Appendix D

Dirac equation and matrices

D.1 Definition and notations

If ¢ is a generic notation of a fermion field, it can be expressed in terms of the usual
annihilation and creation operators as:

Y(x) = f G )32EZ[u(pm)a(p,A)e"l’*v(p,x)b*(p Me'] (D.1)

where the integration is over the mass hyperboloid with p? = m? and p° > 0. A is the two
possible fermion helicities. The annihilation and creation operators satisfy the
commutation relations:

[a(p), a'(p"] = [b(p), b'(p)] = Q) 2ES (p' - p), (D.2)
la(p), a(p))] = 0 = [b(p), b(p")] .

The fermion spinors u(p) (particle) and v(p) (anti-particle) of mass m obey the Dirac
equation:

(p —mu(p) =0=u(p)p—m),

(P +mv(p) =0=10(p)p—m), (D.3)
and normalized as:
a(p, Mu(p, ») = 2m = —o(p, Mv(p, 1) (D.4)
with:
u = uTyO
=0y’
P=vur" =vp’—v-p, (D.5)

where y,, are the Dirac matrices. In four dimensions, these matrices can be defined as:

01 0 o -1 0
)/5:(1 0) Vﬂ=<_o-u (#) forp=1,2,3 V0:<0 1) (D.6)

in terms of the Pauli matrices o':
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They obey the properties:
i

z[m, wl,

{)/,u Vv} = 28;41; s Oy =
and:

(5 =1, and ysy, = —vu¥s.
with the definition:

Vs = IYoV1Y2V3
or:

1
Ys = Eempy“y”ypy" :

The Dirac matrices are (anti)hermitians:

ve==v. w=123, vy = ad y=ys.

D.2 CPT transformations

The action of the operators:
C = charge conjugation, P = parity transformation, T = time reversal ,
on the fermion field ¥ (¢, ¥) are:

Cy.7)=py'@e.7

Ty, 7) = —iyiysy'(=1.7)

PT y(1.7) = yoyiysi (=1, =F)
CPT ¥ (t,7) = yavoy1vs¥ (—t, —7)
= ZJ/SI//(_tv _;:) s

where:

i =vp.

D.3 Polarizations

(D.8)

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

In the evaluation of unpolarized cross-section, one has to sum over polarizations of, for

example, fermions:

Y ulp, Vialp, Ny =p+m, Y v(p, Nd(p,A)=p—m,
A A

while for polarized cross-section, one inserts the projection matrices:

u(p,kz:tl>ﬁ(p,kzﬂ:l> =l(fa+m)<1iy5§> ,

2 2) =2 2

v<p,k=:tl)l7(p,kzztl>=l(f7—m)<1:ty5§> ,
2 2) "2 2
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where: s is the polarization four-vector of the (anti-)particle with energy-momnetum p:

s-p=0 and s2=—1. (D.17)
For a photon or massless vector boson, the polarization is transverse:
" =(0,€) with p-é¢=0. (D.18)

For unpolarized cross-section involving (massless) photons, one has to sum over
polarizations:

Z e:je“ =—gu - (D.19)

polar.

D.4 Fierz identities

In some calculations, it is useful to arrange products of fermion bilinears using Fierz
identities. Denoting by v; the field of a fermion 7, one has in four dimensions:

_ _ 1 _ _
V1Y) (W3yn) = 1 Z(xvlwz)(way“vm . (D.20)
w
Similar relation can be obtained by the substitution:
¢4 - Vvl/f4 s K”Z g J/pl”z s (D21)
and by using the decomposition:
1 o
Yavv =7 ;(Tr Viho¥e)v? . (D.22)
A typical Fierz rearrangement is the one of weak four-fermion operator:
WLy Vo)W yuWar) = =iy Ya )WL vupar) (D.23)
where:
1
Yie =S50 =ys)¥i . (D.24)
Additional relations can be obtained by using:
(0)ap(0")ys = 2€qy€p5 - (D.25)

D.5 Dirac algebra in n-dimensions

The (anti)-commutation properties of the Dirac matrices in four dimensions given in
Eq. (D.8) are maintained, but the algebra becomes:!

Yuy" =nl=gg"",
)/m/a)/“ =2~ n)ya s
YuYaVpyY" = 48ugl + (n — Dvayp
YuYaYeVy V" = =2y VpYe — (0 — DVaVpyy - (D.26)

! See also the discussions in Section 8.2 for different aspects of dimensional regularization.
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The traces in n dimensions can be chosen to be the same as in four dimensions. The usual
properties are:

Tr1=4 D.27)
and:

Tr (y*'...y*)y=0 form odd,
Tr (yﬂl . yﬂm) = _Tr (yumyltl L. yﬂm—l)

m—1
F2) (DT (L ety g, L (D28)
i=1

Therefore, one can deduce:

Tr YuVYv = 4g/w ,
Tr YuW¥pVo = 4(g,uvgpa — 8up8&vo + guagvp) s
Tr Yiuvpor = g)L/ATvpar - gvaupar + gka;Lvar — 8xo T;wpt + 8t T/wpa 5 (D29)

with:

Vigvpor = VaYuWVoVo Ve » Tvoo =TT VuVoVoVo - (D.30)

The definition of ys is more delicate in n-dimensions. There are many definitions in the
literature (see e.g. [116] and the review in [2]). These definitions are good if the
corresponding Green’s functions satisfy constraints imposed by the Ward identities, and
do not induce unphysical anomalous term [116,119], which cannot be absorbed in the
Lagrangian counterterms. The most convenient and unambiguous definition is the one
encountered in four dimensions, which is either the one in Eq. (D.10) or the one in Eq.
(D.11), although the one in Eq. (D.10) does not exist for n < 4. In both cases, the most
important properties are:

(5 =1,  yi=ys and sy = —vu¥s- (D.31)
and:
[ys,0] =0 and yso,, = lzewpaa”“ . (D.32)

The traces involving ys are:

Trys=0,
Trysyury =0,
Tr YsyurvYoVo = 4i€umpo »
Tr VsVaVuWYpVoVr = 4i[guvapar - gkve//,pcr + guvekpor + gatekp_vp
— 8pr€rpvo + gpaekuvr]
Tr YsVu, - Yu, = formodd. (D.33)

Finally, in order to complete the presentation of the Dirac algebra in n dimensions, it is
also useful to remind the hermiticity:

Yol =Mt Yy = =yl = —ys, (D.34)
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and the parity properties:

CyC'=—yl  CysC =y,

CowC'=—-0l,  Clsy)C ' =y, (D.35)
where C is the charge conjuguate operator normalized as:

C:=_-1. (D.36)

D.6 The totally anti-symmetric tensor

The totally anti-symmetric tensor has the same definition as in four dimensions:

0, if two indices are equal
€uvpo = § —1, if pvpo = 0123 (D.37)
+1, if pvpo = 1230,
while one can choose its properties as:
€uvape” ™’ = —(n —3)(n — 2)(n — gl .
€uvap€”? = —(n —3)(n —2) (087 — 80g)) -
g8 &, 8.
Cwape” " =—(n—=3)| gl g g (D.38)
8 & &
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