)
(At = do (x, —) < hygoaiir (Mvpr (&) k) (t D7)
Var (x,t)
)
= {- definition of finap fst -}
finap (fnap fst)
(At — do x < finap fst (huoairy1 (hvpsr () k) (1D 1))
Var (x, )
)
= {- definition of fimap -}
Jmap (fmap fst)
(At — dox < (finap (fmap fst) (haoai1 Uinp7 (€9) 0)))) (t @ 1)
Var (x, t)
)
= {- definition of finap (fmap fst) -}
At — do x < (finap (finap f51) (huodisrr (hnpr (<) k) (1@ 7)
Var x
= {- monad law -}
At — (fimap (fmap f5t) (hagoaiy1 (hnp+r (&) £)))) (t @ 1)
= {- definition of Agiopans -}
At —> (hGilopaiv k) (t D7)
= {- definition of algiHs -}
alg‘z s (MUpdate r (hgiopain k))
= {- definition of finap -}
alg} s (fmap heiopans (MUpdate r k))

For the second subcondition (4), we can define alg)})s as follows.

alg]LVgS :: Functor f = Nondetr (s — Freef [a]) — (s — Freef [a])
alghs Fail = \s— Var[]

alg)fs (Orp q) = ks — lifiM2 (+) (p 5) (¢ 5)
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We prove it by a case analysis on the shape of input op :: Nondetr (Free (Modifyr s r:+:
Nondetp :+:f) a).
case op = Fail

hGiopaint (alg (Inr (Inl Fail)))
= {- definition of alg -}
hGiovaine (Op (Inr (Inl Fail)))
= {- definition of Agjpairs -}
Jmap (fmap fst) (hyoaifi1 (hnp+y (<) (Op (Inr (Inl Fail))))))
= {- definition of (<) -}
Smap (fmap fst) (hyodify1 (hnp+y (Op (Inl (fmap (<) Fail)))))
= {- definition of finap -}
JSmap (fmap fst) (hyodaify1 (hnp+r (Op (Inl Fail))))
= {- definition Of/’lND+/‘ -}
JSmap (fmap fst) (hyodifys (Var [1))
= {- definition thModijyI -}
fmap (fmap fst) (As — Var ([],5))
= {- definition of fimap twice and fs¢ -}

As — Var[]
= {- definition of alghi -}
alghn Fail

= {- definition of fimap -}
alggps (fmap heiopans Fail)

case op = Or p ¢ From op is in the codomain of finap local2globalys, we obtain p and g are
in the codomain of local2globaly,.

hGiobaiv (alg (Inr (Inl (Or p q))))
= {- definition of alg -}
hGiobavt (Op (Inr (Inl (Or p g))))
= {- definition of Agiopams -}
Jmap (fmap f51) (hagoaifp1 (hvpr () (Op (Inr (Inl (Or p 4)))))))
= {- definition of (<) -}
Jmap (fmap f5t) (hyodisp1 (hnp+y (Op (Inl (fmap (<) (Or p q))))))
= {- definition of finap -}
Jmap (fmap f51) (hygoaifp1 (hvpy (Op (Inl (Or (<) p) (<) 9))))))
= {- definition of hyp4/ -}
Jmap (fmap f50) (hyoaispr (liftM2 () (hnp+r () p)) (hvp+r () 9))))
= {- definition of /iftM?2 -}
JSmap (fimap fst) (hypaify1 (do x <= hypir ((€) p)
Yy < hypir (&) q)
n(x++»))
= {- Lemma 17 -}
Smap (finap fst) (Aso — (do (x, 1) <= hasodiss (hnpr () P)) So
(O, 52) < hatodisys (hnpr () @) 51
hatodifyr (1 (X ++)) $2))
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= {- definition of Aypais s -}
Jmap (fmap fst) (Aso — (do (x, 51) <= hngoaisi (hnp1r () P)) 50
(0, 52) < hatoairy1 (hnp1r () @) 51
Var (x ++y, 52)))
= {- Lemma 16 -}
Jmap (fimap fst) (Aso — (do (x, s1) <= do {(x, ) < huyoaisyr (hvpir () p)) S0; 11 (X, S0) }
W, 82) <= do {(y, ) <= hutoaifpr (hvpsr (€) @) 5131 (%, 51)}
Var (x ++y, 52)))
= {- monad laws -}
JSmap (fmap fst) (Aso — (do (x, -) < Antoaify1 (hnpiyr () p)) So
s 2) < hatodifp1 (hvp+r ((£) @) so
Var (x ++y, 50)))
= {- definition of fimap (twice) and f5¢ -}
Asg — (do (x, =) <= hasodisr (hnpr () P)) 8o
0 =) < hatodisyr (hnpr ((£) 9)) 50
Var (x ++y))
= {- definition of fimap, fst and monad laws -}
Asg = (do x < finap f5t (hypaisr (hvp+r ((49) p)) So)
v < finap fst (hyoaisi (hvpar () @) So)
Var (x ++y))
= {- definition of fimap -}
Aso — (do x < fimap (fmap fst) (hyodip1 (hnp+r ((€9) p))) so
y <= finap (fmap f5t) (hagodisy1 (hnp+r ((€) 9))) So
Var (x ++y))
= {- definition of Agjpans -}
ASo —> (d0 X <= AGiopairt P So
Y < hGiobaim 4 So
Var (v ++))
= {- definition of /iftM2 -}
Asg — liftM2 (-H) (hGiobaim P 50) (hGlobaim 4 So)
= {- definition of alg)f -}
alg?' s (Or (héiopan P) (hGiobaint 9))
= {- definition of finap -}
alg’LV[L_}S (fmap hGobal (Or p q))

For the last subcondition (5), we can define fwd ;¢ as follows.

fwd, gy 2 Functor f = f (s — Freef [a]) = (s — Freef [a])
Jwd s op = ks — Op (fmap ($s) op)

We prove it by the following calculation for input op:: f (Free (Modifyr sr:+:
Nondetp +:f) a).

hGiobav (alg (Inr (Inr op)))
= {- definition of alg -}

hGiobaivt (Op (Inr (Inr op)))
= {— definition of Agopas -}
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Smap (fmap f5t) (hatoaisp1 (hnpsr (<) (Op (Inr (Inr op))))))
= {- definition of (&) -}

Smap (fmap f31) (hasodisyr (hvpr (Op (Inr (Inr (finap (<) op))))))
= {- definition of Ayp.s -}

JSfmap (finap f5t) (hyoairy1 (Op (fmap hypy (Inr (fmap (<) 0p)))))
= {- definition of fimap -}

Jmap (fmap f5t) (hyoaifpr (Op (Inr (fmap hyp.y (fmap (<) op)))))
= {- fmap fusion -}

Sfmap (fmap fst) (hodify1 (Op (Inr (fmap (hnps o (<)) 0p))))
= {- definition of Zypais7 -}

fmap (fmapfst) (}LS s Op (fmap ($S) (fmap hModijj/I (fmap (hND+j' o (<:>)) OP))))
= {- fmap fusion -}

finap (finap.fit) (ks — Op (finap (55) (fnap (hyoigss © ey o (49)) 0p)
= {- definition of fimap -}

As — fmap fst (Op (fmap ($s) (fmap (hyodify1 © hnp+y © (<)) 0p)))
= {- definition of fimap -}

Xs = Op (fimap (finap f5t) (finap ($3) (finap (hatoaify1 © hnps 0 () 0p)))
= {- fmap fusion -}

As — Op (fmap (fmap f5t o ($5)) (finap (Mrtoaipy1 © hnp+r © (<)) op)))
= {- Lemma?2 -}

ks — Op (finap (($s) o finap (fmap fs1)) (fnap (hatoas © hpss o (<)) 0p))
= {- fmap fission -}

ks — Op ((fimap ($s) o finap (finap (fmap f51))) (finap (husodiys © hnps o () op))
= {- fiap fusion -}

As — Op (fimap ($s) (fimap (fmap (finap f51) © hatodiy1 © hnp-y © (<)) 0p))
= {- definition of AGopains -}

As — Op (fmap ($s) (fmap hGiopain 0P))
= {- definition of fwd, ;s -}

deLHS (fmap hGlobaim op)

6.4 Equating the fused sides

We observe that the following equations hold trivially.

genigs = 8ehgps

alngs = 4a ngSeHS
D _ D

algivHS = algpys

ﬁ/V dLHS = ﬁ/V dRHS

Therefore, the main theorem (Theorem 6) holds.

6.5 Key lemma: State restoration

95

Similar to Appendix 2, we have a key lemma saying that local2global), restores the initial

state after a computation.

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

96 W. Tang and T. Schrijvers

Lemma 16 (State is Restored).
For any program p :: Free (Modifyr s r :+: Nondetp :+: f) a that do not use the operation
OP (Inl MRestore _ _), we have

hatodiy1 (hnpr (&) (local2globalys p))) s
= do(x, _) < Mypaifi (hvp+r (&) (local2globaly p))) s; 1 (x, 5)

Proof The proof follows the same structure of Lemma 1. We proceed by induction on ¢.
case t =Vary

hatodifyt (hnp+y () (local2globaly (Var y)))) s
= {- definition of local2globaly; -}
hutodifyt (hvpy () (Var y))) s
= {- definition of (&) -}
hutodifpr (hvpsy (Var y)) s
= {- definition of hypy/ -}
hatoaisyr (Var [y]) s
= {- definition of Zypa7 -}
Var ([y],s)
= {- monad law -}
do (x, ) < Var ([y],s); Var (x, s)
= {- definition of local2globaly;, hyp+s, (<), Aroaisyr and 1 -}
do (x, =) < husoairy1 (hwpr () (local2globaly (Var y)))) s; 1 (x, s)

case t = Op (Inl (MGet k))

hutodify1 (hvpr (&) (local2globaly (Op (Inl (MGet k)))))) s
= {- definition of local2global,; -}
hutodifyr (hvpr () (Op (Inl (MGet (local2globaly o k)))))) s
= {- definition of (&) -}
hytodifp1 (hvpr (Op (Inr (Inl (MGet ((<) o local2globaly o k)))))) s
= {- definition of Ayp4 -}
hytoaifp1 (Op (Inl (MGet (hypr o (&) o local2globaly; o k)))) s
= {- definition of Ayaisr -}
(AModify1 © Anp+r 0 (&) o local2globaly; o k) s s
= {- definition of (o) -}
(Mrodifp1 (hnpr (&) (local2globaly (k 5))))) s
= {- induction hypothesis -}
do (x, =) < haypaifpr (&) (hnpsr (local2globaly (k 5)))) s; 11 (x, 5)
= {- definition of local2globaly;, (<), hnp+r, Ptodif1 -}
do (x, =) < hapaifp1 (hap+r (local2globalys (Op (Inl (MGet k))))) s; 1 (x, §)

case t = Op (Inr (Inl Fail))

hyodispi (hvpr (&) (local2globaly (Op (Inr (Inl Fail)))))) s
= {- definition of local2globaly; -}

hutodify1 (hvpy () (Op (Inr (Inl Fail))))) s
= {- definition of (&) -}
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htodipr (Bnp+y (Op (Inl Fail))) s
= {- definition of Ayp,/ -}
hMgd,'fy] (Var [ ]) S
= {- definition of Zypais; -}
Var([1,s)
= {- monad law -}
do (x, _) < Var([1,s); Var (x,s)
= {- definition of local2globaly, (&), hnp+s, hroaifir -}
do (x, -) < hpaif1 (hvp+r (&) (local2globalys (Op (Inv (Inl Fail)))))) s; n (x, s)

case t = Op (Inl (MUpdate r k))

hvtodifor (hnp+r (<) (local2globaly (Op (Inl (Put 1 k)))))) s
= {- definition of local2globaly; -}
htodifot (hnp+r (&) ((update r ) side (restore r)) > local2globaly, k))) s
= {- definition of (])), update, restore, side and (>=) -}
hyvtodisy1 (Mvpr () (
Op (Inr (Inl (Or (Op (Inl (MUpdate r (local2globaly; k))))
(Op (Inl (MRestore r (Op (Inr (Inl Fail)))))))))))) s
= {- definition of (&) -}
htodify1 (hvps (
Op (Inl (Or (Op (Inr (Inl (MUpdate r (<) (local2globaly; k))))))
(Op (Inr (Inl (MRestore r (Op (Inl Fail)))))))))) s
= {- definition of Ayp,f -}

Patodifyr (
liftM2 (+H-) (Op (Inl (MUpdate r (hypr (<) (local2globaly k))))))
(Op (Inl (MRestorer (Var[1])))))s
= {- definition of /iftM2 -}
hytodifpr (do  x <= Op (Inl (MUpdate v (hyp4s (<) (local2globaly k)))))
y < Op (Inl (MRestorer (Var[1)))
Var (x ++y)
)s
= {- Lemma 17 -}
do (x, 51) < hygaisyr (Op (Inl (MUpdate v (hypr (&) (local2globaly k)))))) s
(0, 82) < hutodiyr (Op (Inl (MRestorer (Var [1)))) s1
Var (x ++y, s2)
= {- definition of hypaisr -}
do (x, 51) < hygoairyr (hvp4r () (local2globaly, k))) (s @ )
. 82) < Var([1,s1©7)
Var (x ++y, s2)
= {- monad laws -}
do (x, 51) < hugodifor (hnp+r (<) (local2globaly k))) (s & r)
Var (x ++[ 1,51 ©7)
= {- right unit of (H) -}
do (x, 51) <= Antoaify1 (hnp+r () (local2globaly k))) (s @ r)
Var (x,s1 ©1)
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= {- induction hypothesis -}
do (x,s1) < do {(x, -) < a1 (hnp+r (&) (local2globaly k))) (s ®7); n (x,s D 1)}
Var (x,s1 ©7)
= {- monad laws -}
do (x, ) < hysoagps (hpsy (<) (local2globaly k))) (s & r)
Var (x,(s®r)Or)
= {- Equation (7.1) -}
do (x, ) < husodify1 (hnpy () (local2globaly k))) (s @ r)
Var (x,s)
= {- monad laws -}
do (x, -) <= do {(x, ) < hyoaisi1 (hnpy (&) (local2globalys k))) (s @ r); 1 (x, )}
Var (x,s)
= {- deriviation in reverse -}
do (x, ) < hwyodaifyr (hp+r (&) (local2globaly (Op (Inl (MUpdate r k)))))) s
Var (x,s)

case t = Op (Inr (Inl (Or p q)))

hutodifyr (hvpr () (local2globalys (Op (Inr (Inl (Or p ¢))))))) s
= {- definition of local2global,, -}
hutodifyr (hvpr () (Op (Inr (Inl (Or (local2globaly p) (local2globaly q))))))) s
= {- definition of (&) -}
hatodifpr (hvp+r (Op (Inl (Or (<) (local2globaly p)) (<) (local2globaly q)))))) s
= {- definition of hypy/ -}
hatoaispr (TiftM2 (H) (hwp+r (&) (local2globaly p))) (hapr (<) (local2globaly )))) s
= {- definition of /iftM2 -}
hiytodifp1 (Ao x <= hypir (&) (local2globaly p))
Y < hnpyr (&) (local2globaly q))
Var (x ++y)

)s
= {- Lemma 17 -}
do (x, 51) < htoais1 (hnp1r (&) (local2globaly p))) s
(7, 82) < hatodify1 (hnp+r (<) (local2globaly q))) 51
hatoairyr (Var (x ++)) s2
= {- induction hypothesis -}
do (x,s1) <= do {(x, ) < a1 (hnp+r (&) (local2globaly p))) s; 1 (x, 5) }
1, 52) <= do {(y, =) < hupoaisi (hvpiy (&) (local2globaly ))) s1; 1 (v, 51)}
hytodiyr (Var (x ++)) s2
= {- monad laws -}
do (x, =) < husoaifyt (hwp+r (<) (local2globaly p))) s
s =) < hatodifyr (hnpr (&) (local2globaly q))) s1
hytodifyr (Var (x ++y)) s
= {- definition of Zyais7 -}
do (x, -) < hapoaip1 (hnp1r () (local2globaly p))) s
0, 2) < hutodiry1 (hpr (&) (local2globaly q))) s
n(x++y,s)
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= {- monad laws -}
do (x, ) < (
do (x, -) < husoaifyt (hnp+r (<) (local2globaly p))) s
O, 2) < hwtodify (hnp1y (&) (local2globaly ))) s
n (x++y, s)
)
1 (x,s)
= {- derivation in reverse (similar to before) -}
do (x, -) < hugoaifyt (hp1r (<) (local2globaly, (Op (Inr (Inl (Or p q))))))) s
1 (x,s)

case t = Op (Inr (Inry))

hvtodifor (hnp+r (<) (local2globaly (Op (Inr (Inr y)))))) s
= {- definition of local2global,; -}

hutodiy1 (hnp+y (<) (Op (Inr (Inr (finap local2globaly, y)))))) s
= {- definition of (¥); fimap fusion -}
Intoais1 (s (Op (Inr (Inr (finap ((45) o local2globaly) y))) s
= {- definition of hyp,; finap fusion -}
hutodify1 (Op Unr (fmap (hyps o (&) o local2globaly) y))) s
= {- definition of /a5 finap fusion -}
Op (finap (($5) 0 hypaifyr © hnp4r o (&) o local2globalyy) y)
= {- induction hypothesis -}
Op (finap ((>= A(x, =) = 1 (x,5)) 0 (85) © hageaify1 © hnpss 0 (&) o local2globalyr) y)
= {- fmap fission; definition of (=) -}
do (x, ) < Op (fimap (($5) o hatodify1 © hnp+r © (&) o local2globalyy) y)
1 (x, )
= {- deriviation in reverse (similar to before) -}
do (x, -) <= hugoaifor (hnp+y (<) (local2globaly (Op (Inr (Inr y)))))) s
1 (x,5)

6.6 Auxiliary lemmas

The derivations above made use of several auxliary lemmas. We prove them here.

Lemma 17 (Distributivity of A1)

hvodift ©>=k)s = huoaifpi p s == Mx, ") = hagoaifpr (kx) s
Proof The proof follows the same structure of Lemma 4. We proceed by induction on p.
case p = Varx

hyodipr (Varx ==k)s
= {- monad law -}
hatodiy1 (k X) s
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= {- monad law -}
1 (x,8) == A(x, 8") = hugoaispr (kx) s
= {- definition of hMgd,']f"v] -}
hModi/yI (Var X) § >=>= A(x, S/) —> hModijy] (k x) S/

case p = Op (Inl (MGet p))

hyodaif1 (Op (Inl (MGet p)) =>=k) s
= {- definition of (=) for free monad -}

hitodifor (Op (fmap (= k) (Inl (MGet p)))) s
= {- definition of finap for coproduct (:+:) -}

hivtodifor (Op (Inl (fmap (== k) (MGet p)))) s
= {- definition of finap for MGet -}

hyoais1 (Op (Inl (MGet (Ax — p s == k)))) s
= {- definition of a7 -}

hatodifpr (P s >=k) s
= {- induction hypothesis -}

Ptodifyr (P 8) s 3= MX,5") = Ragoaifyr (kx) s’
= {- definition of a7 -}

hatodigpr (Op (Inl (MGet p))) s = M(x, 8') = Bppoaipr (kx) s’

case p = Op (Inl (MUpdate r p))

huoaifyr (Op (Inl (MUpdate r p)) >=k) s
= {- definition of (>=) for free monad -}
hutodify1 (Op (fimap (= k) (Inl (MUpdate r p)))) s
= {- definition of finap for coproduct (:+:) -}
huodifyr (Op (Inl (fimap (= k) (MUpdate r p)))) s
= {- definition of finap for MUpdate -}
hyodaisp1 (Op (Inl (MUpdate r (p == k)))) s
= {- definition of Ayaisr -}
hytodifyr (p >=k) (s ©r)
= {- induction hypothesis -}
hutodifp1 P (S ® 7) == A(x, 8") = Mapoaipr (kKx) 8
= {- definition of Ayaisr -}
huodify1 (Op (Inl (MUpdate r p))) s = A(x, s") = Bypoaifps (kx) s’

case p = Op (Inl (MRestore r p))

hytodaifp1 (Op (Inl (MRestorer p)) =>=k) s
= {- definition of (>=) for free monad -}
hytoaip1 (Op (fmap (= k) (Inl (MRestore r p)))) s
= {- definition of finap for coproduct (:+:) -}
hyodaifp1 (Op (Inl (fimap (== k) (MRestore r p)))) s
= {- definition of finap for MRestore -}
hyodaifp1 (Op (Inl (MRestore r (p == k)))) s
= {- definition of hMgd,']f"v] -}
hitodify1 (p >=k) (s © 1)
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= {- induction hypothesis -}
hModify]p (sOr) == A(x, S/) — hModijj/I (k x) s
= {- definition of Aypaisr -}
hutodipr (Op (Inl (MRestore v p))) s 3= A%, 8') = hypoaifpr (kx) '

case p = Op (Inry)

hyoaify1 (Op (Inry) == k) s
= {- definition of (>==) for free monad -}

hvtodifor (Op (fmap (= k) (Inr y))) s
= {- definition of finap for coproduct (:+:) -}

hvtodifor (Op (Inr (fimap (3= k) y))) s
= {- definition thModifyI -}

Op (fmap (Ax — Ragodifyr X 8) (fimap (= k) y))
= {- fmap fusion -}

Op (fmap ((Ax = hytodify1 (x == k) 5)) y)
= {- induction hypothesis -}

Op (fmap (Ax — hagoaipr X s 3= M, 8") = hagoairyr (KX') 5') )
= {- fmap fission -}

Op (fmap (Ax — x == M/, 8") = hypaipr (kX') 8") (finap (Ax — hagodifps X 5) ¥))
= {- definition of (>=) -}

Op ((fmap (Ax — hagodify1 X 5)y)) == MX', 8") = hagoaipyr (KX') s'
= {- definition of Zya7 -}

Op (Inry) s == A, ") = hppoaipyr (kx') s’

7 Proofs for modelling local state with trail stack

In this section, we prove the following theorem in Section 8.

Theorem 7. Given Functorf and Undo s u, the equation

hGlobalT = hLucalM

holds for all programs p :: Free (Modifyr s u :+: Nondetp :4:f)a that do not use the
operation Op (Inl (MRestore _ _)).

The proof follows a similar structure to those in Appendix 2 and Appendix 6.
As in Appendix 6, we fuse rungier © Asodis, 10t0 haoair and use it instead in the
following proofs.

7.1 Main proof structure
The main proof structure of Theorem 7 is as follows.

Proof The left-hand side is expanded to

hGiobair = finap (fimap fst o flip runsiger (Stack [ 1) o hsiate) © hGiopain © local2trail

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

102 W. Tang and T. Schrijvers

Both the left-hand side and the right-hand side of the equation consist of function com-
positions involving one or more folds. We apply fold fusion separately on both sides to
contract each into a single fold:

hGiobar = fold genyyy (alg] ys # alggys # fwd pys)

hiocans = fold genpys (algiys # alggps #.fwd us)

Finally, we show that both folds are equal by showing that their corresponding parameters

are equal:
gehys = 8€hpys
algrys = algrys
algjLVgS = alg%gs
Swdi s = fwdgyg
We elaborate each of these steps below. ]

7.2 Fusing the right-hand side

We have already fused 7y,cq01s in Appendix 6.2. We just show the result here for easy

reference.
iocait = fold genpys (alghys # alghps # fwd gyys)
where

genpys 1 Functor f = a — (s — Freef [a])

genpys X = As — Var [x]

algyys - Undo s r = Stater s (s — p) — (s — p)

algyys (MGet k) =As—kss

algfeHS (MUpdaterk) =Ars > k(s®r)

algISa s (MRestorerk)=As — k(s ®r)

alghbs :: Functor f = Nondety (s — Freef [a]) — (s — Freef [a])
alghbs Fail = \s — Var[]

algyps (Or p q) = ks — LfiM2 (+) (p ) (q 5)

Jwdpys  Functor f = f (s — Freef [a]) = (s = Freef [a])
Swdgys op = rs — Op (fmap ($s) op)

7.3 Fusing the left-hand side
As in Appendix 2, we fuse rungyer 0 hsire Int0 hgyyre. For brevity, we define
runStack = fmap fst o flip hsyae; (Stack [ 1)
The left-hand side is simplified to
fmap runStack o hgiopans o local2trail
We calculate as follows:

fmap runStack o hgiopans © local2trail
= {- definition of local?trail -}
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Jfmap runStack o hgiopain © fold Var (alg, # alg, # fwd)

where
alg, (MUpdate r k) = pushStack (Left r) > update r > k
alg, p =Opolnl$p
alg, (Orpq) = (pushStack (Right ()) > p) || (untrail > q)
alg, p =Opolnrolnl$p
fwd p =Opolnrolnrolnr$p
untrail = do top < popStack;

case fop of
Nothing — 1 ()
Just (Right ()) > n ()
Just (Left r) — do restore r; untrail
= {- fold fusion-post’ (Equation 3.3) -}
fold genyg (alngS #alg)s #fwdz5)

This last step is valid provided that the fusion conditions are satisfied:

Sfmap runStack o hgiopais © Var = genpyg (1)

Jmap runStack o hgiopains © (alg, # alg, # fwd) o finap local2trail
= (alngS #al, LSS #fwd; ) o fmap (finap runStack o hgiopaine) o finap local2trail  (2)

The first subcondition (1) is met by

gengyg i Functor f = a — (s — Freef [a])
genpygx = As — Var [x]

as established in the following calculation:

fmap runStack $ heopany (Var x)
= {- definition of Agjepairs -}
finap runStack $ finap (finap fst) (husoaisst (rpsy () (Var x)))
= {- definition of (<) -}
finap runStack S finap (fnap f51) igoai1 (e (Var x)))
= {- definition of hxp,y -}
Sfimap runStack $ fmap (fmap fst) (hyoaipr (Var [x]))
= {- definition of hModifyI -}
Sfmap runStack $ fmap (fmap fst) (As — Var ([x], 5))
= {- definition of finap (twice) -}
Sfmap runStack $ Ls — Var [x]
= {- definition of finap -}
As — runStack $ Var [x]
= {- definition of runStack -}
As — fmap fst o flip hsure; (Stack [1) $ Var [x]
= {- definition of Age; -}
As — fmap fst $ (As — Var ([x], s)) (Stack [])
= {- function application -}
As — fmap fst (Var ([x], Stack []))
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= {- definition of finap -}
As — Var [x]

= {- definition of gen, ;5 -}
gen ps X

We can split the second fusion condition (2) in three subconditions:

Jfmap runStack o hgiopains © alg, o fmap local2trail

= algf s °fmap (fmap runStack o hgiopanr) o fmap local2trail — (3)
Jmap runStack o hgiopains © hGiopaint © alg, o finap local?trail

= algijgs o fmap (fmap runStack o hgiopainr) © fimap local2trail — (4)
fmap runStack o hgiopairs © hGiopaiv © fwd o fimap local2trail

= fwdyg o fimap (fmap runStack o hgiopains) © finap local2trail  (5)

For brevity, we omit the last common part finap local2globaly, of these equations.
Instead, we assume that the input is in the codomain of finap local2global), .
For the first subcondition (3), we define alg} ;s as follows.

alngS :: (Functor ', Undo s ) = Modifyr s v (s — Freef [a]) — (s — Freef [a])
alngS (MGet k) =ls—kss

algiHS (MUpdaterk) =rs —> k(s ®r)

alg; ;s (MRestore r k) = As — k (s © r)

We prove it by a case analysis on the shape of input op :: Modifyr s r (Free (Modifyr s r :+:
Nondetyp :+: f) a). We use the condition in Theorem 6 that the input program does not use
the restore operation. We only need to consider the case that op is of form MGet k or
MUpdate r k, where restore is also not used in the continuation k.

case op = MGet k In the corresponding case of Appendix 6.3, we have calculated that
hGiobavt (Op (Inl (MGet k))) = As = (hGiobaim © k) s s ().

Smap runStack $ haiopans (alg, (MGet k))
= {- definition of alg, -}

fmap runStack $ hgiopans (Op (Inl (MGet k)))
= {- Equation (%) -}

fmap runStack $ As — (hGiopaiv © k) s s
= {- definition of finap -}

As — runStack $ (MGiopavy © k) s s
= {- definition of fimap -}

As — (fmap runStack o hgiopaiy © k) s s
= {- definition of alg; s -}

alg‘z us (MGet (fmap runStack o hgiopain © k))
= {- definition of finap -}

alg‘z us (fimap (fmap runStack o hgiopainr) (MGet k))

case op = MUpdate r k From op is in the codomain of finap local2globaly we obtain k is
in the codomain of local2globaly,.

Sfmap runStack o hgopan $ alg, (MUpdate r k)
= {- definition of alg, -}
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fmap runStack o hgopay $ pushStack (Left r) > update r > k
= {- definition of pushStack -}
fmap runStack o hgiopans $ do
Stack xs < get
put (Stack (Left r : xs))
updater >k
= {- definition of get, put, and update -}
fmap runStack o hgiopan $
Op o Inr o Inr o Inl $ Get (.(Stack xs) —
Op o Inr o Inr o Inl $ Put (Stack (Left r : xs)) (
Op o Inl $ MUpdate r k))
= {- definition of Agpairs -}
JSmap runStack o finap (finap f5t) o hypaipr © hypyr 0 (<) $
Op o Inr o Inr o Inl $ Get (M(Stack xs) —
Op o Inr o Inr o Inl $ Put (Stack (Left r : xs)) (
Op o Inl $ MUpdate r k))
= {- definition of (&) -}
JSfmap runStack o fmap (fimap fst) o hygoaifyr © hnpsr $
Op o Inr o Inr o Inl $ Get (A(Stack xs) —
Op o Inr o Inr o Inl $ Put (Stack (Left r : xs)) (
Op o Inr o Inl $ MUpdate r (<) k)))
= {- definition of Ayp,/ -}
Jfmap runStack o finap (fmap f5t) o hasoaifpr $
Op o Inr o Inl $ Get (A(Stack xs) —
Op o Inr o Inl $ Put (Stack (Left r : xs)) (
Op o Inl $ MUpdate r (hyp+s o (<) $ k)))
= {- definition of Aypais -}
fmap runStack o fmap (finap fst) $ s —
Op o Inl $ Get (M(Stack xs) —
Op o Inl'$ Put (Stack (Left r : xs)) (
(hModify1 © hnp+r 0 (&) $ k) (s © 1))
= {- definition of finap (fmap fst) -}
fmap runStack $ As —
Op o Inl $ Get (A(Stack xs) —
Op o Inl $ Put (Stack (Left r : xs)) (
(fmap (finap fst) o hytodify1 © hnp1s © (<) $ k) (s © 1))
= {- definition of finap -}
As — runStack $
Op o Inl'$ Get (M(Stack xs) —
Op o Inl'$ Put (Stack (Left r : xs)) (
(fimap (finap f5t) © huodify1 © Anp+r 0 (<) $ k) (s © 1))
= {- definition of Agppans -}
As — runStack $
Op o Inl $ Get (A(Stack xs) —
Op o Inl'$ Put (Stack (Left r : xs)) (
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(hGiobaim ) (s © 1))
= {- definition of runStack -}
As — fimap fst o flip hsarer (Stack []) $
Op o Inl' $ Get (A(Stack xs) —
Op o Inl $ Put (Stack (Left r : xs)) (

(hGiobaim k) (s © 1))
= {- definition of Asaes -}
As — fimap fst $ (Mt —

(A(Stack xs) — A_—
((fmap hstater © hGiobaire $ k) (s ® 1)) (Stack (Left r : xs))
)tt
)(Stack [ 1)
= {- function application -}
AS — fmap fst $
(A(Stack xs) —> A_—
((finap hsater © hGiovan $ k) (s ® 1)) (Stack (Left r : xs))
) (Stack [ 1) (Stack [])
= {- function application -}
As — fmap fst $
(A_—
((fmap hsiarer © hGiopam $ k) (s ® 1)) (Stack (Lefir:[ 1))
) (Stack [ 1)
= {- function application -}
As — fimap fst $
((fmap hsyaser © hGiovav $ k) (s © 1)) (Stack (Left r: [ 1))
= {- function application -}
As — fimap fst $
((fmap hsiaser © hGiobav $ k) (s © 7)) (Stack (Left r: [ 1))
= {- definition of flip and reformulation -}
hs — (finap (finap fst o flip haer (Stack [Left 1)) o hiopans S k) (s © 7)
= {- Lemma 18 and definition of finap and fs¢ -}
As — (fmap (fmap fst o flip hsiarer (Stack [1)) o hiopat $ k) (s & r)
= {- definition of runStack -}
As — (fimap runStack o hgiopam $ k) (s D r)
= {- definition of alg} ;5 -}
alg‘g s (MUpdate r (fmap runStack o hgiopains $ k))
= {- definition of finap -}
alg‘z s (fimap (fimap runStack o hopane) (MUpdate r k))

For the second subcondition (4), we can define alg)})s as follows.

alg)hs :: Functor f = Nondetr (s — Freef [a]) — (s — Freef [a])
alghs Fail = \s— Var[]
alg)fis (Or p ) = hs — LfiM2 (++) (p 5) (¢ 9)

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

From high to low: Simulating nondeterminism and state with state 107

We prove it by a case analysis on the shape of input op :: Nondetr (Free (Modifyr s r:+:
Nondetp :+:f) a).

case op = Fail In the corresponding case of Appendix 6.3, we have calculated that
hGiopaive (Op (Inv (Inl Fail))) = As — Var|[] (*).

SJmap runStack $ haiopan (alg, (Fail))
= {- definition of alg, -}

Sfmap runStack $ hgiopane (Op (Inr (Inl Fail)))
= {- Equation (%) -}

Sfmap runStack $ Ls — Var|[ ]
= {- definition of finap -}

As — runStack $ Var [ ]
= {- definition of runStack -}

As — fmap fst o flip hsue; (Stack [1) $ Var [ ]
= {- definition of Age; -}

As — fmap fst $ Var ([ ], Stack [])
= {- definition of finap -}

As — Var|]
= {- definition of alg)y -}
alg‘li\allgs Fall

= {- definition of fimap -}
alng\gjs (fmap (fmap runStack o hgiopan) Fail)

case op = Or p g From op is in the codomain of finap local2global),, we obtain p and g are
in the codomain of local2globaly.

Jfmap runStack o hgiopan $ alg, (Orp q)
= {- definition of alg, -}
fmap runStack o hopam $ (pushStack (Right () > p) || (untrail > q)
= {- definition of (])) -}
fmap runStack o hgopam $ Op o Inr o Inl $ Or
(pushStack (Right ()) > p) (untrail > q)
= {- definition of Agpairs -}
JSfmap runStack o fmap (fmap fst) o hypaifsr © hnp+r 0 (<) $ Op o Inr o Inl' $ Or
(pushStack (Right ()) > p) (untrail > q)
= {- definition of (&) -}
JSfmap runStack o finap (fimap f5t) o hageaifs © hnp+r $ Op o Inl $ Or
(pushStack (Right () > (<) p) (untrail > (<) q)
= {- definition of hyp,, and liftM2 -}
Jfmap runStack o finap (fmap f5t) o Ry $ do
x < hypes ((6) (pushStack (Right ())) > hypss (€ p)
Y < hnpiy () untrail) > hypiy (<) )
n(x++y)
= {- monad law -}
Jmap runStack o fmap (fmap f5t) o hagoaipr $ do
hnp1r (&) (pushStack (Right ())))
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X < hypyr (&) p)
hnp+r (&) untrail)
Yy < hnpiy (€) q)
n (x++y)
= {- definition of Azai5; and Lemma 17 -}
fmap runStack o fmap (fmap fst) $ As — do
(= $1) < hmtodiy1 (hnp+r (<) (pushStack (Right ())))) s
(x,52) < Magodifyr (Mvpar ((€) p)) s1
(— 83) < hatodip1 (hnpiy (<) untrail)) s,
s $4) < htodiy1 (hnp+r ((€9) @) s3
n (x ++y, s4)
= {- definition of fmap (twice) -}
fmap runStack $ As — do
(= 81) <= hatoaifypr (hnpy (<) (pushStack (Right ())))) s
(x, 52) <= hagodisys (hnpr () p)) 51
(= 83) < hagodiir (hnpsr (&) untrail)) s,
s ) < hasodigpr (hvp+r (%) 9)) 83
n (x++y)
= {- definition of finap and runStack -}
As — fmap fst o flip hsyure; (Stack[1) $ do
(= 81) < hasoaifpr (hnp+r () (pushStack (Right ())))) s
(%, 52) < hatodifp1 (hvp+r () p)) 51
(= 83) <= huytodgify1 (hpr () untrail)) s,
0, 2) < hsodify1 (hnpy () q)) 53
n(x++y)
= {- definition of Ag,; and Lemma 4 -}
As — fimap fst $ (At — do
(= 51), 11) < hsater (havtoaifir (hnpr () (pushStack (Right ())))) s) ¢
((x,52), 12) < hswarer Mvgoairss (hvpsr (€)p)) s1) 1
(= 83), £3) < hsater (Mrodgify1 (hnpr (&) untrail)) s3) t
(v, ), t4) < hsiater (hasodisr (hvpr () 9)) s3) 13
n (x ++y, t4)) (Stack [ 1)
= {- function application -}
As — fmap fst $ do
(=515 11) <= hstater (Myoaify1 (hnp+y () (pushStack (Right ())))) s) (Stack [ ])
((x,52), ) < hswarer (Mroairys (hnpir (€)p)) s1) 1
(= 83),13) < hswater (roairy1 (hnpir (&) untrail)) s3) 1
(s s t4) <= hsiarer (vtodisp1 (hvpiy () q)) $3) 13
n (x++y, 14)
= {- definition of finap -}
As — do
(= $1)s t1) <= hsiarer (Bytodifpr (hnpr (&) (pushStack (Right ())))) s) (Stack [ ])
((x,52), 12) <= hswater (hatodisyr (hvp+r (€) p)) s1) t
(= 83), £3) <= hsarer (Mrtodaify1 (hnp+r (&) untrail)) s5) t
(¥, ), =) < hsiaer Masoaipr (Bnpss () 9)) 53) 13

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

From high to low: Simulating nondeterminism and state with state 109

1 (x++y)
= {- Lemma 20 -}
As — do
((x, 2)s =) <= hswater (hmtodify1 (hnp+r (<) p)) ) (Stack [])
(s 2)s =) < hswater (hutodifyr (hnp+r () @) ) (Stack [])
n(x++y)
= {- definition of runStack -}
As — do
(x, ) <= runStack (hsoaify1 (hnp+r ((£) P)) )
(v, -) <= runStack (hsoaify1 (hnp+r ((£) 9)) )
n (x++y)
= {- definition of Agpairs -}
As — do
x < runStack (hGiopaiv P S)
y < runStack (hGiobaiv 4 5)
n(x++y)
= {- definition of finap -}
As — do
x < (fmap runStack o hGobalM) p s
¥y < (fmap runStack o hGobalM) q s
n(x++y))
= {- definition of /iftM?2 -}
As — LiftM2 () ((fmap runStack o hGobalM ) p s) ((fmap runStack o hGobalM) q s)
= {- definition of alg)h -}
alg]LVgS (Or ((fmap runStack o hGobalM) p) ((fmap runStack o hGobalM) q))
= {- definition of finap -}
alg]LVgS (fmap (fmap runStack o hGobalM) (Or p q))

For the last subcondition (5), we can define fwd, ;5 as follows.

Jwd g i Functor f = f (s — Freef [a]) — (s — Freef [a])
Jwd s op = ks — Op (fmap ($s) op)

We prove it by the following calculation for input op:: f (Free (Modifygsr:+:
Nondetp :+: f)a). In the corresponding case of Appendix 6.3, we have calculated that

haiovaine (Op (Inr (Inr op))) = As — Op (fmap ($s) (fmap heiopains 0p)) (*).

Sfmap runStack $ hgiopan (fwd op)
= {- definition of fwd -}

Sfmap runStack $ hgiopains (Op o Inr o Inr o Inr $ op)
= {- Equation (x) -}

Sfmap runStack $ As — Op (fmap ($s) (fmap hgiopane (Inv op)))
= {- fmap fusion -}

Jfmap runStack $ s — Op (fmap (($s) o hgiopainr) (Inr op))
= {- reformulation -}

fmap runStack $ As — Op (fmap (Ax — hgiopains X 8) (Inr op))
= {- definition of fimap -}
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As — runStack $ Op (finap (Ax — hgiopains X 8) (Inr op))
= {- definition of runStack -}
As — fmap fst o flip hsarer (Stack []) $
Op (fmap (Ax = hiobain X ) (Inr op))
= {- definition of Agyse; -}
As — fmap fst $ (At —

Op (fmap ($1) o fmap (hsiarer) $ fmap (Ax = heiopav X 5) 0p)) (Stack [ 1)
= {- fmap fusion and reformulation -}

As — fmap fst $ (Lt —
Op (fmap ()‘x d hState] (hGlobalM .X,'S) Z) OP)) (StaCk [ ])
= {- function application -}
AS — fmap fst $
Op (fmap ()‘x - hStateI (hGl()balM XS) (StaCk [])) Op)
= {- definition of finap -}
As — Op (fmap (Ax — fmap f5t (hsate; (MGiovaint X 5) (Stack [1))) op)
= {- reformulation -}

As — Op (finap (3x — finap (finap fst o flip haier (Stack [ 1)) © hiopans $x5) op)
= {- reformulation -}

As = Op (fmap (Ax — (finap runStack o hgiopan $ X) ) 0p)
= {- fmap fission -}

As — Op (fmap ($s) (fmap (finap runStack o hgiopain) 0p))
= {- definition of fwd, yq -}

Jwd g (fmap (finap runStack o hgiopainr) 0p)

7.4 Equating the fused sides
We observe that the following equations hold trivially.

gehys =  8€hpus
algiﬁs = alngHS
algjLVgS = algji\elgs
Swdpyg = fwdgyg

Therefore, the main theorem (Theorem 7) holds.

7.5 Lemmas

In this section, we prove the lemmas used in Appendix 7.3.

The following lemma shows the relationship between the state and trail stack.
Intuitively, the trail stack contains all the deltas (updates) that have not been restored in
the program. Previous elements in the trail stack do not influence the result and state of
programs.

Lemma 18 (Trail stack tracks state). For t:: Stack (Eitherv()), s:s, and p::
Free (Modifyg s r :+: Nondetr :+: f) a which does not use the restore operation, we have
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hsiater (Maodify1 © hnpr © (£)) (local2trail p) s) t

do ((x, 2), =) < hsater (Mrtodify1 © hnp+r © () (local2trail p) s) (Stack [ )
n ((x, fplus s ys), extend t ys)

for some ys = [Left r,, ..., Left r_I]. The functions extend and fplus are defined as follows:

extend :: Stack s — [s] — Stack s

extend (Stack xs) ys = Stack (ys ++xs)
fplus :: Undo s r = s — [Eitherr bl — s
fplus s ys = foldr (\(Leftr)s — s@®r)sys

Note that an immediate corollary of Lemma 18 is that in addition to replacing the stack
¢t with the empty stack Stack [ ], we can also replace it with any other stack. The following
equation holds.

hstater (Matodify © Anpr 0 (<)) (local2trail p) s) t

do ((x, 2), 2) <= hsater (Prtodify1 © hnpr © (&) (local2trail p) s) ¢
n ((x, fplus s ys), extend t ys)

We will also use this corollary in the proofs.

Proof
We proceed by induction on p.
case p =Vary

hswater (Mpodify1 © hnvpr © (&) (local2trail (Var y)) s) t
= {- definition of local?trail -}
hsiater (ytodify1 © Inpr © (€)) (Vary) s) t
= {- definition of (&) -}
hstater (hatoaify1 © hnpiy) (Vary) s) t
= {- definition of Ayp,/ -}
hswater (hyodairr (Var [y]) s) t
= {- definition of Aysais; and functiona application -}
thatel (Var ([y]: S)) t
= {- definition of /g, and functiona application -}
Var ((Ly],s), 1)
= {- similar derivation in reverse -}
do ((x, 2), —) < hster (Batodipr © hpr © (&) (local2trail (Var y)) s) (Stack [ ])
Var ((x, s), t)

case t = Op o Inro Inl $ Fail

hstater (Paodifpr © hpr 0 (&) (local2trail (Op o Inr o Inl'$ Fail)) s) t
= {- definition of local2trail -}

hstater (hiodify1 © hnpas © () (Op o Inr o Inl § Fail) s) t
= {- definition of (&) and Aypr -}
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hsiater (hatodipr (Var [1) s) ¢

= {- definition of A5, and function application -}
hSmte] (Var ([ ]s S)) t

= {- definition of Ag.; and functiona application -}
Var (([1,5), 1)

= {- similar derivation in reverse -}
do ((x, -), ) < hsarer (Amodifp1 © hpis © (€))

(local2trail (Op o Inr o Inl $ Fail)) s) (Stack [ ])
Var ((x, s), t)

case t = Op (Inl (MGet k))

hsiaer (s © by © () (local2urail (Op (Inl (MGet K)))) s)1
= {- definition of local2trail -}
hstater (MModifp1 © Anp+r © () (Op (Inl (MGet (local2trail o k)))) s) t
= {- definition of (<) and hyp4s -}
hsiater (Byodify1 (Op (Inl (MGet (hyps o (&) o local2trail o k)))) s) t
= {- definition of /a5, and function application -}
hstater (Ppoaifpr © hnpr 0 (&) o local2trail o k) s s) t
= {- reformulation -}
hsiater (Mytodify1 © Binp4r o (<)) (local2trail (k s)) s) ¢
= {- induction hypothesis on k s -}
do ((x, -), ) < hswater (Artodiir © hnp+r © (<)) (local2trail (k 5)) s) (Stack [ ])
n ((x, fplus s ys), extend t ys)
= {- similar derivation in reverse -}
do ((x, -), ) < hstarer (Atodify1 © hnpis © (€))
(local2trail (Op (Inl (MGet k)))) s) (Stack [ ])
n ((x, fplus s ys), extend t ys)

case t = Op (Inl (MUpdate r k))

st (s © oy o () (local2irail (Op (Inl (MUpdate r K)))) s)
= {- definition of local?trail -}
hsiater (Brodifp1 © Anp+r © (<)) (do
pushStack (Left r)
update r
local?trail k
)s) t
= {- definition of (&) and Anpr -}
hstater (Mrtodify1 (dO
hnp+y o (&) $ pushStack (Left r)
hnp+y o (&) S update r
hnp4s o (&) o local2trail $ k
)s) t
= {- definition of Azgai5;, Lemma 17 and function application -}
hState] (dO
(= 51) < (huoaifp1 © hnp+s o (&) $ pushStack (Lefi r)) s
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(= 52) < (Mpgodifyt © hnpr 0 (&) S updater) s
(Mpodify1 © Bnp4y © (&) o local2trail $ k) s,
)t
= {- definition of Aypay; and update -}
hState] (d0
(= 81) < (Bpodipyr © hnpr o (<) 8 pushStack (Left r)) s
(=52) <n (0L s1®7r)
(htodify1 © hnpr 0 (<) o local2trail $ k) s,
)t
= {- monad law -}
hStateI (dO
(= 81) < (Bpodipr © hnpr © (<) $ pushStack (Left r)) s
(htodifp1 © hnpr © (&) o local2trail $ k) (s) & r)
)t
= {- definition of Ag.;, Lemma 4, and function application -}
do ((—, 51), 11) < hswater (hasodify1 © hnpis o (<) $ pushStack (Left r)) s) t
Astatel ((hMod;ﬁ/[ o hND+f o (&) olocaltrail $ k) (s; ®r))
= {- definition of pushStack -}
do ((, 51), 11) < hstater ((hatodify1 © hnpiy o (€) $ do
Stack xs < get
put (Stack (Left r : xs))) s) t
hstater (Paodifyr © hnpy 0 (&) o local2trail $ k) (s1 @ 1) 4y
= {- definition of Asises, hutodif1> Anp+r, (&), get, and put; let t = Stack xs -}
do ((—, s1), 1) <= n (([O], 5), Stack (Left r : xs))
hswaser (Magodify1 © hnps © (£)) (local2trail k) (s1 © 1)) &
= {- monad law -}
hsiater (Myodifp1 © Anp4r © (&) (local2trail k) (s @ r)) (Stack (Left r : xs))
= {- by induction hypothesis on k, for some ys the equation holds -}
do ((x, -), ) < hswarer (Bigodify1 © hnpir 0 (€))
(local?trail k) (s @ r)) (Stack [ Left r])
n ((x, fplus (s @ r) ys), extend (Stack (Left r : xs)) ys)
= {- definition of fplus and extend -}
do ((x, -), ) < hswarer (Bitodify1 © hnpir 0 (€))
(local2trail k) (s ® r)) (Stack [ Left r])
n (Cx, fplus s (vs ++[ Left r])), extend (Stack xs) (ys ++[ Left r]))
= {- letys’ =ys ++[Left r]; Equation t = Stack xs -}
do ((x, -), ) < hswarer (Brodify1 © Anpar 0 (€))
(local2trail k) (s & r)) (Stack [ Left r])
n ((x, fplus s ys'), extend t ys')
= {- similar derivation in reverse -}
do ((x, 2), ) < hsarer (Brodify1 © hnpr © (€))
(local?trail (Op (Inl (MUpdate r k)))) s) (Stack [ ])
n ((x, fplus s ys'), extend t ys')

case t=0polnrolnl$Orpgq
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hsiater (Ppodifpr © hvpr © (&)) (local2trail (Op o Inr o Inl$ Orp q)) s) t
= {- definition of local2trail -}
hstater (Ppodifp1 © hnp4r 0 (6)) (
(pushStack (Right () > local2trail p) || (untrail > local2trail q)) s) t
= {- definition of (]]) -}
hstater (haodify1 © Anpiy © () (Op o Inr o Inl § Or
(pushStack (Right ()) > local2trail p)
(untrail > local2trail q)) s) t
= {- definition of hyp,/, (&), and lifiM?2 -}
hstater (Matodifyr (O
X <= hypyy (&) (pushStack (Right ()))) > hypr (&) (local2trail p))
¥ < hnpir (&) untrail) > hypyr (&) (local2trail q))
n(x++y)
)s) t
= {- monad law -}
hsiater (Patodify (do
hnp+r (&) (pushStack (Right ())))
X < hypyr (&) (local2trail p))
hnp4r (&) untrail)
Y < hnpyr (&) (local2trail q))
n(x++y)
)s) t
= {- definition of A4, Lemma 17, and function application -}
hsiater (do
(=251) < htodpr (hapes () (pushStack (Right () s
(x,82) < hysodifpr (hnp+r () (local2irail p))) s
(= 83) < hutodifp1 (hnp1y (<) untrail)) s;
¥, 54) < hyodaip1 (hvp4r (&) (local2trail q))) s3
1 (x 4+, s4)
)t
= {- definition of Ag.;, Lemma 4, and function application -}
do (<510, 1) < hsuter (hasoair (s () (pushStack (Right ()))) 5)
((x,82),12) <= hsiarer (Mvtoaiss (hnpr (&) (local2trail p))) s1) t
(= 83),13) < hsiarer (Mvtodis (hnpr (&) untrail)) s3) t
(0 54), 14) < hater (hasoaiys (hy (<) (local2irail g))) s3) 13
n ((x ++y,s4), t4)
= {- definition of pushStack -}
do (-, 51), 1) < hswater (Matodify1 (hvpas () (do
Stack xs < get
put (Stack (Right () : xs))))) s) t
((x,82), ) < hswrer (hModz]yl (hND+f ((&) (local2trail p))) s1) t
(1, 53), t3) < hsurer (hModiﬁzl (hND+f (&) untrail)) s2) t
(v, 54), t4) < hsiater (hvoaifyr (hvpsr () (local2trail q))) s3) 13
n ((x ++y, s4), t4)
= {- definition of hser, Artodify1> Anp+r, (&), get, put; let t = Stack xs -}

https://doi.org/10.1017/5S0956796824000133 Published online by Cambridge University Press


https://doi.org/10.1017/S0956796824000133

From high to low: Simulating nondeterminism and state with state

do (-, 51), 1) <= n(([O], ), Stack (Right () : xs))
((x,52), 12) <= hsater (Mrtodify1 (hnp+r (&) (local2trail p))) s1) t
(= 83), £3) < hsater (rodgify1 (hnp1r (&) untrail)) s3) t
(v, s4), 14) < hstarer (Mptodify1 (hnp+y () (local2irail q))) s3) 13
n ((x 4+, s4), t4)
= {- monad law -}
do ((x,52), 12) < hswater (Musodifs (Mnpiy (($)
(local2trail p))) s) (Stack (Right () : xs))
(= 83), £3) < hsater (Mrodaiy1 (hnp1r (&) untrail)) s3) t
(v, 54), t4) < hsiarer (hutodify1 (hnp+y (&) (local2trail ))) s3) 13
n ((x 4+, s4), t4)
= {- reformulation -}
do ((x,52), 12) < hswter (Mrsodify1 © Pnp1f © (&)
(local?trail p) s) (Stack (Right () : xs))
(= 83), £3) <= hster (Pptoaifpr © hnpr o (&) untrail s3) tp
(v, s4), t4) <= hsater ((hasodify1 © hvp+y © () (local2trail q) s3) 13
n ((x -y, s4), t4)
= {- by induction hypothesis on p, for some ys the equation holds -}
do ((x, 2), ) < hswser (Mutodify © Anpty © (&)
(local2trail p) s) (Stack (Right ()))
(= 83), t3) < hswater (Mpodify1 © Anpr © ()
untrail (fplus s ys)) (extend (Stack (Right () : xs)) ys)
(v, 54), t4) < hsarer ((Masodaifr © hnp4r 0 (<)) (local2trail q) s3) t3
n ((x 4+, s4), t4)
= {- Lemma 19 -}
do ((x, ), -) < hsser (Masodify1 © Pnp1y © (£))
(local?trail p) s) (Stack (Right ()))
(v, 54), t4) < hsiater (Mpoaifp1 © hvpr © (£))
(local?trail q) (fminus (fplus s ys) ys)) (Stack xs)
n ((x 4+, s4), t4)
= {- Equation (7.1) gives fininus (fplus s ys) ys =s -}
do ((x, ), -) < hser (Musodify1 © Inp1y 0 (&)
(local2trail p) s) (Stack (Right ()))
(v, 54), t4) < hsiater (Msodifp1 © hvpir © (£))
(local2trail q) s) (Stack xs)
n ((x 4+, s4), t4)
= {- by induction hypothesis on p, for some ys’ the equation holds -}
do ((x, 2), =) <= hstarer (Masodifyr © hnp1r 0 (€))
(local2trail p) s) (Stack (Right ()))
((ya 7)a *) <~ hState] ((hM()diﬁzl o hND+f o (<:>))
(local2trail q) s) (Stack [ ])
n ((x ++y, fplus s ys'), extend (Stack xs) ys')
= {- similar derivation in reverse -}
do ((x, ), -) <= hsarer (Masodifyr © hnp1r © (€))
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(local2trail (Op o Inr o Inl $ Or p q)) s) (Stack [ ])
0 (Cx, fplus s ys'), extend t ys”)

case t=0polnrolnr$y

hstater ((Podify1 © hnpr © () (local2trail (Op o Inr o Inr $ y)) s) t
= {- definition of local2trail -}

hsiater (Ppodifpr © hvp+r © (€)) (Op o Inr o Inr o Inr o finap local2trail $ y) s) t
= {- definition of (&) and hnpr -}

hsiater (Byodifp1 (Op o Inr o Inr o fmap (hypiy o (&) o local2trail) $ y) s) t
= {- definition of A5, and function application -}

hsiater (Op o Inr o finap (($5) o hutodify1 © Anp4s © (&) o local2trail) $ y)
= {- definition of Agy.; and function application -}

Op o fmap (($¢) o hsiarer © ($5) © hasodifi1 © hnpy © (&) o local2trail) $ y
= {- reformulation -}

Op o finap (Ak — hstater (Bytodify1 © hnpr © (&) (local2trail k) s) t) $ y
= {- by induction hypothesis on y, for some ys the equation holds -}

Op o fmap (Ak — do

((x, ), =) <= hsiarer (Matodifyr © Anp4s © (&) (local2trail k) s) t

n ((x, fplus s ys), extend t ys)) $ y
= {- definition of free monad -}

do ((x, _), ) < Op o fmap (Ak —
hsiater (Matodify1 © inpir © (<)) (local2trail k) s) 1) S y

n ((x, fplus s ys), extend t ys)
= {- similar derivation in reverse -}

do ((x, 2), 2) < hswarer (Byodifyr © hnp+r © (<)) (local2trail (Op o Inr o Inr $ y)) s) t
n ((x, fplus s ys), extend t ys)

[ |
The following lemma shows that the untrail function restores all the updates in the trail

stack until it reaches a time stamp Right ().

Lemma 19 (UndoTrail undos). For t=Stack (ys ++(Right () : xs)) and ys=
[Leftry, ..., Left ry,], we have

hsiater (Muvtodify1 © Anpr © (&) untrail s) t

n (([O1, fminus s ys), Stack xs)

The function fminus is defined as follows:

Jfminus :: Undo s r = s — [Either r b] — s
fminus s ys = foldl (\s (Leftr) — s ©r)sys

Proof
We first calculate as follows:

hsater (Maodify1 © hnp4s © (&) untrail s) t
= {- definition of untrail -}
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hstater (Paodifpr © hvpr © (<)) (do
top < popStack
case fop of
Nothing — n ()
Just (Right ()) = n ()
Just (Left r) — do restore r; untrail
)s)t
= {- definition of popStack -}
hstater (Matodifp © Bnpr 0 (<)) (do
top < do Stack xs < get
case xs of
[1 — 1 Nothing
(x: xs") = do put (Stack xs'); n (Just x)
case fop of
Nothing — n ()
Just (Right ()) = n ()
Just (Left r) — do restore r; untrail
)s) ¢t
= {- monad law and case split -}
hstate1 (Aodify1 © hnp+r © (<)) (do
Stack xs < get
case xs of
[] -0
(Right () : xs') — do put (Stack xs'); n ()
(Leftr:xs’) — do put (Stack xs'); restore r; untrail
)s) ¢t
= {- definition of get -}
hstater (Modifp1 © hnp+r 0 (&) (Op o Inr o Inr o Inl o Get $ A(Stack xs) —
case xs of
[] -0
(Right () : xs') — do put (Stack xs'); n ()
(Leftr:xs') — do put (Stack xs'); restore r; untrail
)s) t
= {- definition of syp; and (&) -}
Nstatel (hMadiﬁ)I (Op o Inr o Inl o Get $ M(Stack xs) —
case xs of
[] —n[0]
(Right () : xs") = hnpis o (<) $ do put (Stack xs'); 1 ()
(Leftr:xs'y — hypir o (<) $ do put (Stack xs'); restore r; untrail
)s) ¢t
= {- definition of /ysay;; and function application -}
hswtes (Op o Inl o Get $ A(Stack xs) —
case xs of
[] —>n([0]9)
(Right () : x8") = hagodifp1 (hnp+r © (<) $ do put (Stack xs'); n () s
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(Leftr:xs")  — huodaippr (hap+y o (<) § do put (Stack xs'); restore r; untrail) s
)t
= {- definition of Ag,; and function application; let t = Stack (ys ++(Right () : xs)) -}
case (ys ++(Right () : xs)) of
[] = n(([0],9),1)
(Right () :xs') > n ([0], 5), Stack xs')
(Lefir:xs") = hser (hrodisy1 (hnp1r 0 (&) $
do put (Stack xs'); restore r; untrail) s) t

Then, we proceed by an induction on the structure of ys.
case ys =[]

case (ys ++(Right () : xs)) of
[] —n(([0L9),0
(Right () : xs') = n (([0], 5), Stack xs")
(Leftr:xs") = hsiater (Mrtodiy1 (hnpar 0 (&) $
do put (Stack xs'); restore r; untrail) s) t
= {- case split-}
n (([O], 5), Stack xs)
= {- definition of fminus -}
n (([O1, fminus s [ ]), Stack xs)

case ys = (Leftr: ys')

case (ys ++(Right () : xs)) of
[] = n(([0],9),2)
(Right () : xs') = n (([0], 5), Stack xs")
(Leftr:xs") = hsiater (rodiy1 (hnpiy 0 (&) $
do put (Stack xs'); restore r; untrail) s) t
= {- casesplit-}
hsater (hatodifyt (hnpy 0 (<) $
do put (Stack (vs' ++(Right () : xs))); restore r; untrail) s) t
= {- definition of Asier, Artodif1> Anp+r, (<) and reformulation -}
hsiater (Broaip1 © Anp+r © (&) untrail (s © r))
(Stack (ys’ ++(Right () : xs)))
= {- induction hypothesis on ys’ -}
n ([O), fininus (s © r) ys'), Stack xs)
= {- definition of fininus -}
n ([0, fininus s (Left r : ys')), Stack xs)
= {- definition of ys -}
n (([O1, fininus s ys), Stack xs)

The following lemma is obvious from Lemma 18 and Lemma 19. It shows that we can
restore the previous state and stack by pushing a time stamp on the trail stack and use the
function untrail afterwards.
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Lemma 20 (State and stack are restored).  For t:: Stack (Eitherr()), s::s, and p ::
Free (Modifyg s v :+: Nondetr :+: f) a which does not use the restore operation, we have

do ((—, 51), 11) < hswater (Mroaifpr © Enp+r 0 (&) (pushStack (Right ())) s) t
((x,82), 12) <= hstater ((Masoaippr © Bnpr 0 (<)) (local2trail p) s1) 1y
(=, 83),13) < hswater (Bptodgify1 © hnpr © (€)) untrail s3) 1
n ((x,s3),13)

do ((x, 2), 2) <= hsarer (Maodifyr © hvps © (€)) (local2trail p) s) (Stack [ 1)
n((x,5),1)

Proof Suppose t = Stack xs. We calculate as follows.

do ((—,51),11) < hswater (hmoaip1 © Anp+r © (<)) (pushStack (Right ())) s) (Stack xs)
((x,52), ) <= hswater (Masoaipr © npr © (&)) (local2trail p) s1)
(= 83), £3) < hster (Pstoaifp1 © hvpr © (&) untrail s3) tp
n ((x, s3),13)
= {- definition of Age, hModg/j)j, hNDJrf, (&), pushStack -}
do (-, s1),t1) < n(([O],s), Stack (Right () : xs))
((x,52), 12) <= hsiater (Ppsodifpr © hpr © (&) (local2trail p) s1) t
(= 83), £3) < hswater (Mptodifp1 © hvpr © (&) untrail s3) tp
n ((x, 53),13)
= {- monad law -}
do ((x,52), 1) < hswater (Mrsodifpr © Enp4r © (<)) (local2trail p) s)
(Stack (Right () : xs))
(=, 83),13) < hswater (Bptodify1 © Anpr © (€)) untrail s3) 1
n ((x,53),13)
= {- by Lemma 18, for some ys =[Left ry, ..., Left r, ] the equation holds -}
do ((x,52), 12) <= do ((x, -), ) < hswrer (Arodify1 © xnpr © (€))
(local2trail p) s) (Stack [ ])
n ((x, fplus s ys), extend (Stack (Right () : xs)) ys)
(= 83), 13) <= hstarer ((Maodify1 © hnps © (&) untrail s;) ty
1 ((x, s3),13)
= {- monad law and definition of extend -}
do ((x, ), —) < hswier (Mroaify1 © hnpsr 0 (&) (local2trail p) s) (Stack [ ])
(= 83),13) < hswater (Bodify1 © Anpr © ()
untrail (fplus s ys)) (Stack (ys ++(Right () : xs)))
n ((x,s3),13)
= {- Lemma 19 and monad law -}
do (6, ), ) < hsares (rasoais © hp sy o () (local2trail p) s) (Stack [ 1)
n ((x, fminus (fplus s ys) ys), Stack xs)
= {- Equation (7.1) gives fininus (fplus s ys) ys = s -}
do ((x, 1), 2) < hsuter (hasoais © hapy o (6) (local2trail p) ) (Stack [ 1)
n ((x, s), Stack xs)
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