RATIONAL SURFACES WITH EXCEPTIONAL UNODES
PATRICK DU VAL
To Professor H. S. M. Coxeler on his sixtieth birthday

1. Introduction. Many years ago, I defined (8) three types of exceptional
unode on an algebraic surface, which I called U*s, U*y, U*,,, corresponding,
on a non-singular model of the surface, to sets of six, seven, and eight rational
curves, each of grade —2, with the intersection patterns represented by the
Coxeter—Dynkin graphs now usually known as Eg, E+, Es:

Eg E,; Es

where each dot represents a curve, and linked dots intersecting curves. In
each case we shall denote the curves in the horizontal sequence by s, s3, .
from left to right, and the extra curve meeting s3 by s*. U*; has been known
since Cayley (6) to be one of the possible singularities of a cubic surface; and
Herszberg (10) and Kirby (12) showed in different ways that the equations of
surfaces with these three types of singularity were locally of the form

(D 22 =x"4+3% () 22 =y +3%); (1) 2 =« + y8

respectively. As these singularities have been in the news again in the last few
years in the work of Hirzebruch (11), von Randow (14), Brieskorn (4), and
Artin (1), the last of whom rediscovered them independently, it is perhaps not
out of place to point out that Herszberg’s canonical forms are all rational sur-
faces, and to study their plane mappings, and the close relation of (I) to Cay-
ley’s cubic, and of (II) and (III) to each other.

2. Consecutive base points. In a plane 7, on which all our mappings of
rational surfaces are to be made, we consider a sequence of points

-PlyP?r"'any

consecutive on an inflected branch. On a surface IT on which all these points
are dilated, let s; be the irreducible image of the neighbourhood of P;, and s*
that of the inflexional tangent ¢ Then sy, ..., s,—1 are all of grade —2, and
Si Si1 intersect (¢ =1, ..., n — 1); and as ¢ passes through P;, P,, P3, s*
also has grade —2, and meets s;. We thus have the intersection pattern E,;
for n > 8, of course, the intersection matrix is not negative definite, and the
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set of curves in question (without the exceptional curve s,) cannot be contracted
to a point; the cases of interest are # = 6, 7, 8. In these cases, the system of all
curves in 7, of order 3m, with m-tuple base points at Py, ..., P,, has no free
intersection with the neighbourhoods of Py, ..., P,_i, nor with ¢, so that the
curves si, . . ., S,—1, s* are all fundamental to this system. Denoting by p, the
total neighbourhood of P;, and by |/| the linear system of all lines in =, we
have

si:Pi_PH-l (’1/=1,,n—-—1), Sn:pm S*=l—p1—P2—P3.

The least linear combination p of s1, ..., s,_1, s* that has non-positive inter-
section with each of them, and which consequently separates out with unit
postulation from any system to which they are all fundamental, is in the three

cases
‘n=6: p =51+ 255+ 355 + 254 + 55 + 2s*
=2l — p1— P2 — p3s — ps — Ps — Ps,
1) {n=7: p = 2s1 + 35 + 4s3 + 354 + 255 + 56 + 25F
=20 — ps — ps — ps— ps — Ps — P,
|n=8: p = 2s1 + 4sy + 6s3 + 5s4 + 4s5 + 3s¢ + 257 + 3s*
| =3l — p1— p2— p3s — pa— P5s — Ps — p1 — 2ps.
If Fis the projective model of the system |f| = (3m; m, ..., m), where the
first integer in the parentheses is the order of the system and the others are its
multiplicities at Py, ..., P,, the projection of F from its unode U¥* is accord-

ingly the projective model of |f — p|:

(n=6: Bm —2;m—1,...,m — 1),
(2) {n=7: Bm—2;,mm—1,...,m—1),
Ln=8: Bm—3,m—1,...,m— 1,m — 2).

|[f — p| has intersection unity with just one of the curves sy, ..., s,-1, s¥%
namely s* for n = 6, s; for n = 7, and s; for n = 8. It is clear in fact that
|[f — p|, as given by (2), has one variable intersection with ¢ for » = 6, with
the neighbourhood of P, for n = 7, and with that of P; for n = 8. This curve
has in each case coefficient 2 in p, and represents the line on the projected
surface which, counted twice, is the neighbourhood of the unode. The remaining
curves are fundamental to |f — p|, and represent respectively a binode Bs
in the neighbourhood of U*s, an ordinary unode Us in that of U*,, and an excep-
tional unode U*qin that of U*y,.

For general positions of the base points, for » = 6, 7, 8 there would be on 1I
respectively 27, 56, 240 exceptional curves, which appear on F as rational
curves of order m (for n» = 6, m = 1 the 27 lines on the cubic surface; for
n = 7, m = 1 the lines on the Geiser double plane which coincide by pairs in
the bitangents of the branch curve; and for » = 8, m = 2 the conics on the
Bertini double cone which coincide by pairs in the tritangent planes of the
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branch curve). In the present case, however, with Py, . . ., P, consecutive on an
inflected branch, there is only one irreducible exceptional curve, s,; the rest
all reduce to linear combinations of this with sy, ..., 5,1, s*; and on F there
is only one rational curve of order m; this contains the unode, and combines
with partial neighbourhoods of the unode to give formal equivalents of the
remaining exceptional curves.

We shall take a coordinate system (%, ¥, %) in 7, with Py at (1,0, 0) and ¢ as
the line = 0. Any cubic with an inflexion at P; and ¢ as tangent there can be
taken, for a suitable choice of thelinesx = 0,y = 0, to be

f=a%— 9y + kyz? + Iz = 0;

and the cubics f 4 2%(ax 4 by 4 ¢z) = 0 are those that meet f = 0 in at least
six coincident points at P, (seven if @ = 0 and all nine if ¢ = b = 0). Taking
Py, ..., Ps to be consecutive along %2 = y3, we accordingly define the web
ICl: (3; 1,1, 1, 1, 1, 1), the net |G|: (3;1,1,1,1,1,1,1), and the pencil
|B|: (3;1,1,1,1,1,1, 1, 1), with the bases

[C]: &% — y3, 25, y32, 42?2,

|G]: &’ — 3,23, y22,

|B|: &% — y3, 25
and a second net

|G'|: &% — 3, y2?, a%2,
which has simple base points at Py, ..., Ps and a seventh at P’: (0,0, 1).
|B| of course has the ninth associated base point P, consecutive to Py, . . ., Ps;
but we regard this as unassigned, so that |2B|, |3B| are the systems of sextics
and nonics with eight, not nine, consecutive double and triple base points.
|Cl, |G|, |G| are the most general systems with the base points as specified, all
such figures being projectively equivalent; but |B| is not the most general
pencil with all its base points consecutive on an inflected branch, being special
in that all its curves are equi-anharmonic, except of course &2z = y3 and
2% = 0 themselves.

Given any symbol such as |4] for a linear system, we denote by IF(4) the
surface which is the projective model of that system. Thus F(C) is a cubic
surface, F(G), F(G’) are Geiser double planes, and F(2B) is a Bertini double
cone.

3. The Geiser and Bertini figures. It is convenient to recall briefly the
relations between the surfaces F(G), F(2G), F(2B), F(3B) in the general case,
i.e. when the base points are general in position.* In the first place, let f = 0,
g = 0 be any two curves of the pencil |B|: (3;1,1,1,1,1,1,1,1),and 2 = 0
any curve of the net |G|: (3;1,1,1,1,1,1,1) that is not in |B|. Then (f, g, k)

*For the classical theory of the Geiser and Bertini involutions see Geiser (9), Bertini (3),

and Baker (2); for the tacnodal quartic, the Castelnuovo surface, and the double plane, pro-
jection of the Bertini double cone, see Néther (13), Castelnuovo (5), and Conforto (7).
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are a base for |G|, and can be taken as homogeneous coordinates in the plane y
that carries the Geiser double plane F(G). Any equation of degree # in (f, g, k)
is the equation of an #-ic curve in v, and also (on expressing f, g, & in terms of
¥,, ) of the curve in =, whose image is this curve in v, doubled and branching
at its intersections with the branch curve of F(G). A linear system of poly-
nomials in (f, g, %) thus defines a linear system of curves in 7, and also one in v,
the projective model of the former being that of the latter doubled, and
branching along the image of the branch curve of F(G). This branch curve bg
is the image of the jacobian

. a(fg )

J¢ = 3w, v,7)
in ; and as b is a quartic in v, there is an identity
(3) j62 = ¢4(fy £, h’)y

where ¢4 is a quartic polynomial. Thus j¢ = Oisa curve of |2G]|.
The octavic surface F(2G) of Castelnuovo in S thus has the parametrization

4) Xo: X1t oot Xe = jo: f2 fg: fh: g2 gh: h?,
and its equations are those that express that the matrix

X, X X,

X, X4 Xs

X: X5 X,

is of rank 1, namely

X1X4_X22: y Xle—XzX:;:O, XIXG_X32=Oy

6))

X2X5'—X3X4=0, XQXG—X3X5=O, X4X6—X52:0,
together with
(6) T = Xo* — a (X, ..., Xo) = 0,

expressing the identity (3), where

¢2(f2rfgrfhr gQ’ ghr h2) = ¢'4(f’ £, h),

the cuadratic form ¢ is of course only determined modulo the left-hand
members of (5). The equations (5) are those of a Veronese surface V* in the
Ss X = 0, projective model of the conics in v; in Ss they are the equations of
the cone T'3* projecting V* from K, (where K, is the point at which all the
coordinates vanish except X;). FF(2G) is the section of TI';* by the quadric
¥ = 0; it projects from K, into V* doubled and branching along the image of
be, which is its section by the quadric y¥2(Xy, ..., Xs) = 0; the double 7*
has the parametrization (4) with js, X omitted.

The system |G| appears on F(2G) as a net of elliptic quartics; for instance, the
image of 2 = Oisin theS; Ky, K; Ks Ky X3 = X5 = X¢ = 0, which cuts T';*
in the quadric cone X; X, = X,?, and F(2G) in the section of this cone by
¢ = 0. The projection of F(2G) from a plane « in this S; is a quartic surface
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with a tacnode; the curve A = 0 is contracted into the tacnode (whose first
neighbourhood is a double line with four pinch points, image of # = 0) and
the four points in which a meets the quartic curve # = 0 are dilated into lines,
which form the section of the projected surface by the tangent plane at the
tacnode. From its tacnode this surface projects into the double plane F(G).
In particular, if « is the plane K1 Ky Ky Xo = X3 = X5 = X = 0, the
projected surface has the parametrization

(7 x:yrat = Xg Xt Xo: X = fh: gh: je: b2,
and the equation, expressing the identity (3),
@®) 2 = ¢u(x, ¥, t).

There are in general on F(2G) 28 curves of |G| that break up into two conics,
images of two lines on F(G) that coincide in a bitangent of b¢. If ¢, ¢’ are the
conics corresponding to the neighbourhood of P7, and the unique curve of |G|
that has a double point at P, the projection of F(2G) from the plane of ¢’
is the cubic surface F(C), where |C] = (3;1,1,1,1,1,1,0). The conic ¢
is contracted in the projection into a simple point of F(C), image of P+, and ¢’
becomes the section of F(C) by the tangent plane at this point. From the image
of P;, F(C) projects into F(G).

On the other hand, from the tangent plane at the image of Ps, F(2G)
projects into the Bertini double cone F(2B). Each of the elliptic quartics on
F(2G) that pass through the image of Ps, and hence also through its com-
panion point in the Geiser involution, the image of the ninth associated point
Py, projects into a double line with four branch points, one of which is at the
projection of Py. These are the generators of the double cone F(2B); it has an
isolated branch point at the vertex, image of Py, and a branch curve meeting
each generator in three points and not passing through the vertex, i.e. a cubic
section of the cone. If k(¥,¥,2) = 0 is any curve of |2B| not passing through
Py (i.e. not breaking up into two curves of |B|), F(2B) can be parametrized as

(9) Xo: X1t Xot X3 = ki f2: fgr g%,
so that the equation of the cone that carries it is x; x3 = x»2. The branch curve
bp is the image of a curve of united points of the Bertini involution in = with

which |2B] is compounded; this curve in = is one of the system 3B/, and its
equationisjpz = 0, where jz is the greatest common divisor of the four jacobians

o fe ) Ak fe,e) ok [ g) k[ fe)
o®,v,2) " dxy,3z) " Xy dxVy2)
F(3B) can be parametrized in the form
(10) Yoo YVivooo0 Yo = jp: fR: gk f3: f2g: fo?: g3,
and among its equations are those that express that the matrix

Yl Yg Y4 Y5
Y, Y. V5 Ys
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is of rank 1, namely
Wv,—- Y, ¥, =0, WYs—-Y, Y, =0, VWVve—Y,V; =0,

(11)
V;V; — V2 =0, Y; Ve — Y, Y; =0, V,YVe — V52 =0.

In the S5 Y, = 0, (11) are the equations of a rational ruled quartic surface R*
with directrix line L; L, (where L; is the point at which all the coordinates
except V; vanish); in .S¢ they are those of the cone Aj3* projecting R* from L,.
F(3B) lies on A3*and projects from the vertex Ly into R* doubled; this double
R* is parametrized by (10), with the omission of jz and Yy; and as this linear
system is compounded with the Bertini involution, the double R*is also a model
of this involution; R*is the projective model of the system of all rational cubics
on the Bertini double cone, and the total branch curve of the double R* consists
of the directrix line L; L,, image of the vertex of the cone, together with a
curve, image of bp on F(2B) and of jz = 0 in , which meets each generator
three times and does not meet the directrix line L; L, and is thus the residual
section of R* by a cubic primal through any three generators. As this curve is
the projection of the prime section YV, = 0 of F(3B), F(3B) is the residual
section of A;* by a cubic primal through any three generating planes. The pencil
|B| appears on F(3B) as a pencil of plane cubics in the generating planes of
As?, each with an inflexion at the vertex L, and inflexional tangent in the direc-
trix plane Lo Ly Ly; Lo is a simple point of the surface, whose tangent plane
Ly L, L, has three-point contact, i.e. every prime through the plane cuts the
surface in a curve with a triple point at L, (breaking up in fact into three curves
of [B]), and every curve on the surface passing simply through L, either is
inflected there or has Ly Ly L, as osculating plane.

An important special case arises when Pj is chosen on the jacobian curve
je = 0 of |G|. In this case Py is consecutive to Ps, the curves of |B| all touch
each other here, except that one of them, which we take to be g = 0, has a
double point at Ps and does not pass through P,y. This means thatin vy, g = 0
touches bg at f = g = 0. Thus gh = 0 is a curve of [2B|, not passing through
Py, and can be taken as our curve k = 0; gh, f?, fg, g? are a base for |2B|, which
is thus compounded with the Geiser involution, i.e. the Geiser and Bertini
involutions are the same in this case. The curve g = 0 is fundamental to
[2B|,and jp = gj¢;in the parametrizations

(12) Xo: X310 Xo: X3 = gh: f*: fg: g%
(13) Vo: Yio oo 0 Ve = gje: feh: g?h: f3: f2g: fg?: g3

of F(2B), F(3B), taking (f, g, k) merely as coordinates in v, we see that the
Bertini cone is the projective model of the conics in v, with a simple base point
atf = g = 0and another consecutive toiton g = 0, and R*is that of the cubics
in v, with a double base point at f = g = 0 and a simple one consecutive to
iton g = 0. F(G) is the projection of F(2B) from (0, 1, 0, 0), represented by
the exceptional curve g = 0; this is a double point of b, which projects into bg.
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4, The cubic surface and the tacnodal quartic surface (I). For the
treatment of these it is convenient (for the present section only) to modify the
coordinate system (&, ¥, g) in 7, so that the rational cubic #*% = y3 becomes
2x2% = Y3 We accordingly parametrize the cubic surface F(C) in the form
(14) X:y:z: t = x2% yz2 2 yd — 24%,
when its equation is easily seen to be
(15) 7zt + 2x% — y3 = 0.

This has a unode at (0, 0, 0, 1) with tangent cone z2 = 0. Since
X!y:z=X:9Y:%,

the mapping on = is the obvious one by projection from the unode. As (15)
can be written
. (zt + x2)? = x* + yi,

F(C) projects from (0, 0, 1, 0), the image of P’: (0,0, 1) in =, into the Geiser
double plane F(G"), with branch curve x* + y3t = 0; this is a rational quartic,
with a triple point at (0, 0, 1), at which is one branch of order 3 with tangent
y = 0, and only simple points consecutive to it; and the curve has four-point
contactwith t = Oat (1, 0, 0).

_ 13z’ v2", v’ — 2¢"%)

I O TR T
7o =6 I, v, %) =EwE -y
the image of the point (1, u, u?) of #2% = y3is the point (u?, u¢, —1) of
xt+ yit = 0;

the factor 2% in jg corresponds only to partial neighbourhoods of the point
(0,0,0,1) on F(C), and also on F(G").
The surface (I) in the homogeneous form

(16) 24?2 = xt -+ x¥

is a quartic with a tacnode at (0, 0, 1, 0) (with tangent cone 2 = 0), from which
it projects into the same double plane F(G’). It is equivalent to F(C) under the
birational transformation

x:y: gt = xt: yt: zt 4+ x% t?,
X:y:z:t = xt: yt: gt — x2%: £

which is regular at (0, 0, 0, 1) and does not affect the nature of the singularity
there. I'ts parametrization is accordingly

x:y:z b= ¥22(Y3 — 24°%): y22(Y? — 24%%): 23 (Y3 — &%%): (¥ — 24%)%

The relation between the two surfaces is best understood by noting that both
are projections of the same Castelnuovo surface F(2G’) from different planes,
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both skew to the tangent S; of I';* at the unode of F(2G’), so that in both cases
the projection maps T';* onto S; regularly at this point. As the parametrization
of F(G') is
brxry =y — 20%: x22: 92t = fr g0 b say,
that of F(2G") is
Xor Xy oo X = 23(y3 — &%) (3 — 2422)2: a22(y3 — 2x2%):

V22 (Yy® — 2x2%): x%4: Xyt vzt
and it is the section of I's%, with equations (5), by the quadric
(17) X2 = XsXe+ X2
expressing the identity jg-2 = fh% + g% As

xryrzit = Xot Xgt Xot Xy,
the surface (I) is the projection of F(2G’) from the plane
X0=X1=X2=X3=O;
and as
x:y:z: t = Xa: X3t Xo — Xt Xy,

F(C) is its projection from the plane Xo — X4 = X; = X, = X3 = 0. The
S3 X1 = X2 = X3 = 0 meets I';* in the quadric cone X4 Xs = X;2, and meets
the quadric (17) in the pair of planes Xy = =#X4; hence it meets F(2G’) in two
conics ¢, ¢/, one in each of these planes, which touch each other and the plane
Xo = 0at K. Thus F(C) is the projection of F(2G”) from the plane of the conic
¢’, and the conic ¢ is contracted in the projection to the point (0, 0, 1, 0) on
F(C), the image of P’ in =. (I), on the other hand, is the projection of F(2G’)
from a plane which meets it in four points at K4, consecutive along the section

of the surface by X, = 0, which is the image of jo- = 0. The linear system of
sextics

Az? (Y — 20°%) + wyz®(v* — 20%2) + 022 (¥* — #%2) + p(¥* — 20%2)* = 0

of which the surface (I) is the projective model has accordingly six double base
points Py, ..., Ps consecutive along the inflected branch of y3 = 2x% at
(1,0,0), and one double and four simple base points P’, Qi, ..., Q4 con-
secutive along the cuspidal branch of ¥ = &% at (0, 0, 1). The curve y* = 2x2%
is fundamental to this system, and represents the tacnode of (I), whose first
neighbourhood consists of two coincident lines, images of this curve and of the
neighbourhood of P’ in 7, and of the conics ¢/, c on F(2G’).

5. The tacnodal quartic surface (II). We now return to the coordinate
system of §2 in 7, and define

(18) f=a%—y, g=2 h=yz
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as a base for |G|. The jacobian of these, omitting a numerical factor, is j = #2%,
so that

(19) 72 = fg* + ghd.

The branch curve of the Geiser double plane F(G) thus consists of the rational
cubic b: fg?> + h* = 0, which has a cusp at g = & = 0 with tangent g = 0,
and an inflexion at f = 2 = 0, with tangent f = 0; together with the line g = 0,
which is the unique line on F(G), image of s;. The involution I with which |G|
is compounded is that whose pairs are interchanged by the harmonic homology
(%,9,%) < (—&,9, 2),and its loci of united pointsare & = 0 and the neighbour-
hood of Pi: (1,0, 0). The former corresponds to the curve b, the image of
(0, 1, u) in 7 being (—1, p u?) in v; the latter, on II, appears as a linear
combination of sy, .., s7, s¥, and on any surface, such as F(G), on which all
these are contracted except sy, it appears as the image of sz, in this case the line
g =0.

The corresponding Castelnuovo surface F(2G) has accordingly the para-
metrization

25: yzi: yiz!

by substitution from (19) in (4). Its equations are these of I';*in the form (5),
together with that of a quadric primal ¥:

Xo2 = X2X4+X5X6

expressing the identity (19). The unode U*, is at K, since any linear combina-
tion of the expressions on the right of (20), except (¥’ — ¥3?)?, is divisible by
22, and the remaining factor, a linear combination of 823, ¥22% — y3%, 8%yz — V4,
4, Y23, Y222, represents a general curve of the system (4;2,1,1,1,1,1, 1), as
required by (2). The tangent .S; to T's* at K, is spanned by the generator K; K,
and the tangents K; K,, K1 K3 to V4 ie. itis the S3 X, = X; = X4 = 0.
The plane K, K; K¢: Xg = X1 = X, = X3 = 0 is skew to this S3, and from it
TI';¢ projects into S; regularly at K, so that the unode U*g at this point is not
affected. The projected surface has the parametrization

x:yrzt = Xg Xot Xot Xy = fh: fg: 5. f?
= yz2(x2% — y3): 33 (¥2% — y3): a5: (w23 — y3)?2
and the equation
24 = x3y 4+ 3¢

expressing the identity (19). This, however, is the homogeneous form of the
equation (II). Thus the surface (II) is the projection of F(2G) from the plane
K K; K.

The S; KoK, K; Ke: X1 = X = X3 = 0, cuts F(2G) in the quartic curve
of intersection of the quadric cones X;?> = X, X (the section of T'3*) and
Xo? = X5 X¢ (the section of ¥). This is the image of the double line f = 0 on
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F(G), and is a rational quartic with a cusp at K,; putting &: y: 2 = u% u2: 1
in (20), we get

The plane X, = 0 in this S; meets the curve in three coincident points at K,
and one at Kg. It thus meets F(2G) in three points at K, and one at Kg The
section of F(2G) by X, = 0 is of course the image of the branch curve of F(G),

and consists of a conic ¢, image of the line g = 0 on F(G) and of s; on II, given
by

X0=X2=X4=X5=0, X12X33X6=f23fh1h2,
and the sextic curve, image of bon F(G) andof x = Oin 7,
X, =0, X Xe=1L7% 2 78 050 74 (7 = g/y),

with a cusp at K;. K, is on the latter curve, and is the image of P’ in w; K is
on the former, and is the image of Ps. The linear system of sextics

A2 (8% — V) + w2t (8% — ¥?) 4 vz’ + p(x% — ¥3)2 = 0

whose projective model is the surface (II) has thus seven double base points

and one simple one Py, . . ., Ps, consecutive on the inflected branch of y3 = &2%
at (1,0, 0), and three simple base points P’, Q;, R, consecutive on & = 0 at
0,0,1).

6. The quintic surface (III). It is clear that the surfaces (II), (III) are
very closely related, as we should expect from the fact that U*;y has a U*,
in its first neighbourhood. On the one had, applying the ordinary dilating sub-
stitution of (x, xy, xz) for (x,y, z) in affine coordinates to 2? = x% + y3, we
obtain (on removing the factor x2 for the neighbourhood in S; of the double
point) 2* = x® 4 xy®, which is (II), merely with x,y interchanged. On the
other hand, the surface F(3B) = F(9; 3, 3, 3, 3, 3, 3, 3, 3), on projection from
its unode U*y, gives, as we have seen in §2, the surface F(6;2,2,2,2,2,2,2,1),
which is also the projection of F(2G) = F(6;2,2, 2, 2, 2, 2, 2) from K, the
image of Ps. This surface has on it two lines /, I/, the images of sz, ss; in the
projection from F(2G), ! arises from the unique conic ¢ on F(2G), and /'
from the neighbourhood of Ks; in the projection from F(3B), [ arises from the
neighbourhood of the unode, and !’ from the unique exceptional curve on
F(3B), which is, as we shall see, a plane cubic with a cusp at the unode. The
surface lies on a cone projecting a ruled cubic from a point, which is equally
the projection of I';* and A, the plane that arises from the neighbourhood of
the projecting point being the directrix plane and a generating plane in the two
cases; and the surface F(6;2, 2,2, 2,2,2,2,1) is the residual section of this
cone by a cubic primal through two generating planes.

As Py is in the neighbourhood of P;, which as we have seen represents a
constituent of the branch curve of F(G), we have the special case envisaged at
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the end of §3. It is easily verified that |2B]| has the base gh, f?, fg, g2, where
f, g, h are still given by (18); and the jacobians by threes of

gh=y2, 2= @®2-¥), fr=22-y) =2
with respect to (¥, y, ) have the greatest common divisor gj = ¥2%. The para-
metrization (12) of the Bertini double cone F(2B) is thus
(21) Xo: X1t Xot X3 = VIO (2% — y3)2: 23 (a7 — y?): 6.

The branch curve is obtained by putting & = 0 in this, and is the rational
sextic curve
X0t X1: X9t X3 = 701 1 — 73 76 (r = 2/y),

the section of the Bertini cone x2? = x; x3 by the cubic cone
x0® 4 2 203 =

It has a triple point at (0, 1,0, 0), with a double point consecutive to it
along xo = x3 = 0. The double cone projects from (0, 0, 0, 1), the point 7 = =
of the branch curve and image of P’ in 7, into the double plane
(22) Xo: X1: X2 = gh: % fg
and the branch curve into the quintic

X0t X1: X9 = 79 10 — 78,
whose equation is

X2 4 x0Px:® = 0,

still with a triple point at (0, 1, 0) and a double point consecutive to it along
xo = 0. This plane quintic has also a cusp of the second kind at (1, 0, 0),
with two double and one simple point consecutive on x; = 0. Also, as the point
(0,0, 0, 1) from which we project is on the branch curve of the double cone,
the line x; = 0 into which it is dilated by the projection is a constituent of the
branch curve of the double plane; the total branch curve of the latter is thus
(23) xl(x25 + OC()33C12) = 0,

a sextic with two consecutive triple points at (1, 0, 0), as we expect for the
plane projection of any Bertini double cone.
The parametrization (13) of F(3B) becomes

(24) Yo YVii...: Ve = x28: ya5 (a2 — y3): y28: (4% — y3)3: 23(a23 — y3)%
20(x%2 — ¥°): 27,
and the projection of F(3B) from L; has the parametrization
Yoo Yi: YVo: Yy V52 Yo = j: fh: gh: f2: fg: g2
= Xo: Xg: X5: X1: Xg: X4

by (4), and is thus the same surface as the projection of F(2G) from Ks.
L;is accordingly the unode U*ypon F(3B).
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If A;*is parametrized as
(25) YVo: YViiooo: Vo= w: uv: v ud: w2 ou: 1,

the generating planes are # = constant, v = « is the directrix plane, and (for
general #, v) w = o at the vertex L,. Comparing this with (13), we have

u=f/g, v=~"h/g, w=7j/g,

so that the equation of F(3B), expressing the identity (19) in terms of these
parameters, is

(26) w? = u + 3.
Defining now the four cubic forms
@y = V2V, — ¥V, V2 — V8, @ = V2V, — V3 V2 — V27,

&, = V2V — YV, V2 — 1V, V2 &y = V2V — V5 V2 — V3,
we see that the general linear combination
APy + udy + P+ pP; =0
of these is the equation of a primal cutting A;*in the surface
(w? — u — v¥) (\u? + pu? 4 vu 4 p) = 0,

consisting of F(3B) together with a general set of three generating planes; and
the equations of F(3B) can be taken to be (11), together with &, = &; = 0.

The generating planes of A3* trace on F(3B) a pencil of plane cubics, with a
simple base point at Ly, which is an inflexion on each of them; these are the
images of the pencil |B|, and they are all equi-anharmonic, being given by (26)
for each constant value of #, except those in the planes # = «: Ly L, L3, and
u = 0: Ly Ly Lg. These are both cuspidal, as putting Vo=YV,=YV;=Ys=0 in
&) = Owe have V?V; = V¥, and putting Vi = V3= Vy = V53 = 0in &3 =
we have Y2V, = Y, The former is the unique exceptional curve on F(3B),
image of ss, and its cusp is at the unode Ls; the latter is the image of f = 0,
and is not exceptional, but has virtual genus 1 on the surface; its cusp is at L,
the image of P’, and corresponds to the cusp of f = 0 in =, the mapping of
F(3B) on 7 being regular here.

The tangent S; to Aj* at the unode L; is spanned by the generating plane
Ly L, Lzand the tangent Ly L4 to the curve u = » = 0. Itis thus the S;

Y2=Y5= Y5=0.

The plane Ly Ls Lg: Yo = Yy = V3 = ¥V, = 0 is skew to this .S;, so that the
projection of A;* onto S; from this plane is regular at L;. The projected surface
can be parametrized as

27) x:y:z:t =Y Vi Yoo Vi = f2g: fgh: gj: f3

= 23(x%2 — ¥°)%: y2° (% — ¥?): 2% (4% — y3)°
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and its equation, expressing the identity (19), is
(28) 228 = x5 + 932,

the homogeneous form of (III). Thus the surface (III) is the projection of
F(3B) from the plane Ly L; Ls.

The section of F(3B) by the prime Y, = 0 is the image of the branch curve
of F(2B), of the partial branch curve b of F(G), and of the line ¥ = 0 in =.
Putting ¥ = 01in (24) we find the parametrization of this curve:

(29) Vo Vieooo0 Vg = 0: 7% 78 10 7% 760 79 (r =2/y),

so that it has a triple point at L; with a double point consecutive to it on Lj L.
The plane L, L; Lg meets this curve in four consecutive points at 7 = o,
the point L, image of P’, since any linear equation in (Y, Vi, V3, V) is by
(29) at most quintic in 7. Thus the linear system of nonic curves

(30)  MP(x%z — )P 4 uyz® (8% — ¥°) + w2 + p(x’z — ¥¥)° = 0

of which (III) is the projective model, as well as its eight double base points
Py, ..., Pg consecutive on the inflected branch of a2z — y* = 0 at (1,0, 0),
has four simple base points P’, Q1, R, R’ consecutive on x = 0 at P’: (0, 0, 1).

The surface (III), being a quintic surface with plane sections of genus 4,
must have a double curve of total order 2; and as the surface is rational, it
must have singularities which debar it from having an effective adjoint plane.
In fact, it is evident from (28) that the line x = ¢ = 0 is a cuspidal edge of the
second kind, the plane ¢ = 0 cutting the surface in two double lines and a simple
line, all consecutive. This is the image of the neighbourhood of the final simple
base point R’ of the mapping system (30), and is the only line on the surface.
f = 0 is fundamental to the system (30), and with the neighbourhoods of P’,
Q1, R represents a triple point of the surface at (0,0, 1, 0), from which it
projects into the double plane with branch curve x° + y3?% = 0, which is the
same as the projection of F(2B) from the image of P’, as comparing (21) with
(27),

x:y:rt = fg: gh: f2 = xs: x0: %1,
The tangent cone at this triple point is 2 = 0. The dilating transformation
x:y: 3t ="y e By,
Xy gt = xzytoyzoat

maps the neighbourhood of (0, 0, 1, 0) on the plane ¥’ = 0 (with singularity of
the mapping on the line ¥’ = 2’ = 0) and in particular the point consecutive
on x = ¢ = 0 on the point (0,0, 1, 0), and the line consecutive in the plane
t{ = 0 on the line y' = ¢’ = 0. It transforms the surface (III) into the surface
F':

243 = 2 (x5 4 2'3'2)
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on which the line ' = ¢ = 0 is a cuspidal edge with the tangent plane ¢ = 0
at all its points. Thus (III) has not only the two consecutive double lines in the
plane x = 0, and the triple point (0, 0, 1, 0), but a double line in the neighbour-
hood of (0, 0, 1, 0) in the tangent plane ¢ = 0; and these are sufficient to reduce
the genus of the surface to 0. It may be noted that it has a further triple point
consecutive to (0, 0, 1,0) on x = ¢ = 0, and further singularities in the neigh-
bourhood of this; but the detailed analysis of these hardly seems worth while.
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