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Combinatorial identities in number theory related to g-series
and arithmetical functions

GEOFFREY BRUCE CAMPBELL

This thesis introduces a variety of new results in number theory based upon two
related themes. Specifically, the first theme relates to a theory of partitions, and espe-
cially to visible point vector identities as given in the author’s papers. The second theme
involves a D-analogue or Dirichlet series analogue for basic hypergeometric series. Both
themes are related by dependence on hypergeometric series.

The first theme includes some functional equations, and later embraces a new
class of combinatorial identities with many applications to classical partition theory. It
involves also some studies of arithmetical functions.

A typical identity is: If |zyz|, |yz| and |2| <1, and r + s+ =1, then
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Hence chapters two to four relate more to theory of partitions. We continue previous
researches on partition identities with extensions and added concepts which will of
themselves lead to new researches. For example, new generalizations of the classical
Ramanujan arithmetical function are given, and results related to vector or multipartite
number partitions.

The second theme involves a new Dirichlet series analogue for the already known
and well researched hypergeometric g-series, often called the basic hypergeometric se-
ries. The basic hypergeometric series, whilst widely used in mathematics, is itself an
analogue for the ordinary hypergeometric series developed by Gauss in the early nine-
teenth century.
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A comparison shows that the original Gauss series is

ab a(a+1) b(b+1) a(a+1)(a+2) b(d+1)(b+2)
1+7 c(c+1) 2! @+ clc+1)(c+2)3! SREE

whilst the g-series due to Heine last century is
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and the D-analogue given in the author’s papers just predating this thesis is
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in which we incorporate the sum of powers of divisors function

oy (k) = a‘;c(.,k) .

This notation allows generalization to a multidimensional divisor function in the
Dirichlet series coefficients.

We therefore, onward from Chapter five, examine a new class of Dirichlet series
based on the already known and well established g-series, and on a new class of similar
Dirichlet series already discovered by the author. An example of the recent research
slightly predating this thesis work is the series for positive integers n

10—7(knp])
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Throughout this thesis the Riemann zeta function and the sum of powers of the
divisors function appear. Similar summations are given for analogues of the g-Gauss,
g-Kummer, and the g-Dixon sums.

In the author’s papers [1, 2] these D-analogues were found at first from applying
an Euler product operator over all primes, then later analogues came from application
of a partial product in the operator. This later rationale leads to a distinct class
of D-analogues. The key to this is as follows. Assume the positive integer prime
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decomposition m = [] p;*, and that we associate with m a set S, = {z e Zt:

i=1

S

z=1] p?" where b; € Z +}. Then for positive integers n we have, for example, a new
i=1

g-binomial theorem analogue
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where A is the Liouville function

t t
A(k) = H (~1)% for each k = [ ] p{*.

i=1 i=1

Again, summations are given as analogues for the ¢g-Gauss, g-Kummer, and the g-Dixon
sums.

A natural extension of the ideas presented so far is in the defining of D-analogues
for the g-gamma and g-beta functions. Chapter 9 describes the likely forms of the
D-series analogues and gives corresponding results for the clssical g-gamma and g-beta
functions.
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