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A NOTE ON A SPACE HP-A OF HOLOMORPHIC FUNCTIONS

H.0. Kim, S.M. Kim anp E.G. Kwon

For 0 <p <o and 0 sa =<1, we define a space % of

holomorphic functions on the unit disc of the camplex plane,
for which Hp,O =8 , the space of all bounded holomorphic

. 1 .
functions, and Hp’ = Hp , the usual Hardy space. We introduce

a weak type operator whose boundedness extends the well-known
Hardy-Littlewood embedding theorem to Hp,a , give some results

on the Taylor coefficients of the functions of Hp,a and show

by an example that the inner factor cannot be divisible in
#22
1. Introduction.

Let U be the unit disc in the complex plane. For a function

holomorphic in U , we write
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2T .
M (r,f) = (—l“f lf(rew) 4 de)l/p, 0<p<w,
P am 0
M _(r,f) = max |F(z)]
zlSr

It is well-known that Mp (r,f)}(0 <p £ ») is an increasing function of
r (0 sr<1).

The Hardy space ;2 (0 <p €=) is the class of all functions f

holomorphic in U for which

[fll. = sw M (r,f) <=.
I p 0<r<l p

see [1] for the general theory of #  spaces.
, Py
For 0 <p <> and 0 £a <1, we define as the class of
all functions f in H’ for which

sup (1 - ]zl)a/p|f(z)| <o,
z2elU .

Since it is well-known [1, Theorem 5.9] that if fer then
sup(1 - |2)¥Psta)| < =,

o0

we have Hp’1=Hp . Also, clearly Hp’0=H .

For f ¢ -4 ,» we define

111, o = max CllFll,. sup (1~ [2D*Plrcar]) .

z2elU

It is routine to check that e is a Banach space in the norm ” ”p a
>

if 1 =p < o , and a Frechét space in the invariant metric d(f,g) =
p .
- if 0 < < 1.
lr-glly, 4 P
Previous results on the class Hp,a are in [3]. For example,

Theorem B and Theorem 3.1 in [3] can now be stated respectively as

follows:

THEOREM A, If fe #°% and 0 <p <q < = , then
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1 1
1 qa(=-=) -1
J (1-r) P 4 Mq(r,f)qdr <,

0
THEOREM B. If f e B#°%, then. I°f ¢ H*? | where I°Ff is the
fractional integral of f of order B, 0 < B < % and q = ap/{a - Bp)

In view of Theorem A and the Hardy-Littlewood embedding theorem [T,

Theorem 5.11], the following seems to be a reasonable conjecture.

Conjecture 1. If f e -4 ,0<p<qg<» and A 2p , then

1 xa(—l-- é) -1 N A
(1-r) M (r,f)" dr 2 C R
[0 (mptase,
where cp a,q is a pogitive constant which does not depend on f .

In section 2, we introduce an operator whose boundedness would -prove
conjecture 1, but we prove only that the operator is of weak-type. In

section 3, we give some results on the Taylor coefficients of functions of
the class Hp,a . In section 4, we show by an example that the inner
factor is not divisible in the class e .
2. MWeak-type inequality.
We follow the ideas of Jawerth and Torchinsky [2] in introducing
our operator.
LEMMA 1. If Ffe B°% and 0 <p <q <= , then

1 1
-a(z -7/
P q
1511, (22

IA

M (r,f)
'

IA

Proof. since |f(z)| s IIfll,, , (1 - |2])7%P  £rom the definition,

we have

2m . .
M (r,f) = (EJEJ |Fre™®) P |£(re®®) |97B g0)/a
0

< Clirll,  (a-r™@2 ] Py cn, P/
—a(fl’-—%)
< ||f||p’a (1-r) . 0
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From Lemma 1, Conjecture 1 is equivalent to the following.

Conjecture 1'. If fe B*% and 0 <p<q <>, then

1 pa(;-a) -1 p p
(1-r) M (r,f)¥ dr s C
fo ” ™7 parg 111 p,a

where 18 a positive constant which does not depend on f .

C
p,a,q
In fact, if conjecture 1' is true and X > p , then we have

1 rat-1) -1 N
J (1-v) q Mq(r,f) dr

0
1 ra(i-1) - 1 ~at-Ly AP
sf (1-r) P 4 M (e, FP [ |Ifll (-r) P 11 ar
q psa
0
1 pal(=-=) -1
- A-p _ P q p
= IIflllp,a[ (1-7) M (r,f)Pdr
0
A-p p _ A
< c =C
”fIIP,a psa,q ”fllpaa p>a,q ”fllp:a

We now define an operator Tq on H2% by

(2 f) (r) (1-p)~%4 M (r.f) .

Since

1 1 pa(=-=) -1
f T qf(r)p(l-r)a_l dr = j (1-) P 4 M (r,f)Pdr ,
) q

we see that Conjecture 1' is now equivalent to the following.

Conjecture 1". Tq 18 a bounded operator from #°% into

Po1-r)%1 ar) .

The following theorem supports the truth of Conjecture 1".

THEOREM 2. 7, is of weak-type (p,p) from #*% into
P1-r)%dp) .

https://doi.org/10.1017/5S0004972700013447 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013447

A space of holomorphic functions 475

Proof. wWe note that by Lemma 1

< el , (1-p)"YP |

Hence
(1-2)%1 ap < (1-2)%1 ar
(T f) ) > 7, a2
r=1
- J (1-7)%1 ar

_ p/a
r=1-ClIfll, /W

£l
% (_HM)P . a

We remark that the Marcinkiewicz interpolation theorem does not seem

to apply immediately because of the nature of the norm H “

psa’
The following theorem also supports the truth of Conjecture 1.

THEOREM 3. If fe #°% and 0 <p <q <A, then

1 ra(=-=) -1 N N
J (1-r) P 9 M (r,f)" dr <= .
q
0
Proof. since Mq(r,f) < MA(r,f) , we have

1 1
7 ral(=-=) -1
f (1-r) P 49 Mq(r,f)" dr

0

<

1 Aa(g-—l)-l A
J (1-p) P 4 M, (r,f)" dp < =

0
by Theorem A. 0

In the negative direction, conjecture 1 with g = ® is false as the

following example shows.

EXAMPLE 4. consider

1 1
f(z)=1_z{'z-logl_
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We know that f ¢ H P ofor 0 < p <1 L[4, p.9s].
Since

1
1-r

1 1 -1 -
{; logJT;} , (asr=>1),

M _(r,f) ~

we see that f ¢ Hp’p,o <p <1, But

p

1 Ap(l—%)—l N
f (1-r) M (r,f)" dr

0

1 ,-x
l-r)

< (1
>C J (1-r)71 (L 10q dr

0

if A =1,
3. Taylor coefficients.
The following is an extension of a familiar result of Hardy and

Littlewood [1, Theorem 6.4] on functions of & , (0 <p<1).

THEOREM 5. If f(z) = g a e B°%, (0 <p<1), then
%(l—p)
e, s ¢ Ifl, o7
where C 1is a positive congtant.
Proof. From the equality
an .
ar = -51}- I f(rete) e 4 s

we have

A

an . .
la_r ij |£(re®®) P £ire*®) | 1P g0

n on
0
-2,
<l , a0 P31 lifl 2
-%(1-p)

A

p
p
111, , (-2 :
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1
If we set »r = 1-;1-, we get
a -—

P
la,l <0 7l @ 0

Using Theorem A, we have the following which reduces to the familiar

theorem of Hardy and Littlewood [1, Theorem 6.2] when p=q .

THEOREM 6. If f(z) = 32 a < B°% ad 0<psqs2, thn
1 1
o g(l-a(=-=))-2
T (n+1) P q lanlq <w

0

Proof. From Theorem A, we have

1 qa(=-=) -1
j (1-r) P 4 Mq(r,f)q dr <= .

1 1
qa(=-=) -1
Multiplying by (1-v) P q and integrating both sides of the

following inequality of Hardy and Littlewood [1, Theorem 6.2]
o —-—
t (n+1)9 2|a 979 <cm(r,)?,
0 n q4q

we have

- s 1 qa(=-1) -1
g (n+1)4 |an|q J (1) P 4 dr < =,
g

But, by Stirling's formula, we have

1 qa(-l——l)—l 1 1
J 71-r) P 9 dr = B(nq +1, qa(E-q—))

1 1
_ T(ng+1) I‘(qa(p _i))

1 1
1 — - —
Ting+ 1 + qcz(p q))

) 1.1, 2,973 "%
r(qat;-2)) (2) (n+1)
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as 7n >« , Hence we have

1 1
(1-a(>-=))-2
q(1-al;-7

I (n+1) p lanlq <, O
] s n . Psa
Now, suppose that Conjecture 1 were true and let f(z) =(E_)2 az’ e R

(0 <p < 1) . We note that Ianrnl < Ml(r,f) . We then have

1 ap(E-1)-1
o > f (1-r) P M, (r, fIP dr

0
1
o (LTwrE (- 1) -1
= I J (1-r) P M, (r, fIF dr
n=0J, 1
T ontl
1
o I-ap(=-1)
-1 1 -1 p
> L D)ty M M-z
o -1-agp(=-1)
2C § (n+1) p la |P (1 - L™
n=0 n+l
o ap(1-=) -1
2C ¥ (n+1) p la_|P .
n=0 "

where ( and Cp are positive constants.

Hence the truth of Conjecture 1 would imply that of the following.

Conjecture 2. If f(z) = oga 2t e % (0 <p <1), then

n
1
o ap(1-=) -1
I (n+1) p |an|p <w
n=0

We note that Conjecture 2 reduces to the well-known theorem of Hardy and

Littlewood [1, Theorem 6.2] when a=1 .
4. An example.
We give an example which shows that the inner factor of a function

. a . P .
in fp’ is not divisible in Hp’a .
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EXAMPLE 7. consider

f(z) =

It is trivial that f ¢ F for 0 < p<1. Now

1 -2
4 - - 2
lf(peze)l _ 1 e 1-2r cos® + r

V1 = 2r cos® + r¢

By a routine calculation, we see that

M_(r,f) = max |f(re"®)|
0
2 _
is attained when cosf = 13-2————-‘1---; so
2r
M_(r,f) = 2.
V2e Vi-r?

Hence f ¢ Hp’p/2 for 0 <p <1 . But E%E-t Hp,p/Z . So the inner

_ 1+2
factor e 1-3 of f(z) is not divisible ini Hp,p/? .
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