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ON SHIFT OPERATORS 

BY 

J. R. HOLUB 

ABSTRACT. A definition of an isometric shift operator on a 
Banach space is given which extends the usual definition of a shift 
operator on a separable Hilbert space. It is shown that there is no 
such shift on many of the common Banach spaces of continuous 
functions. The associated ideas of a semi-shift and a backward shift 
are also introduced and studied in the case of continuous function 
spaces. 

1. Introduction. If H is a separable Hilbert space and {4>n}^L\ an orthonor­
mal basis for H, the operator S on H defined by S<j>n = <J>W + 1, w = 1, 2 , . . . , is 
called a (unilateral) shift. Such operators and their generalizations (e.g. weighted 
shifts) are among the most important and well-studied operators on Hilbert 
spaces. Not surprisingly, then, extensions of the notion of a shift operator to 
general Banach spaces have been introduced and studied by various authors 
(e.g. [1], [3], [4], [5], [6]). We introduce here another definition which, while 
similar to that of [1], retains the isometric aspect inherent in the Hilbert space 
shift while yet being "basis free" and hence meaningful in a very general 
context. 

DEFINITION. An operator S on a Banach space X will be called a shift operator 
o n * if 

1) S is an isometry, 
2) Codim(Ran S) = 1, 
3) n ^ R a n S " = 0. 

One easily checks that an operator S on a separable Hilbert space is a shift 
according to this definition if and only if there is an orthonormal basis {<pn }^Lj 
for which S<t>n = <t>n + \ f ° r all n- Hence our definition is a natural extension of 
the notion of a shift operator to more general spaces which allows the geometry 
of the underlying space to play a significant role in the theory of these 
operators. In this paper we begin a study of the existence of such shift operators 
on various Banach spaces of continuous functions. We also introduce the 
related ideas of a semi-shift and a backward shift on general Banach spaces and 
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consider again questions of existence of such operators on continuous function 
spaces. Finally, a number of interesting unsolved problems are mentioned. 

2. Shifts on Function Spaces. We intend to examine the problem of existence 
for shift operators on various Banach spaces of continuous functions. It is 
well-known that such shifts exist on certain of these spaces. For example, let KQ 

denote the one-point compactification of the positive integers and C(K0) 
the space of all real valued continuous functions on K0 (with supremum 
norm, as usual). Then C(KQ) is easily identified with the sequence space 
c of all convergent real sequences on which the operator S defined by 
S( {an}^L\) = (0, av a2, . . .) is obviously a shift. The fact which emerges from 
our discussion below is that this example is, in a sense, the only one possible. 
More particularly, we show that if a space of continuous functions supports a 
shift operator then the underlying space must be composed of infinitely many 
components, thereby ruling out the possibility of a shift on many of the 
common function spaces. This is the content of 

THEOREM 2.1. Let K be a compact Hausdorff space having a finite number of 
components. Then there is no shift operator on C(K). 

PROOF. Suppose S:C(K) —» C(K) is a shift. We consider the two 
possibilities: 

CASE (i). No component of K consists of a single point (and thus no point of K 
is open). 

CLAIM. If / e C(K) and \f(t) \ = 1 for t G K, then | (SF)(t) \ = 1 for all 
t G K. 

For, suppose \S(f)(t0) | = 1 — c < 1 for some t0 G K. Since S(f) G C(K) 
there is then an open set U(t0) about t0 so that if t G U(t0) then \S(f)(t) | ^ 
1 — e/2. Moreover, since /0 is not an open set there is at least one other point tx 

in U(t0). 
Now K is a Hausdorff space so there are disjoint open sets U0(t0) and Ux(tx), 

both of which are in U(t0). Since tQ and tx are closed subsets of K, and hence 
compact, by Urysohn's Lemma [7, p. 40] there exist non-zero continuous 
functions fQ and fx on K whose supports lie in the sets U0(t0) and U0(tx), 
respectively. 

By assumption the codimension of the range of S in C(K) is one, implying 
there is a non-zero linear combination of f0 and fx which is in Ran S. Call this 
function g(/), and assume ||g|| = 1. 

Then the support of g(t) is in U(t0), and g(t) = S(h)(t) for some function 
h(t) G C(K) with \\h(t)\\ = 1. Since \f(t) | = 1 for all t it must be that either 
|| < / + h) || = 2 or | | / - h\\ = 2, and hence that \\Sf + g\\ = 2 or | | S / - g\\ = 2. 
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But this is impossible since \Sf(t) | ^ 1 - e/2 for all t £ U(t0) while g(t) = 0 
for / £ U(t0). Therefore if \f(t) \ = 1 for all / G # , then \S(f)(t) | = 1 for all 
t G K also and the claim is established. 

Now let K = U"=1 À), where {^}f=i is the set of components of K. lîf(t) G 
C(K) and | / ( / ) | = 1 for all that / G £, then it must be that for every 
/ = 1, 2 , . . . , AI, / ( / ) = 1 or / ( / ) = — 1 for all t G A}. That is, we can associate 
with every such / ( / ) the ordered «-tuple (el5 . . . , en) where |cj = 1 for all / and 
/ ( / ) = ei for all / G Kt. Since there are only 2n such «-tuples, there are only 2n 

functions / ( / ) G C(K) with \f(t) | = 1 for all /. Hence the set {£"(1) } ^ 0 

is, by our observation above, a finite set. In particular Sl(l) = SJ(l) for some 
0 ^ i < j , implying S'-/~/(Sl(l) ) = S'(l). If we let / ( / ) = S'(l) and y - i = k, 
then we have Sk(f) = / , so £"*(/) = / for all « = 1, 2 , . . . . That is, 
/ G Ran(S**) for n = 1, 2 , . . . , and h e n c e / G Ran Sm for all m = 1, 2 , . . . 
since R a n ( ^ + 1 ) c Ran Sm for all m. But | /(f) | = 1 for all t G K and 

. n ^ = i Ran Sm = {0} by assumption, a contradiction. Therefore there can be no 
shift on C(K) in the case where no component of AT is a single point. 

CASE (ii) At least one component of K is a single point. 

Clearly we may assume that K itself is an infinite set (or else no isometry 
having a range of codimension 1 can exist on C(K), and we're done). 

Therefore assume the components of K are the sets {Kx, . . . , Kn} where 
{ATj, K2,. . . , Km} (1 â m < n) are points and {Km+l,..., Kn} are infinite 
sets. 

If we set J = U ^ ! Kt and M = u " = m + 1 K{ then any / G C(K) can 
be uniquely written as / = fx + f2, where fx G C(K) has support in M and 
f2 G C(K) is supported on J. We also note that C(J) is isometrically isomor­
phic to S™, an m-dimensional space. 

Now suppose 

M*) = 
[1 , if x G M\ 

\f2(x), if x G / J 

where ^ ( x ) is arbitrary in C(J) and ||/2lloo = 1- K Î CToX ô) I < 1 for some 
r0 G M then there is an open set U(t0) c M on which |SC/oXO | ^ 1 — c for 
some c > 0. Since M is infinite we can use the same argument as in the proof of 
Case (i) above to find, for any integer k ^ 2, a set of k linearly independent 
functions {#/}/ = i in C(K) whose supports all lie in U(t0) and which are in the 
range of S. Choose any k > m, and suppose qt(t) = S(gt) (i = 1, 2 , . . . , k) is 
such a set of functions. By the above, each gt can be written as gt = g^p + g ^ 
where {g2^}f=\ is a set of functions supported on J, hence a set of k functions in 
an m-dimensional space (k > m). Thus there is a linear combination g(t) = 
(2?_i C/ftXO = 2f=i cteVi') + à\t) ) for which ||g|| = 1 and 2*_ , c r f ( 0 
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= 0 for all /. Note, then, that g(t) has its support in M and the support of S(g) 
is in U(t0). It follows that since ||g|| = 1 and f0(t) = 1 for all / G M we must 
have | | /0 + g\\ = 2 or | | /0 - g\\ = 2. But \\Sf0 + Sg\\ and | |5 / 0 - Sg\\ are both 
^ 2 - € (since | |S/0 | | = 1 with \Sf0(t) | ^ 1 - € for all / G U(t0) ). This 
contradicts the fact that S is an isometry, so we see that if Wf^W = 1 and 
f0(t) = 1 for t G M, then |5(/0)(/) | = 1 for all / G M. 

In particular this is true when f0 is the characteristic function of M (which is 
in C(K) ). Then if g(t) is any function whose support is in J and ||g|| â 1 we 
have t h a t / = f0 + g is in C ( I ) with | | / | | = 1, so 1 = \\S(f) || = | |S/0 + Sg||. 
Similarly | |S/0 - Sg\\ = 1. By the above, |S(/0)(0 | = 1 for all / G M, so it 
must be that S(g)(t) = 0 for all / G M. That is, if g(t) G C(i^) has support in J, 
then so does S(g). This implies that S induces a mapping from C(J) into C(J), 
where C(J) = t™, a finite dimensional space. Since S is an isometry and hence 
one-to-one, this induced mapping must be onto C(J), implying that the set of 
all functions in C(K) with support in / is contained in the range of Sn for all 
n = 1, 2 , . . . , a contradiction to the definition of a shift, and the theorem is 
proved in Case (ii) as well. 

In particular we have: 

COROLLARY 2.2. There is no shift operator on the space C[a, b]. 

In actuality the same result holds (with essentially the same proof) for many 
of the important Banach spaces of continuous functions on an interval, as we 
now show. 

THEOREM 2.3. Let F be a Banach space consisting of continuous functions on an 
interval [a, b] for which 

(1) Il/lIF = Il/lloo + a ( / ) for a^f e ^ where \\-\\F denotes the norm on F, 
| H loo denotes the supremum norm, and a is a semi-norm on F\ 

(2) 1 G Fanda(\) = 0; 
(3) Given any interval I c [a, b] there exists an infinite dimensional subspace of 

F all of whose members have support in I. 
Then there is no shift on F. 

PROOF. Suppose S:F -> F is a shift. Note that for any / G F, a(\ + / ) ^ 
a(l) -f a(f) = a(f) = a( (1 + / ) - 1) ^ a(l + / ) + a(l) = a(\ + / ) . That 
is, a(\ + / ) = a(f) for all / G F. Hence if / G F and ||1 + / l U = 
1 + | l/l loo then 

111 + / I I F = HI +/lloo + «0 + / ) 

= 1 + ll/lloo + «(/) 

= i + II/IIF-

Similarly, if ||1 - / I U = 1 + H/ IL we also have ||1 - f\\F = 1 + | | / | | F . 
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Thus, g i v e n / e F either ||1 + f\\F or ||1 — f\\F equals 1 + \\f\\F, so either 
\\S{\) + S(f) \\For ||5(1) - S(f) \\F = 1 + | | / | |F . 

Suppose S(l) is not a constant on [a, b]. Then S(l) = h(t) e F, where 
|*(/) I < Halloo f° r all * i n some interval / c [a, b]. By (3) above (and the 
fact that codim(Ran S) = 1 in F) there is a function g e Ran S so that 
| |g||F = 1 and the support of g lies in I. In particular, then, both \\h + giloo and 
II* ~~ glloo a r e l e s s t n a n 11*1 loo + llglloo- Therefore if g = Sf for some / with 
| | / | | F = 1 and ||5(1) + S(f) \\F = 1 + | | / | | F then we have 

1 = ll/llf = HS(1) + S ( / ) | | F = II* + g\\F 

= \\h + gIL + «(A + g) < H/ilU + HglL + a(h) + «(g) 

= H*IIF + Ugh = 11 (̂1)11/, + Iis/IIF = i + ll/IU 

a contradiction. 

The other possibility, that \\S{\) - S(f) \\F = 1 + | | / | |F , leads to the same 
contradiction. Hence it must be that S (I) is a (non-zero) constant function on 
[a, b], so 1 e Ran S"7 for all « ^ 1, and S is not a shift, a contradiction which 
then establishes the theorem. 

As an example of a space of functions to which Theorem 2.3 applies we 
mention: 

COROLLARY 2.4. There is no shift on the space C{n)[a, b] (n ^ 1) of all real 
valued functions on [a, b] having n continuous derivatives there. 

PROOF. The norm on (<n\a9 b] is given by | | / | | = 2 ? _ 0 H/^lloo = ll/llco + 
2 ? - i l l / ( 0 I U where o ( / ) = 2)Li ll/(/)lloo clearly satisfies the conditions of 
Theorem 2.3. 

Though Corollary 2.2 shows there is no shift on the space C[a, b], it is 
interesting to note that this non-existence is a direct consequence of the fact 
that we require the range of a shift to have finite codimension. If we drop this 
requirement we get a quite different result. 

DEFINITION. An operator F on a Banach space X is called a semi-shift if 
1) F i s an isometry, and 
2) n ^ = 1 Ran Tn = 0. 

THEOREM 2.5. There is a semi-shift on C[0, 1]. 

PROOF. Let {<J>w}̂ Lo denote the usual Schauder basis for C[0, 1] (see, e.g., 
[8, p. 11] ). Define the operator F:C[0, 1] -» C[0, 1] by: 

T(4>o) = <t>\ + -02> 

T(4>{) = 0 , - -<J>2, 
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T(4>2) = <J>4, and 

T($r+]) = (f>r+i+2„+i for n ^ 1 and 1 ^ j ^ 2". 

Then by definition of the functions {4>„}^Lo we see that 

1 \ 

(*W) 
2*, 0 ^ r ^ 

1, - g f g 1 
2 

},(?W) = 
o, o* /*I* 

2/ — 1, - g f â l 
2 

and (T<f)r+7)(0 = 0 if t ^ [0, 1/2] for all n = 1, 2, . . . , and all 1 ^ 7 = 2"-
Moreover if /r.[l/2, 1] —> [0, 1] is the homeomorphism defined by h(t) = 2t — \ 
then it is obvious from the above and from the definitions of the functions 
(<Ur=o and {T<t>„)Z0 that if t e [1/2, 1] then 

N 

2 
n = 0 

AT 

2 
n=0 

/v yv 

S anT^n(t) = 2 flA(*(0) for all K ) L o -

Hence for any {^„}„=0 we have 

TV 

2 flMr<>w 
n=0 

= max 

= max 

l|û0|, sup 2 anT$n(t) | 
I re[l /2, l] '«=0 'J 

:{|a0|, sup I 2 «ApW 

f I N \\ 
= maxl|fl0|, sup 2 flA(s) 

I se[0,l] l M = 0 'J 

f II * II) 
I un=0 !IJ 

max{ 

TV M / H AT M v 

2 an<j>n\ since 2 an<j>n\\ ^ |a0|) 
« = 0 n \ M w=0 M ' 

Thus T is an isometry. From the definition of the set {7"<>w }^L0
 w e s e e t n a t 

for n ^ 1, 

1 1 1 
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and r > , . = ttjgjy for / ^ 2, where a("\i) â 2 " + l for each / â 2 and for all 
n ^ 1. If / 0 = 2 ^ o a,-*,- is in Ran J" for all n g 1 then / 0 = Tn(gn) = 
r " ( S ~ 0 ^"V,-) for all « = 1, 2 , . . . . That is, 

2 «^ = b$ 
/=0 

1 1 1 

+ MW) 
* 1 ~~ 7^2 

1 1 
2*2""! ~ 2 ^ " 

+ 6? V> ( 2 ) + 4*Wv3) + • • • 

(6?> 4- b\n% - \{b^ + b^)<f>2 

\{b^ + ft^W-. + ^ - M"W 

+ 2 ^W>(/)> where a ^ O ) ^ 2n + 1. 
i = 2 

It follows that a,. = 0 if 0 ^ i ^ 2n but i £ {2*}£i0>
 a n d t h a t a2 = a4 

= . . . = a2n-\ = —(1/2)^!. Since this is true for all « ^ 1 it must be that at = 0 
for all i ^ 0, and hence that f0 = 0. Therefore n^Lj Ran Tn = 0 and 
r is a semi-shift. 

QUESTION. If X is a separable Banach space, does there always exist a 
semi-shift on A"? 

3. Backward Shifts. If X is a Hilbert space and {<t>n}T=\ a n orthonormal 
basis for X, the operator T on X defined by T(^\) = 0 and T$n = <t>n-\ for 
« ^ 2 is called a backward shift (and is, in fact, the adjoint of a shift operator on 
X). Once again it is easy to check that an operator T on X is a backward shift if 
and only if it satisfies the properties: 

1) dim(Ker T) = 1, 
2) the induced operator f:X/Ker !T-> X defined by r(x + Ker T) = 7JC is 

an isometry, 
3) U^°=1 Ker 7* is dense in X. 

Consequently we introduce the following generalization of this idea: 

DEFINITION. An operator T on a Banach space X is called a backward shift if 
it has the properties (1), (2), and (3) above. 
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Once again the operator T on c defined by T ( {tf„}^Li) = (#2, a3, . . .) is an 
example of such a backward shift on a space of continuous functions, and once 
again this example is the prototype of the only such case in which this can 
occur. To see that this is so it is worthwhile to first prove the following rather 
general result. 

THEOREM 3.1. If X is a Banach space whose unit ball has at least one, but at 
most finitely many, extreme points, then there is no backward shift on X. 

PROOF. Suppose T.X —» X were a backward shift. Let M = Ker T. Since 
dim M = 1 we have M = {Xra0|X E i ( } , where ra0 ¥= 0 is in M. By assump­
tion, T.X/M -> X is an isometry so ||7JC|| = | | r (x + M) || = | \\x 4- M\\ \ = 
inf ||JC + m\\ = dist(x, M) for all x G I In particular, then, \\T\\ ^ 1. 

N A 

Let {ei}i==x be the set of an extreme point of the unit ball of X. Since r i s an 
isometry of XIM onto X there exists an x e X for which T(x 4- M) = ex, 
where | ||x 4- M\\\ = 1. Note that Tx = ex also. Since a one-dimensional 
subspace is proximinal in X, \\x 4- Xm0|| = | ||x 4- M\\ | = 1 for some X ^ R 
and if xx = x 4- Xra0 then HxjH = 1 and Txx = e^ If we let A = {X G # | ||XJ 4-
Xm0|| = 1} then ,4 is a non-empty bounded subset of R and hence sup 4̂ = b 
exists. Clearly A is closed (since/(X) = ||JC1 + Xm0|| is continuous on R), so 
b ^ A. That is, \\xx 4- fem0|| = 1, T(xx 4- £m0) = el5 and Z? is the largest number 
with these properties. 

Let x0 = xx 4- fcm0, so ||x0|| = 1 and Tx0 — ex. 

CLAIM. JC0 is an extreme point of the unit ball of X. 

If not, x0 = \/2yx 4- l/2y2 for |) j/11| = \\y2\\ = 1 and^- ¥= x0, /' = 1, 2. Then 
^ = Tx0 = \/2Tyx 4- l/27>2 where ||7>z-|| ^ 1 for i = 1, 2 since | | r | | ^ 1. 
Since ex is an extreme point of the unit ball it follows that Tyx = Ty2 = 
Tx0 = ex, and hence that yx = x0 4- mx and y2 = x0 + m2 f ° r m* G ^ w ^ t n 

m,- ^ 0, i = 1, 2. 
But then x0 = j>j — mx and x0 = y2 — m2, so x0 = (\/2yx 4- l/2y2) ~ 

l/2(/^i1 4- m2) = JC0 — \/2{mx 4- m2). It follows that m! 4- m2 = 0, and 
hence that yx = x0 + mx and y2 = x0 — mj (by the above), where mj ^ 0 
and ll^jH = ||y2\\ = 1. Since ra! = XJWQ we then have 

1 = \\x0 + mx\\ = \\xx 4- frra0 4- Xjm0||, and 

1 = ||x0 - mx\\ = ||xj 4- bmQ - Xxm0\\. 

That is, 1 = H*! 4- (b 4- X^WQII = H*! 4- (b — Xx)m0\\. However then b -\- Xx 

and b — Xx are both in A, and since Xx ¥* 0 one of these two is larger than b, 
contradicting the definition of b = sup .4. Thus it must be that x0 is an extreme 
point of the unit ball of X for which 7x0 = ex. 

A similar argument establishes the fact that given any extreme point et of the 
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unit ball there is another extreme point zt for which Tzt = et. Since the set of 
extreme points is finite it is obvious that this extreme point zi is unique for each 
/ = 1, 2 , . . . , N. Thus is must be that Tet = e^ for / = 1, 2 , . . . , N, where IT 
denotes some permutation of the set {1, 2 , . . . , N). 

Now suppose that for some n there is some w e Ker Tn for which 
Ik, - w|| < 1. Then since | | r | | = 1, \\Tn\\ = 1 also and we have 

1 > \\Tnex - Tnw\\ = l i r ^ H = | | ^ ( 1 ) | | = 1, 

a contradiction. Hence \\el — w\\ â 1 for all w e Ker Tn and any n ^ 1, 
implying U ™= , Ker Tn is not dense in X and thereby contradicting property (3) 
of a backward shift. The theorem follows. 

COROLLARY 3.2. IfK is a compact Hausdorff space having only finitely many 
components, then C(K) has no backward shift. 

PROOF. Suppose / e C(K) is an extreme point of the unit ball in C(K). If 
l/('o) I < 1 for some t0 G K then there is an open set U(t0) c K and an e > 0 
such that | / ( 0 | ^ 1 — c for all / e U(t0). By Urysohn's Lemma there is 
a non-zero continuous function g(t) whose support is in U(t0) and for which 
||g|| < € [ 7 , p . 4 0 ] . 

If we le t / , = / + g a n d / 2 = / - g then | | / | | = 1 , / = 1/2/ + l/2/2 , and 
/ ¥ = / / = 1,2. That is, / is not an extreme point of the unit ball in C(K), a 
contradiction. 

Hence \f(t) | = 1 for all t G K, implying/(0 = 1 or f(t) = - 1 for all t in 
any component of K. Since there are only a finite number of components of K, 
this says there are only a finite number of extreme points of the unit ball in 
C(K), so by Theorem 3.1 there is no backward shift on C(K). 

4. Unsolved Problems. While the results given here show that many of the 
common Banach spaces of continuous functions fail to have shifts and/or 
backward shifts on them, still they do not apply to several important such 
spaces. For example they shed no light on the question of whether or not there 
is a shift on the space L°°(JU) which is known to be isometric to a space C(T) for 
some compact Hausdorff space T [2, p. 445]. Consequently we pose the 
following problems: 

1) Characterize those compact Hausdorff spaces K with the property that 
C(K) admits a shift (or a backward shift). 

CONJECTURE. If K has at least one infinite component there is no shift or 
backward shift on C(K). 

2) Is there a shift (or backward shift) on L°°(/i)? What about L^/x)? 
3) One can show there is a semi-shift on the space K{£ ) of all compact 

operators on the Hilbert space I . Does there exist a shift on K{€ yi 
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