A CHARACTERISTIC SUBGROUP OF A p-STABLE
GROUP

GEORGE GLAUBERMAN

1. Introduction. Let p be a prime, and let S be a Sylow p-subgroup of a
finite group G. J. Thompson (13; 14) has introduced a characteristic subgroup
Jz(S) and has proved the following results:

(1.1) Suppose that p is odd. Then G has a normal p-complement if and only if
C(Z(S)) and N(Jr(S)) have normal p-complements.

(1.2) Suppose that G is p-solvable and contains a normal p-subgroup P such
that C(P) C P. Assume that SL(2, p) is not involved in G. Then

G = C(Z(5)N(r(S)).

Recently, Thompson introduced (15) a characteristic subgroup J,(S) that is
quite similar to Jz(S) but also satisfies a ‘‘replacement theorem’ (Theorem
3.1).! He then proved (Corollary 3.5) that for p odd, (1.2) holds without
assuming p-solvability if we substitute J,(S) for Jg(S).

In this paper we prove the following results.

(1.3) Suppose that p is odd. Then G has a normal p-complement if and only if
N(Z(Jo(S))) has a normal p-complement.

(1.4) Suppose that p is odd and that G contains a normal p-subgroup P such
that C(P) € P. Assume SL(2, p) is not involved in G. Then Z(J,(S)) is a
characteristic subgroup of G.

(1.5) Suppose that p is odd and that SL(2, p) is not involved in G. Then two
elements of S are conjugate in G if and only if they are conjugate in N(Z(Jo(S))).

In §2 we state some stronger forms of these results, and in §9 we obtain
some analogues for a characteristic subgroup ZJ*(S) having the property that
Cs(ZT*(S)) € ZT*(S).

These results were obtained in several stages. The proofs of (1.1) and (1.2)
are also valid, with slight changes, for J,(S) and a number of similarly defined
subgroups. We first proved (1.3), (1.4), and (1.5) for all of these subgroups
under the additional assumptions that G was p-solvable in (1.4) and that all
proper subgroups of G were p-solvable in (1.5).

Both (1.3) and (1.5) are ultimately derived from (1.4). The exclusion of
SL(2, p) in (1.4) guarantees (Lemma 6.3) that G is p-stable by a definition
similar to that introduced by Gorenstein and Walter in (7). This means that
certain p-subgroups P and elements x cannot satisfy the commutator condition
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[[P, x], x] = 1. An easy example (Example 10.1) shows that this condition or
some related hypothesis is necessary to obtain the conclusion of (1.4).

Originally, we had assumed p-solvability in (1.4) in order to reduce it, by
induction, to the case where G had a normal p-subgroup P for which the Sylow
p-subgroup of G/P was cyclic. Thompson used his Replacement Theorem to
show that this type of argument was unnecessary for Jo(S) in (1.2). Thus,
for p odd and J,(S) in place of Jz(S), he obtained (1.2) and an important
case of (1.4), without assuming p-solvability (Corollary 3.5 and Theorem 3.2).
Using Thompson's results and our previous methods, we showed that a
counter-example to (1.4) must contain a subgroup P and an element x such
that [[[P, ], x], x] = 1. By generalizing the Replacement Theorem for odd
primes, we obtained [[P, x], x] = 1 and thus derived a contradiction that
completed the proof. Unfortunately, the condition [[P, x], x] = 1 is unexcep-
tional when p = 2. In fact, (1.4) fails rather spectacularly for p = 2, although
some characteristic subgroup other than Z (J,(S)) might satisfy (1.4). We give
some examples of this failure, and some counter-examples to other generaliza-
tions, in §10. In §3, we include the statements and proofs of several results of
Thompson. Thus, this paper is self-contained except for the first two lemmas
of §6 and some standard results and techniques. In some other, unpublished
work, Thompson has proved that we may replace Z(Jo(S)) by Jo(S) in (1.3)
if p =2 5,and in (1.4) if p = 7 and G is p-solvable.

My thanks are due to Professor J. Walter for suggesting some questions
that led to the present paper and to Professor J. Thompson for communicating
his results to me before publication. I am also grateful to the National Science
Foundation for its partial support during the preparation of this paper.

2. Definitions and statement of main results. All groups considered
in this paper will be finite. Let G be a finite group. For every finite set .S,
denote the number of elements of S by |S|. We write H C G (H C G) to
indicate that H is a subgroup (a proper subgroup) of G. If H C Gand K is a
subset of G, denote the normalizer and centralizer of K in H by Ny (K) and
Cy(K). If K contains a single element x, let Cy(x) = Cy(K). When there is
no danger of confusion, we write N(K) and C(K) for Ng(K) and Cq(K).
For every x € G and every element or subset y of G, let y* = x~lyx.

For every pair of elements x and y of G, let [x,y] be the commutator
x~ly~lxy. For x € G and H C G, let [H, x] be the subgroup of G generated by
all the commutators of the form [k, x] for & € H. Define [x, H]| similarly, and
also [H, K] for H, K C G. For elements or subgroups xi, Xs, . . ., x, of G we
define iterated commutators inductively by

[xly X2y o ooy Xp—1, xn] = [[xly X2y o vy xn—l]» xn] (n = 3)
and
[1, 225 0] = w1, [w1, %2; 2] = [[x1, Xo; 2 — 1], 2] (nz1).

A subquotient of G is a factor group of the form H/K, where H, K C G and
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K is a normal subgroup of H. Let 1 denote both the identity element and the
identity subgroup of G. We say that a finite group G, is tnvolved in G if Gy is
isomorphic to a subquotient of G.

G is called an elementary Abelian group if G is a direct product of groups of
the same prime order p. In this case, we shall occasionally consider G to be an
additive group and therefore a vector space over the field GF (p) of p elements.
Thus, the automorphisms of G correspond to the linear transformations of G
over GF (p). We will denote the zero element of a vector space by 0 or 1.

An operator group A on G is a group 4 in which every ¢ € A corresponds to
an automorphism x — x° of G with the property that x*°* = (x*)°forallx € G
and a, b € A. (Different elements of 4 may correspond to the same auto-
morphism of G.) In particular, a group of linear transformations on a vector
space V may be considered as an operator group on V. Let

CA(G) = {(1 € A: x*

x for all x € G}

and
Ce(4) = {x € G: x°

x forall a € A}.

(We use braces to denote sets, rather than the groups they generate.) A4 is said
to be fatthful if C4(G) = 1. A is said to be trreducible on G if G is an elementary
Abelian group and if 1 and G are the only subgroups H of G such that H* = H
forall a € 4.

If M and N are normal subgroups of G and N C M, we consider G to be an
operator group on M/N by the definition

(xN)? = (g 'xg) N (x € M, g€ G).

We define C¢(M/N) and Cyyn(G) and irreducibility of G on M/N according
to the definitions for operator groups.

Let p be a prime. An element or subgroup of G is called a p-element or
p-subgroup if its order is a power of p. It is called a p’-element or p'-subgroup
if its order is not divisible by p. We adhere to the convention that p° = 1,
thus the identity element is considered to be both a p-element and a p’-element,
and the identity subgroup is considered similarly. We say that G is p-solvable
if each of its composition factors is either a p-group or a p’-group. It is easy
to show that the product of normal p-subgroups is a normal p-subgroup, and
that, therefore, G contains a unique maximal normal p-subgroup, denoted by
0,(G). Similarly, G contains a unique maximal normal p’-subgroup, denoted
by O, (G). Let O, ,(G) be the subgroup of G that contains O,/ (G) and satisfies

Op'» (G)/Op’ G) = Op(G/Op’ (G)).

We say that G has a normal p-complement (namely, O, (G)) if G = 0,,(G).
Let |G|, be the order of a Sylow p-subgroup of G.

For each Abelian subgroup 4 of G, let m(4) be the rank, or minimal number
of generators of 4; and let dz(G) be the maximum of the numbers m(4).
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Similarly, let do(G) be the maximum of the orders of the Abelian subgroups
of G. Define

A (G) = {A: A C G, A Abelian, and m(4) = d(G)}
and

A o(G) = {A: A C G, 4 Abelian, and |4] = d,(G)}.

Then Jz(G) and Jo(G) are the subgroups of G generated by the elements of
A »(G) and & »(G), respectively. These definitions will be used only when G
is a p-group. Since we will not use dz(G), % r(G), and J£(G), we let

d(G) = do(G), H(G) =Lo(G), and J(G) = Jo(G)

throughout this paper.
We require concepts of p-stability and p-constraint similar to those of
Gorenstein and Walter (7) and Gorenstein (6).

DEFINITION 2.1. Let p be an odd prime. Let G be a finite group such that
0,(G) = 1. Then G s p-stable if it satisfies the following condition:

Let P be an arbitrary p-subgroup of G such that O, (G)P is a normal subgroup
of G. Suppose that x € N(P) and & s the coset of C(P) containing x. If
[P, x, x] = 1, then € O,(N(P)/C(P)).

DEFINITION 2.2. Let p be an odd prime. Let G be a finite group such that
0,(G) # 1, and let P be a Sylow p-subgroup of O, ,(G). Then G is p-construined
if CG(P) c Op"p(G)-

For an arbitrary prime p, let .#,(G) be the set of all subgroups M of G
that are maximal with respect to the property that O,(M) = 1.

DEFINITION 2.3. Let p be an odd prime and let G be a finite group. We say that
G is p-stable (p-constrained) if every element of M, (G) is p-stable (p-constrained)
according to Definitton 2.1 (Definition 2.2).

Note that if 0,(G) # 1, then #,(G) = {G}, therefore the above definitions
are consistent. If p does not divide |G|, then G is trivially p-stable and p-
constrained since 4, (G) is the empty set. By Lemma 1.2.3 and Theorem B of
Hall and Higman (10), a p-solvable group H is p-constrained regardless of p,
and is p-stable except possibly when p = 3 and H has a non-abelian Sylow
2-subgroup.

More generally, for every prime p, let V', be a two-dimensional vector space
over GF (p) and let SL(V5) be the special linear group on Vs, i.e., the group
of all linear transformations of determinant one onV,. We define the quadratic
group Qd(p) for the prime p to be the semi-direct product of 7, by SL(T1,).

We say that a finite group H of linear transformations over a finite field of
characteristic p is called a p-stable linear group if no element of H has the
quadratic polynomial (x — 1)? as its minimal polynomial. Suppose that
0,(H) = 1l and H is irreducible on V. Turning from multiplicative to additive
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notation, we obtain that
[7}, x, x] — (.v—l + .v-'t)—l + (.v—l + vr)z = —p¥1 4 gDz = v(z—l)z

forv € Vand x € H. Thus the semi-direct product HV is a p-stable group if
and only if H is a p-stable linear group. Thus Qd(p) is not a p-stable group.
Conversely, in Lemma 6.3 we show that a group G is p-stable if Qd(p) is not
involved in G.

The main results of this paper are the following.

THEOREM A. Let p be an odd prime, and let S be a Sylow p-subgroup of a finite
group G. Assume that G is p-stable and that C(0,(G)) < 0,(G). Then Z(J(S))
is @ characteristic subgroup of G.

THEOREM B. Let p be an odd prime, and let S be a Sylow p-subgroup of a finite
group G. Assume that Qd(p) is not involved in G. Suppose that W is a non-
empty subset of S, g € G, and that W is contained in S. Then there existc ¢ C(W)
and n € N(Z(J(S))) such that g = cn.

THEOREM C. Let p be an odd prime, and let S be a Sylow p-subgroup of « finite
group G. Assume that G is p-stable and p-constrained. Suppose that W is a
non-empty subset of S, g € G, and W' is contained in S. Then there exist
¢ € Oy (C(W)) and n € N(Z(J(S))) such that g = cn.

THEOREM D. Let p be an odd prime, and let S be a Sylow p-subgroup of a finite
group G. Then G has a normal p-complement if and only if N(Z(J(S))) has a
normal p-complement.

These results yield several corollaries.

COROLLARY 2.1. Let p be an odd prime, and let S be a Sylow p-subgroup of a
finite group G. Assume either that Qd (p) is not involved in G or that G is p-stable
and p-constrained. Then:

(a) Two elements or subsets of S are conjugate in G if and only if they are
conjugate in N(Z(J(S))).

(b) For every x € G, Z(J(S))*MN .S C Z(J(S)).

Corollary 2.1 (b) states that Z(J(S)) is strongly closed, and therefore
weakly closed, in S with respect to G, as defined by Wielandt (19, p. 205).
For every subgroup H of G, let O?(H) be the subgroup of G generated by all
the p’-elements of H. By Corollary 2.1 (b) and a theorem of P. Hall and
Wielandt (9, p. 212), we obtain the following corollary.

COROLLARY 2.2. Let p be an odd prime, and let S be a Sylow p-subgroup of a
finite group G. Let N = N(Z(J(S))). Assume either that Qd(p) is not involved
in G or that G is p-stable and p-constrained. Then G/OP(G) is isomorphic to
N/O?(N).

Note. In order to apply the Hall-Wielandt theorem, we use the facts that
Z(J(S)) is Abelian and p is odd. An alternate proof of Corollary 2.2 that does
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not require these facts may be obtained from Corollary 2.1 (a) by using
(11, pp. 485-488; in particular, Theorem 3.6 and Remark 3).

3. Two theorems of Thompson. In this section we require several
results of Thompson, including his generalization of (1.2). All the theorems
and corollaries in this section were proved by Thompson, but only Theorem 3.1
and Corollary 3.1 have been previously published.

The following two elementary lemmas will sometimes be used without
explicit reference.

LemMA 3.1. Let G be a group. Suppose that x€ G and that H C G. Thenx € N (H)
if and only if [x, H] C H.

Proof. For h € H, h* = hlh, x].

LemMA 3.2. Let G be a group and let x, v, 2 € G. Then:

(a) [xv 3’2] = [xv z][x, y]z = [xv 2][x! y][x9 Y, Z] and [3’2; .’XJ] = [yv x]z[zy x] =
[y, ®1ly, x, 2][z, x].

(b) Suppose that A C G and that A is Abelian. If [x, A] s Abelian and
a, b € A, then [x,a,b] = [x, b, al.

(c) Supposethat H C G. Then H normalizes [x, H], and [x, H; n] C [x, H; m]
for all non-negative integers m and n such that n = m.

Proof. One may obtain (a) by straightforward calculation. Then (b) follows
from the first equation in (a), and (c) follows by induction from the identity

[x, ¥]* = [x, 2]7'[x, yz].
LemMma 3.3. Suppose that G is a finite p-group and that H is « non-identity
normal subgroup of G. Then H M Z(G) # 1.
Proof. The proof is found in (16, Theorem 14, p. 144).

TaEOREM 3.1. (REPLACEMENT THEOREM (15)). Let S be a finite p-group,
and let A € L (S).

(@) Suppose that x € S and that [x, A] 1s Abelian. Let M = [x, A]. Then
MC4(M) € L (S).

(b) Suppose that B is an Abelian subgroup of S that is normalized by A. If
[B, 4, A] # 1, then there exists A* ¢ 7 (S) such that A N\ B C A* N\ B and
[4* 4, A] = 1.

Proof. (a) Let C = C4(M). Clearly, MC is an Abelian group, thus it
suffices to show that |MC| = |4|. Since M is Abelian and Cs(4) = 4,

\MC| = [M[[Cl/|[CN M| = |M|[Cl/|A N M| = |M|[C4(M)|/|Ca(4)].

Hence we wish to show that |M/Cy(A)| = |A/C4(M))].
Suppose that @, b € 4 and that [x, a] = [x, b] modulo C,;(4). Since

[, a]71lx, ] = (x-lan) 1 (1) = (a8) e,

https://doi.org/10.4153/CJM-1968-107-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-107-2

H-STABLE GROUPS 1107

then (x%)~'x® € Cp(4). But 4 centralizes Cy(A4), therefore
()7 = ((x9) %) = %" = [x, ba1].

Thus [x, ba™] € Cy(4). For every ¢ € 4, 1 = [x,ba"}, ¢] = [x, ¢, ba~!], by
Lemma 3.2 (b). Thus ba=! € C,(M).

Now let ay, . . ., a, be a set of coset representatives for C, (M) in 4. By the
above paragraph, no two of the elements [x, a4], ..., [x, a,] are congruent,
modulo Cy(A4). Hence |M/Cy(A)| = |A/C4(M)]|, as desired.

(b) Assume that [B, 4, A] # 1. Now, A B is a group in which Band Nz(4)
are normal subgroups. Since [B, 4, A] # 1, we have that [B, 4] € 4. By
Lemma 3.1, B does not normalize 4. Therefore, B/Nz(A4) is a non-trivial
normal subgroup of AB/N(A4). By Lemma 3.3 there exists b € B such that
the coset bN 3(A4) liesin Z(AB/Ng(A)). Let M = [b, Aland 4* = MC,(M).
Since bNg(A) € Z(AB/Ng(4)), we have that

M =[b,A] S Ns(4)
and therefore A* C Ng(4). Thus
[4% 4, 4] S [[Ns(4), 4], A1 S [4, 4] = 1.
Moreover, as b ¢ Nz(4), we have that M = [b, A] € A. Since

ANBC Cy (M) C A%,
then
A*NB 2D M(ANB) DANB.

CoRrOLLARY 3.1 (14). Suppose that S is a finite p-group and that B is an
Abelian normal subgroup of S. Then there exists A € 7 (S) such that B normalizes
A and [B, 4, A] = 1.

Proof. Choose A € 7 (S) such that A M B is maximal. By the Replace-
ment Theorem, [B, 4, A] = 1. Hence

[B, A] € Cs(4) = 4;
thus B € N(4), by Lemma 3.1.

COROLLARY 3.2. Suppose that p is an odd prime and that S is a Sylow p-sub-
group of a finite p-stable group G. Let P = 0,(G), and assume that C(P) = P.
Then P is the only element of S (S).

Remark 3.1. In this result and in the following results in this section that use
p-stability (except Corollary 3.3), we require the definition of p-stability only
for Abelian p-subgroups P and elements x such that [P, x, x] = 1.

Proof. If P = 1, then G = 1. Thus we may assume that 0,(G) = P # 1.
Since P € C(P), P is Abelian. Since [0, (G),P] C 0, (G) P =1 and
C(P) C P, we have that 0,/ (G) = 1. Suppose that .27 (S) contains an element
A different from P. Choose A such that 4 M P is maximal. Assume that
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[P, A, A] # 1, and take A* to satisfy the Replacement Theorem. Since
ANPC A* N\ P, 4* C P. Hence A* = P. But then

(3.1) [P, 4, A] = [4* 4, A] = 1.
Since 0, (G) = 1 and C(P) = P, then
0,(G/C(P)) = 0,(G/P) = 1.

By (3.1) and the definition of p-stability, 4 C P. This contradiction completes
the proof.

LeMMA 3.4. Let p be a prime and let G be a group of linear transformations on a
finite-dimensional vector space V over a finite field of characteristic p. If P is «
non-identity p-subgroup of G, then 1 C Cy(P) C V.

Proof. Since P # 1, we have that C(P) C V. In the semi-direct product
PV of V by P, Vis a non-trivial normal subgroup. By Lemma 3.3,

Cv(P) =VNZPV) # 1.

COROLLARY 3.3. Let p be an odd prime and let G be « p-stable linear group of
transformations of a finite-dimensional vector space V over a finite field F of
characteristic p. Suppose that 4 is a non-identity Abelian p-subgroup of G. Then
|A| < |V/Cv(A)|. Therefore,

4l = [VI/|Flp.

Proof. Let H be the semi-direct productof Vby G. Then V = C(V) C O,(H).
Let S be a Sylow p-subgroup of H that contains 4 V. Now, »*~! = [y, x] for
v € Vand x € G. Since G is a p-stable linear group, no non-identity element

x of G satisfies [V, x, x] = 1. We may merely repeat the proof of Corollary 3.2
to show that &7 (S) = {V}. Thus

|[A||Cy(4)] = |[ACv(4)| < |V].
By Lemma 3.4, Cy(4) # 1. Hence
4] = [VI/plCv(D)] = |VI/p

LemMa 3.5. Let S be a Sylow p-subgroup of a finite group G. Then:

(@) If A € Z(S) and A S P CS, then Z(J(S)) €T A and Z(J(S)) C
Z(J(P));

(b) If P s a p-subgroup of G that contains J(S), then J(S) = J(P).

Proof. (a) Since Z(J(S))A is Abelian and |4| = d(S), we have that
Z(J(S) CA4.1f A C P CS, then
d(P) = |4] =d(S) and Z(J(S)) T A C J(P) C J(S).

Hence Z(J(S)) € Z(J(P)).
(b) As in (a), d(P) = d(S). Hence J(S) C J(P). Also |J(P)| = |J(S)]
since P is conjugate to a subgroup of S. Therefore, J(S) = J(P).

F
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LemMa 3.6 (Frattini argument). Let H be a normal subgroup of a finite
group G. Let S be a Sylow p-subgroup of H. Then G = HN(S).

Proof. Let g € G. Then S7 is a Sylow p-subgroup of H. Therefore, there
exists & € Hsuch thatS? = S Then gh—! € N(S), thusg = (gh~')h € N(S)H.
Therefore G = N(S)H = HN(S).

THEOREM 3.2. Let p be an odd prime, and let S be a Sylow p-subgroup of a
Sfinite group G. Suppose that B is an Abelian normal p-subgroup of G. If G is
p-stable, then Z(J(S)) M B is a normal subgroup of G.

Proof. The theorem is trivial if B = 1. Assume that B # 1; thus 0,(G) # 1.
Let C = Z(J(S)) N B, and let L be the largest normal subgroup of G con-
tained in N(C). Now, LN S is a Sylow p-subgroup of L. By the Frattini
argument,

(3.2) G=LNLNS)=LNJLNS)).

If J(S) C L NS, then J(S) = J(L N S) by Lemma 3.5. But in this case
G=LNJLNS)) =LNJ(S)) CLN(C) =N().

Thus we may assume that

(3.3) JS) L LNS.

Let L; be any normal subgroup of G contained in L. Let M be the subgroup
of G that contains L, and satisfies M/L; = 0,(G/L1). Then M is a normal
subgroup of G and M = L(M M S). Since S normalizes C, M C N(C).
Therefore, M C L. This applies, in particular, when L; = C(C;) for some
normal subgroup C; of G that contains C. We obtain

(3.4) 0,(G/C(C1)) € L/C(Cy).
Since G is p-stable, we have that 4 C L whenever
A € A(S),
(3.5) CC CLCqG, C; is a normal p-subgroup of G, and
[Cy, 4, 4] = 1.
By Corollary 3.1, there exists A € .27 (S) such that [B, 4, A] = 1. By (3.5),
A C L. Thus

(3.6) d(LNMS)=4d(S), J(LNS)ZZJ(S), and CCSZUJ(S)) S Z(J(LNS)),
by Lemma 3.5 (a). Let X = Z(J(L M S)). By the Frattini argument,
(3.7) G =LN(LNS) = LN(X).

Let V be the (normal) subgroup of G generated by all the conjugates of C
in L. By (3.6) and (3.7),
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(3.8) VEX =ZUJLNSIS)).

Now by (3.3) there exists 4 € &7 (S) such that 4 ¢ L. Choose 4 such that
A MV is maximal. By (3.5),

(3.9) [V, 4, 4] # 1.

From the Replacement Theorem we obtain A* € &7 (S) such that
[A*,4,A] =1 and ANV CA*N V.

Because of the choice of 4, A* £ L N S. By (3.8) and Lemma 3.5 (a).
[V,4, 4] C [X, 4, A] C [4*% 4, 4] =1,

contrary to (3.9). This completes the proof of Theorem 3.2.

COROLLARY 3.4. Let p be an odd prime and let S be a Sylow p-subgroup of a
finite p-stable group G. Then:

(@) ZJ(S)) is a normal subgroup of G if and only if Z(J(S)) s contained in
a normal Abelian subgroup of G;

(b) If 0,(G) contains an element of A (S), then Z(J(S)) is a normal subgroup
of G.

Proof. (a) One part is trivial. Conversely, if Z(J(S)) is contained in a

normal Abelian subgroup B of G, we may apply Theorem 3.2.
(b) By Lemma 3.5 (a), Z(J(S)) € Z(J(0,(G))). Apply (a).

LeMMA 3.7. Let S be a Sylow p-subgroup of a finite group G. Let H be a subgroup
of Z(J(S)). Then
N(H) = CH)(NI(S)) N N(H)).

Proof. Since C(H) is a normal subgroup of N(H), C(H)(N(J(S)) N\ N(H))
is a subgroup of N(H). Let T be a Sylow p-subgroup of C(H) that contains
J(S). By the Frattini argument,

N(H) = CH)(N(T) \ N(H)).

By Lemma 3.5 (b), J(S) = J(7T). Thus J(S) is a characteristic subgroup of 7;
thus N(T) € N(J(S)). Hence

N(H) € CH)(N{J(S)) N N(H)) € N(H).

CoRrOLLARY 3.5. Let p be an odd prime and let S be a Sylow p-subgroup of a
finite group G. Suppose that G is p-stable and that C(0,(G)) € 0,(G). Then

G = CZ(S)HNUS)).

Proof. Let P = 0,(G). Since P C S, then Z(S) C C(P) C P. Therefore,
Z(S) € Z(P). By Theorem 3.2, Z(P) N Z(J(S)) is a normal subgroup of G.
Hence, by Lemma 3.7,

G =CZP)NZUJS)))NJ(S)) € CZ(©S)NJ(S)) SG.

https://doi.org/10.4153/CJM-1968-107-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-107-2

p-STABLE GROUPS 1111

Remark 3.2. In (4), we proved that G = (C(Z(S)), N(J(S))) when p = 2,
C(0,(G)) € 0,(G), and the symmetric group of degree four is not involved
in G.

4. A replacement theorem for odd primes. In this section we generalize
Theorem 3.1 for odd primes and use it to obtain Theorem A.
LemmMmA 4.1. Let G be a group, and let x, y, 2 € G.
(@) [x, 3] = [y, «]"
(b) (P. Hall) [x, y7%, 2][y, 27, x]*[z, 77, y]* = 1.
(c) Let Hbethe subgroup of G generated by x,v, and 2. If [H, H| C Z(H), then
[x, yz] = [x, yllx, 2] and [yz, x] = [y, x][z, x].
d) If X, Y C G, then [ X, Y] = [V, X].
(e) (Three Subgroups Lemma; P. Hall) Suppose that X, YV, Z C G and that
(X, V,Z] =[Y,Z X] = 1.
Then [Z,X, Y] = 1.

Proof. Parts (a) and (b) follow from computation. Part (c) is a consequence
of Lemma 3.2 (a). Parts (d) and (e) are obvious applications of (a) and (b).

THEOREM 4.1. Let S be a finite p-group. Suppose that A € Z(S), B is a
normal subgroup of S of nilpotence class at most two, and [B, B] C Z(J(S)).
Assume that [B, A;3] # 1 or that p is odd and [B, A, A] # 1. Then there
exists A* € S/ (S) such that A N\ B C A* N\ B and [A* A, A] = 1.

Remark 4.1. We do not know whether 4* exists if p = 2and [B, 4, A] # 1.
In the proof of Theorem 4.1, as in that of Theorem 3.1, A* has the form
[x, A]1C4([x, A]) for some x € B. Examples show that for p = 2 there may
be no subgroup 4* of this form.

Proof. We first note that since
[B,ANB,A]C [B,B,J(S)] =1 and [ANB,A,B]C [4,A4,B] =1,
we have that [4, B, A C B] = 1 by the Three Subgroups Lemma. Thus
(4.1) A M B centralizes [B, A].

Since S is a nilpotent group, then

(4.2) [B, A;r] = 1 for some least positive integer 7,
and thus
(4.3) [B, A; n] is Abelian for some least positive integer #.

Suppose that [B,4;n + 1] 1. Then r =2 n + 2 = 3. Now, 4 does not
centralize [B, A;r — 2] since [B, A;r — 1] # 1. Take x € [B, 4;r — 3] such
that 4 does not centralize [x, A]. Let M = [x, A]. Since r = n + 2,

MC [B,A;r — 2] C (B, 4;n]
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by Lemma 3.2 (¢). By (4.3), M is Abelian. Therefore, the Replacement
Theorem yields MC,(M) € & (S). By (4.1), AN\ B C C,(M). However,
M & A, since 4 does not centralize M. Consequently,

MCs(M)YNB2DMANB) DAN B.
By Lemma 3.2,
[MC,(M), A, Al = [M, A, A]C [B,4;r] = 1.

Clearly, we may take A* = MC,(M).
Thus we may assume that

(4.4) B, A:m + 1] = 1.

We may also assume that S = AB, and thus that [B, B] € Z(S). Let
B’ = [B, B]. Let Sy, S,, . . . be the terms of the lower central series of S, i.e.,

S =1[S5,5;7 — 1], 1=1,2,....

A simple induction argument using Lemma 3.2 shows that, modulo B’,

4.5) S;=1[B,4;1— 1], 1=2,3,....
By (44), Su.ye S [B,A;n + 1]1B’ = B'C Z(S). Therefore,
(4.6) Spuys = 1.

Let m be the greatest integer not exceeding %(n + 4). By (9, Corollary
10.3.5, p. 156),
[Sm) Sm] g S2m g Sn+3 = 1

Therefore [B, A; m — 1] is Abelian, thus m — 1 = n by (4.3). We obtain
n=m-—1=3in+4) —1=4in+1;
thus n < 2. By (4.4) and (4.6),

4.7) [B,4;3] S [B,4;n+ 1] =1,
and
4.8) S5 = 1.

Henceforth, we may assume that p is odd and that [B, 4;2] # 1. Take
x € B such that A does not centralize [x, A]. Let b, ¢ € A. Taking y = b!
and z = [x, ¢] in Lemma 4.1 (b), we obtain

[[x, 0], [x, ]P0, [, 7Y, x)2[lx, c], =1, 071" = L.
Since B’ € Z(S), this yields
(L, 0], [x, cll = [07, [x, e, ]!
4.9) = {[b71, [x, c]1]7L, x]  (by Lemma 4.1 (c))
= [[[x, c]7, b7, x]  (by Lemma 4.1 (a)).
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Let B = B_/B’, A = AB'/B’', and 8 = S/B’. Since [B, 4;3] = 1, we have
that [B, A, A] € Z(S). By Lemma 4.1 (c) applied to the group [B,4]4,
and by Lemma 3.2 (b),

[lx, 7%, 07 = [[x, ¢], 677! = [x, ¢, 8] = [x, b,¢c] modulo B'.
Since B’ € Z(S), (4.9) yields
[lx, 8], [x, c]] = [lx, ¢, 0], x] = [[x, b, c], x].
By using Lemma 4.1 (a) and by applying symmetry, we obtain
[lx, 8], [x, c]I7* = [[x, c], [x, 0] = [[x, b, c], x] = [[x, b], [x, c]].
Thus [[x, b], [x, c]]? = 1. Since p is odd, then [[x, b], [x, ¢]] = 1. Therefore,
[x, A] is Abelian.

Let M = [x, A]. By the Replacement Theorem, MC,(M) € Z(S). By
(4.1) and (4.7),

ANBCCy(M) and [MC4(M), A, A] = 1.

Since x was chosen such that 4 does not centralize [x, 4], we have that
M & A M B. Therefore, we may let A4* = MC4(M). This completes the
proof of Theorem 4.1.

We obtain the following straightforward analogues of Corollaries 3.1 and 3.2.

COROLLARY 4.1. Let p be a prime. Suppose that S is a finite p-group and that
B is a normal subgroup of S such that (B, Bl C Z(B) M Z(J(S)). Then there
exists A € 2 (S) such that [B, 4; 3] = 1, and if p is odd, there exists A € . (S)
such that [B, A, A] = 1.

COROLLARY 4.2. Suppose that p is an odd prime and that S is a Sylow p-sub-
group of a finite group G. Let P = O,(G). Assume that [P, P] C Z(S), that
C(P) C P, and that G 1is p-stable. Then P contains an element of SZ (S).

By substituting Corollary 4.1 for Corollary 3.1 in the proof of Theorem 3.2,
we obtain the following theorem.

THEOREM 4.2. Let p be an odd prime, and let S be a Sylow p-subgroup of «
Sfinite group G. Suppose that B is a normal p-subgroup of G of nilpotence class at
most two and that [B, B] C Z(J(S)). If G is p-stable, then Z(J(S)) N\ B is a
normal subgroup of G.

We may remove the restriction on B in Theorem 4.2.

THEOREM 4.3. Let p be an odd prime, and let S be a Sylow p-subgroup of a
finite group G. Suppose that B is a normal p-subgroup of G. If G is p-stable, then
Z(J(S)) N B is a normal subgroup of G.

Proof. Assume the theorem fails for some group G. Suppose that B is a
counter-example of least order. Let Z = Z(J(S)), and let B; be the (normal)
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subgroup of G generated by all the conjugates of Z /M B in G. Then B; C B
and Z M By = Z M B. Hence Z M B; is not a normal subgroup of G. By the
choice of B,

(4.10) B = By, the smallest normal subgroup of G that contains Z M B.

Let B’ = [B, B]. Then B’ C B, thus Z M B’ is a normal subgroup of G.
Since
[ZMNB,Bl]C ZN B,

then ZMN B C C¢(B/(ZN B")). By (4.10), B C C¢(B/(Z N B’)). Thus
B CZNB C Z. Therefore, ZMN B centralizes B’ and (4.10) vyields
B C C(B'). Thus B satisfies the hypothesis of Theorem 4.2. This contradiction
completes the proof of Theorem 4.3.

We may now prove Theorem A. Assume the notation and hypothesis of
Theorem A, and let P = 0,(G) and Z = Z(J(S)). Since Z is an Abelian
normal subgroup of S, then [P, Z, Z] = 1. Since G is p-stable and C(P) C P,
we have that

ZC(P)/C(P) S 0,(G/C(P)) = P/C(P).

Therefore, Z C P. Take B = P in the preceding theorem. We find that Z is
a normal subgroup of G. Let a be an automorphism of G, and take g € G such
that S* = 8% Then Z* = Z(J(SY)) = Z7 = Z.

Remark 4.2. By using Lemma 5.3, we may avoid invoking p-stability to
show that Z C P. The preceding results in §§3 and 4 use p-stability only in
connection with the replacement theorems. Hence, Theorem A holds if we
only require that 4AC(P)/C(P) C 0,(G/C(P)) whenever 4 € &Z(S), P is a
normal p-subgroup of G, and [P, 4, A] = 1.

Under the stronger hypothesis that Qd(p) is not involved in G and that
C(0,(G)) € 0,(G), we may show by a more complicated argument that
d(0,(G)) = d(S). Then by Lemma 6.3, G is p-stable, thus Corollary 3.4 (b)
applies.

To obtain an analogue of Corollary 3.3, we require some concepts of sym-
plectic geometry, as in (2, p. 111 and Chapter I11). The following result may be
verified by straightforward computation.

LeMMA 4.2, Let V be a finite-dimensional vector space of even dimension over «
field F of characteristic different from two. Suppose that f is a non-singular
skew-symmetric bilinear form on V and that G is a subgroup of the symplectic
group on V with respect to f. Let H be the set of all ordered pairs (x, ), for x € V
and a € F. Define multiplication in H by

(x, ), 8) = (x+ 3 3f(x,y) + o+ 8).
For each g € G, define a mapping A (g) of H into itself by

(xr a)A(g) = (xg’ OL).
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Then:
(@) H forms a group under multiplication;
(b) For (x,a) and (y,B) in H, [(x,a), (y,8)] = (0, f(x,¥));
(c) A4 s an isomorphism of G into the automorphism group of H.

In discussing a group G of linear transformations of a vector space V, let
[V, G] be the subspace of V generated by the elements of the form »*~! for
v € V and x € G. This definition coincides with the previous definition of
[V,G]if V and G are embedded in their semi-direct product. As usual, we
consider G to be a group of linear transformations on the dual space V* by
defining

/@) = f@@*") forf € V* g€ G,andv € V.

LEMMA 4.3. Let H be a group of linear transformations of a finite-dimensional
vector space V. Let V* be the dual space of V. Then Cyx(H) is the subspace of V*
orthogonal to [V, H].

Proof. Letv € V,f € V¥ and h € H. If f € Cy«(H), then
f@7) =f@") — f@) = @) = f@) =f@) - f@) =0.
Conversely, if f is orthogonal to [V, H], then
@) =0) - f@) =f07) = f@) =f@" —0) = 0.

COROLLARY 4.3. Let p be an odd prime and let A be an Abelian p-group of
symplectic transformations of a finite-dimensional vector space V over a finite field
F of characteristic p. Let M = [V, A]. Then there exists a subgroup B of A
such that:

(a) [V, B,B] =1 and

(b) [4/B| < |M/Car(A)]",

Proof. Construct a group H as in Lemma 4.2, and let .S be the semi-direct
product of H by A. Then [H, H] = Z(H) = Z(S). By Corollary 4.1, there
exists C € &Z(S) such that [H, C, C] = 1. Let

Dy ={x:x € Vand (x,a) € C for some a € F},
D = {(x,a): x € Dyand a € F},

and B = A N CH. Note that D = CN H since Z(S) € C. Since C is
Abelian, D, is an isotropic subspace of V and D is Abelian. However,
B C CH C Cs(Dy); thus B centralizes D, by the construction of H. Therefore,

a(S) = [C| = |C/(CNH)|[CNH| = [CH/H||D| =
|4 N CH||D| = |B||D| = |BD|.

Since BD is Abelian, BD € &7 (S). Moreover, since B = 4 N\ CH and
[H, C, C] = 1, then

(H, B, B] € [H, CH, CH] < [H, C, Cl[H, H] = [H, H].

https://doi.org/10.4153/CJM-1968-107-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-107-2

1116 GEORGE GLAUBERMAN

Therefore [V, B, B] = 1. We shall show that B satisfies (b).
Since D, is isotropic, |Do| < |V|V2. Thus

(4.11) d(S) = |BD| = [B| |Do| |F| = |B| [V]'?]F|.

Let W be a maximal isotropic subspace of Cy(4).
Since V is a symplectic space, V is A-isomorphic to V*. Hence, by Lemma
4.3,

(4.12) |V/M| = |[V/[V, A]] = [Cv(4)],

and the radical of Cy(4) is Cy(4) N [V, 4], that is, Cy(4). Therefore, a
maximal isotropic subspace W of Cy(A4) has order

(4.13) W] = |Ca(A)] [Cy(A)/Car(A)[M2 = |Cy(A)]"2|Crr(4)['2

Let
Wo={(x,a): x € W,a € F}.

Then AW, is Abelian. By (4.11), (4.12), and (4.13),
[A] [F| |Cy(A) P2 Car(A) V2 = [AW,| = d(S) = |B] [M[V?|Cy(4)|V? F|.
Thus |A/B| £ |M/Cy(4)|"2

Remark 4.3. For arbitrary primes p and arbitrary Abelian p-groups of
linear transformations, Corollary 4.3 holds if we substitute for (b) the
condition:

(b') |4/B| = [M/Cxu(4)].

This may be proved by similar methods that use only Lemmas 4.2 and 4.3
and Thompson’s Replacement Theorem.

5. A conjugacy condition. Let % be the class of all finite p-groups. We
define a characteristic functor K to be a mapping from % into % with the
following properties:

(@) K(P) ST Pforall P € %,

(b) If P € % and |P| > 1, then |[K(P)| > 1;

(¢) If P, Q € ¥ and if ¢ is an isomorphism of P onto Q, then

¢ (K(P)) = K(Q).

Consider the following conditions for a prime p, a finite group G, and a
characteristic functor K.

(C,) Let S be a Sylow p-subgroup of G. If W Z S, g € G, and W C S, then
there exist ¢ € Coq(W) and n € N g(K(S)) such that g = cn.

(Cp*) Let S be a Sylow p-subgroup of G. If W is a p-subgroup of N (K (S)),
g € G, and W? C NG(K(S)), then there exist ¢ € Co(W) and n € No(K(S))
such that g = cn.

Note that in both (C,) and (C,*) we obtain W* = W"; thus W is conjugate
to W7 in N(K(S)). Suppose that V is a non-empty subset of S and W is the
subgroup of S generated by V. If g € G and V?is contained in S, then W*¢ C S.
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Since C(V) = C(W), the conclusion of Theorem B is equivalent to (C,) for
K(S) = Z(J(9)).

LeMMma 5.1. Let G be a finite group, p a prime, and K a characteristic functor.
Then (C,) and (C,*) are equivalent.

Proof. Obviously, (C,*) implies (C,). Conversely, assume that G satisfies
(C,). Let S be a Sylow p-subgroup of G, and let N = N (K (S)). Suppose that
W is a p-subgroup of N, g € G, and W? C N. Take k, m € N such that
W C S and W™ C S. Then

(Wmyn™' ok = ok C S,

By (C,), there exist ¢ € C(W™) and n € N such that m~'gk = cn. Now,
g = menk™! = (mem™1) (mnk=1). Since mnk~—' € N and

mem=t = ¢ € C(WmMm ' = C(W),
G satisfies (C,*).

THEOREM 5.1. Let p be a prime and let S be a Sylow p-subgroup of a finite
group G. Let K be the characteristic functor given by K(P) = Z(J(P)). Suppose
that G has at least one of the following properties:

(a) Whenever Z(S) C H C S, then N(H) satisfies (C,);

(b) Every element of M,(G) satisfies (C,).

Then G satisfies (Cp).

Proof. Let J = J(S). Clearly, we may assume that .S # 1. Note that if S
satisfies (a), then every Sylow p-subgroup of G satisfies (a). We prove the
theorem in four steps, the first of which is the most difficult.

M) Ifg € Gand Z(S)? < S, then Z(S)* C Z(J).

Proof. We require the methods of Burnside (9, p.46) and Thompson (13).
Suppose some g € G violates (I). Then Z(S) €8¢, but Z(S) € Z(J(S*™ ).
Out of all the Sylow p-subgroups S; of G for which

Z(S) © S but Z(S) € Z(J(Sw),

choose S; such that [N(J) M .Sy| is maximal. Let D = N(J) N S; and let T
be a Sylow p-subgroup of N(J) M\ N(D). Then D C Si, thus D is not a
Sylow p-subgroup of N(J). By Sylow’s theorem,

(1) [ND)N S| > [D| and [Ty = [N(J) N ND)|, > |D].

Let A be a subgroup of N(D) M .S; that contains D. Suppose that
Z(S)* C Z(J) for every a € A. Let V be the subgroup of D generated by all
the subgroups of the form Z(S)*fora € A. Then J € C(V) and 4 € N(V).
Let S* be a Sylow p-subgroup of N(V) that contains 4. Then S* N C(V) is
a Sylow p-subgroup of C(V). Take ¢ € C(V) such that

J S (S*NC(V))e < S*.

1
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Then J = J(S*°) and 4° C §** C N(J). Thus
(5.2)  Z(S) =Z(S)°C (S1)¢ and |(S)°N\NJ)| = |4°] = |4].
If D C 4, then by (5.2) and the choice of Sy,

Z(S) S Z(J((S1)9) and Z(S) = Z(S)" S Z(J(S0),

which is false. Hence 4 = D.

Taking A = Z(S1)D, we obtain Z(S;) € D. By (5.1), D C N(D) N\ S1.
Hence we cannot take 4 = N(D) M S;. Thus there exists ¢ € N(D) N S,
such that Z(S)* € Z(J). Note that Z(S)* C D C N(J).

Let 7'y be a Sylow p-subgroup of N (D) that contains 7°. Then we have

ZS) EDC Ty Z(E©S)SDCTh

(5.3)
[N, (N)] = |To| > |D|, and Z(S) & D € Su.

Let S be the set of all non-identity p-subgroups H of G with the following
properties:
(i) There exists a Sylow p-subgroup 7" of N(H) and an element g of N(H)
such that
Z(S) ST, Z(©S)=2(85*<S 1T, and |N:(J)| > |D};

(ii) If G has property (a), then Z(S.) € H C S, for some Sylow p-subgroup
S, of G.

By (5.3), D € J; therefore, # is non-empty. Define a partial ordering
(£) on A as follows: H < K if

(@) [NEH)|, < [N(K)|p, or

i) [N(H)], = [N(K)], and [N(H)| < [N(K)].

Let H be a maximal element of £ with respect to <. Let N = N(H). Take
T and g to satisfy (i). If G has property (a), then N satisfies (C,) by (ii).
Otherwise, G satisfies (b) and, by (i)’ and (ii)’, N € #,(G). Thus, in any
case, N satisfies (C,). By (i), there exists n € Ny(Z(J(T))) such that
Z(S)* = Z(S)% Let T* be a Sylow p-subgroup of N(Z(J(T))) that contains
T, and let S; be a Sylow p-subgroup of G that contains 7*. Then HC 1" C .Sy;
thus

T =8S:N\NH) DZ(S;).

Clearly, Z(S;) € Z(T) € Z(J(T")). Hence Z(J(T)) € S. By the maximality
of H,
7).
Therefore, 7" is a Sylow p-subgroup of N(7") and thus of G. Since Z(S) C T
and |Nz(J)| > |D|, our choice of S; insures that Z(S) C Z(J(T)).

Take b € G such that S = 7°. Since S and J(7") are contained in C(Z(S)),
there exists ¢ € C(Z(S)) such that J(T) C .S Clearly, J(T') = J(S)¢ = J-.
Thus,

IN(D)p = NN = [T = INH)|, =

Jo = J(T)® = J(S) = J.
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Let h = ¢b. Then b = ¢c7'hand b € N(J). Take n as in the above paragraph,
and let & = #®. Then
kE=ntc NUJ(T))* = N({J)
and
n = bkb~! = ¢ hkh~lc.

Let ¥ = Z(S)"™™ Since hkh=' € N(J), Y € Z(J). Moreover,
Z(S)“ - Z(S)” = Z(S)c-lhkh-‘c = Z(S)hkrlc = Ve

By (5.3), Y*C D C N(J) S N(Z({)).

Let X = N(Z(S)). If G satisfies (a), let M = X. Otherwise, let M be an
element of .#,(G) that contains X. In either case, M satisfies (C,) by the
hypothesis of the theorem. Therefore, M satisfies (C,*) by Lemma 5.1.
Moreover, S is a Sylow p-subgroup of M. Since ¢ € C(Z(S)) € M and
YCZUJ)CS, Yand Y°are p-subgroups of N (Z(J)) that are conjugate
in M. By (C,*), there exists m € Ny (Z(J)) such that Y° = Y™ Since
Yyczy,

Z(S) =Y =Y"C Z(J),

contrary to the choice of a. This completes the proof of step (I).
(IT1) G satisfies (Cp) for W = Z(S).

Proof. Suppose that g € G and that Z(S)* £ S. By (1), Z(S)* C Z(J).
Therefore, C(Z(S)) contains J*°' and S. Take ¢ € C(Z(S)) such that
(J)e C S, and let n = g~lc. Then g = en~'. Clearly, J* = J(S) = J; thus
n € N(J) S N(Z(J)).

(I1I1) G satisfies (C,) when Cs(W) s a Sylow p-subgroup of Cq(W).

Proof. Let Z = Z(J). Suppose that g € G and that W? C S. Then Z(S)
centralizes WY Therefore, Z(S)*"" C C(W). Take « € C(W) such that
Z(S)" '« C Cs(W) By (I1), there exists ¢ € C(Z(S)) and n € N(Z) such
that g7'a = ¢n. Then

Wo = Wan"lc*l = Wr
Let M = N(Z(S)) if G satisfies (a); otherwise, let M be an element of .#,(G)
that contains N(Z(S)). Then S is a Sylow p-subgroup of M, and M satisfies
(C,) and (C,*). Since W? C S, W? C N, (Z). Consequently,
wr' C N(Z) and W = WS M= M.
Thus W? and W" ' are p-subgroups of N (Z) that are conjugate in M. By
(C,*), there exist d € Cy(W?) and m € Ny (Z) such that ¢ = dm. Then for
all w € W,
‘wrfl — wan“l = @i = qim — ((.wg)d)m — (wg)m — wgm;

—lc—l

hence w = w?*. Thus
gmn € C(W), mn € N(Z), and g = (gmn)(mn)=L
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(IV) G satisfies (C,) for arbitrary W.

Proof. Let Z = Z(J). Suppose that W? C S. Let S; be a Sylow p-subgroup
of G that contains some Sylow p-subgroup of N(W). Take x € G such that
S? =S5, and let V.= W* "', Then WC Sy, V=W="CS, and Ng(V) is a
Sylow p-subgroup of N(V). Now, Cs(V) = Ns(V) M C(V), which is a Sylow
p-subgroup of C(V). Also, V* = W C Sand V** = W? C S. By (I1I), there
exist ¢, d € C(V) and m, n € N(Z) such that ¢c-'m = x and dn = xg. Since
W = V& = V™, we have m~lcdm = (cd)™ € C(V)™ = C(W). Therefore,

m~lcdm € C(W), m™n € N(Z),
and
g =x"Ydn = m~lcdn = (m~lcdm) (m~'n).
This completes the proof of Theorem 5.1.

LEMMA 5.2. Let p be « prime and let S be a Sylow p-subgroup of @ finite group G.
Suppose that P = SN 0y ,(G) and G = G/0,(G). If Cs(P) C P, then
C(0,(G)) € 0,(G).

Proof. Let C = C(P). Since P is a normal subgroup of S, Cs(P) is a Sylow
p-subgroup of C. But

Cs(P) =PNCP) =2Z(P) and Z(P) C Z(0).

Thus Z(P) is a Sylow p-subgroup of C that is contained in the centre of its
normalizer in C. By a theorem of Burnside (8, p. 203), C has a normal
p-complement. Thus C = 0, ,(C). Since 0, (C) C 0, (G), then

C(P) = C S 0y,(G).

Let L = 0,,(G) and M = O, (G). Since L/ M is a p-group, then L = MP.
By the Frattini argument,

G = LN(P) = MPN(P) = MN(P).
Suppose that
& € C3(0,(G)) = Co(MP/M).

Take x € N(P) such that x lies in the coset . Then
[x, I C MNP =1.
Thus x € C(P) C L, and & € L/M = 0,(Q).

LeEMMA 5.3. Let P be a normal subgroup of a finite p-group S, and let A be
the automorphism group of S. Then C4(P) M C4(S/P) is a p-group.

Proof. Let o € C4(P) M C4(S/P) and n = |P|. We will show that o* = 1.
Suppose that g € S and that g~ = gh. Then # € P and

g=gh g = (gh)=gh=gh .. . g =¢gh"=¢g
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THEOREM 5.2. Let G be a finite group, p a prime, and K a characteristic
Sfunctor. Assume that every subquotient Q of G has the following properties:

(@) If C(0,(Q)) € 0,(Q), then K(Q,) is a normal subgroup of Q for every
Sylow p-subgroup Q, of Q;

(b) If |Q| < |G|, then Q satisfies (C,).
Then, if 0,(G) # 1, G satisfies (C,).

Note. For p odd, Theorem A and Example 10.1 show that G satisfies (a)
for some K if and only if Qd(p) is not involved in G. In that case we may let
K(P) = Z(J(P)).

Proof. Let P = 0,(G), N = N(K(S)), and R = PC(P) N S. Since PC(P)
is a normal subgroup of G, the Frattini argument yields
(5.4) G = PC(P)N(R) = C(P)PN(R) = C(P)N(R).
Let M = 0, (N(R)), P1 = SN Op,(N(R)), and Q = N(R)/M. Then
Cs(P1) € Cs(R) € Cs(P) S RC Py

By Lemma 5.2, Co(0,(Q)) € 0,(Q). By (a), K(SM/M) is a normal subgroup
of Q. By the definition of a characteristic functor, K(SM/M) = K(S)M/M.
Thus K (S) M is a normal subgroup of N(R). Since K (S) is a Sylow p-subgroup
of K(S)M, we have that

(5.5) N(R) = M(N(K(S)) N N(R)) = MNy(R)
by the Frattini argument. However,
[P, M[SPNM=1.
Hence, by (5.4) and (5.5),
G = C(P)N(R) = C(P)MNx(R) = C(P)Ny(R) = C(P)N.

Suppose that C(P)S C G. Take W C S and g € G such that W? C S.
Choose d € C(P) and n € N such that dn = g. Then

Wi =Wwm" C N = N.

Since d € C(P)S C G and W C C(P)S, there exist ¢ € C(W) and m € N
such that em = d. Hence g = dn = c¢(mn). Thus G satisfies (C,).

We assume henceforth that C(P)S = G. Suppose that W C S, g € G, and
We C S. Take ¢y € C(P) and #n¢ € S such that cony = g. We have ny € N,
and if W C P, then ¢ € C(W). We may assume that W & P. Then
1CPCS. Let G=G/P,S =S/P,and W = W/P, and let g be the coset
of P that contains g. Then

W C 8.
By (b),
(5.6) g=cn forsome €€ Cz(W) and 7 € Ng(K(S)).
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Take 7" C G such that P € T and T/P = K(S). Since P C S, we have that
(5.7) S#1, K8 =1, PCT, and SC N(T) CG.

Moreover,

Wr=We=1WrC8
Let # be an element of the coset #. Then #n € N(7') and W" & S. By (5.7)
there exist d € C(W) and m € N such that dm = n. Obviously, d € Cq(1V).
By (5.6), gm™! € Ce(W). Thus

(5.8) g € Ce(IW)N.

Let x be a p’-element of Cg(WW). Since G = C(P)S, G/C(P) is a p-group.
Hence x € C(P). Thus x centralizes WP/P and P. By Lemma 5.3, x cen-
tralizes WP. Thus Ce(W)/Ce(WP) is a p-group. When Cs(WW) is a Sylow
p-subgroup of Cg(1W), (5.8) yields

g € Cc(W)N = Ce(WP)Cs(W)N S Co(W)N,

as desired. The general case now follows by the method used in step (IV) of
the proof of Theorem 5.1.

2

Remark 5.1. After Theorem 5.1 (a) had been proved, it was generalized in
several ways by Alperin and Gorenstein (1) to the case where K is an arbitrary
characteristic functor. Using these generalizations, we may prove a stronger
form of Theorem 5.2, which we will not require in this paper.

TuEOREM 5.2'. Let G be a finite group, p a prime, and K a characteristic
functor. Assume that whenever Q is a subquotient of G and C(0,(Q)) < 0,(Q),
then K(Q,) is a normal subgroup of Q for every Sylow p-subgroup Q, of Q. Then
G satisfies (Cp).

6. Proof of Theorem B. In this section we show that a finite group in
which Qd(p) is not involved must be p-stable. This result then vields
Theorem B.

LEmMA 6.1 (Baer). Let g be a p-element of a finite group G. Suppose that for
every x € G, g and g* generate a p-group. Then g € 0,(G).

Proof. Let ¢ be the nilpotence class of a Sylow p-subgroup of G. Then
[x,g;c+ 2] =[(g")7"g, gc+ 1] =1 forallx € G.

Thus g is a (bounded) left Engel element of G (12, p. 207). By a theorem of

Baer (12, p. 212), g lies in a normal nilpotent subgroup N of G. Clearly,
£ € 0,(N) S 0,(G).

LEMMA 6.2. Let p be an odd prime and let F = GF(p). Assume that H is a
group of linear transformations that acts irreducibly and faithfully on a wvector
space V over F. Suppose that H is generated by two p-elements, each with minimal
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polynomial (x — 1)%. Then there exists a field K of endomorphisms of V such
that

(a) F is contained in K

(b) V has dimension two over K ; and

(c) either G is the special linear group of V over K, or |K| =9 and G 1s
isomorphic to SL(2, 5).

Proof. A similar but incorrect statement appears in (8, Lemma 4.1, p. 136).
In the proof of that lemma, the authors showed that the dimension m of V'
over F is even and that for a suitable basis of V, the elements x and y are
represented by matrices of the form

G5 e (79

(Here, the submatrices are square matrices of degree £ m, I being the identity
matrix.) An easy argument shows that R is the matrix of a non-singular
irreducible transformation. Let K; be the algebra over F that is generated
by R. By Schur’s lemma, K; is a field. Let K be the field of endomorphisms
of V represented by the matrices of the form

S 0
(o S>’ S€ K.

Then K satisfies (a) and (b). Now, (c) follows from a result of Dickson
(6, Theorem 2.8.4).

Remark. The author thanks Professors J. Alperin and D. Gorenstein for
informing him of the error in (8) and of the appearance of Dickson’s result

in (6).

LeEmMMA 6.3. Let p be an odd prime, and let G be a finite group. The following are
equivalent:

(@) Qd(p) is not involved in G;

(b) Every subquotient of G is p-stable.

Proof. It was pointed out in §2 that Qd(p) is not p-stable and thus that (b)
implies (a). Conversely, assume that some subquotient Q of G is not p-stable.
Take Q of minimal order. We will prove that Q is isomorphic to Qd (p).

Clearly, we may assume that Q = G/1 = G. Then by the definition of
p-stability, 0,(G) # 1. Let H be a p-subgroup of G of least order subject to
the following conditions:

(i) 0, (G)H is a normal subgroup of G;

(i) N(H) contains an element x such that [H, x, x] = 1 and such that the
coset of C(H) containing x lies outside O,(N(H)/C(H)).

Let M = 0, (G) and C = C¢(MH/M). By the Frattini argument,

(6.1) G = MHN(H) = MN(H).
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Hence M C C C MN(H). Therefore,
(6.2) C=MNH)NC) = MCH).
Denote by a bar the image of an element or subgroup of G in the natural
mapping of G onto G/M. By (6.1) and (6.2),
N(H) = G = NgH), C(H) =C = Cg(H).

Since N(H) "M C N(H) N\ C = C(H), we obtain the natural isomorphisms

N(H)/C(H) = (NH)/(C(H) N M))/(CH)/(CH) N M)) =

N(H)/C(H) = Nz(H)/Cs(M).

Therefore, [H, %, #] = 1, but the coset of Cg(H) containing & does not lie in
0,(Ng(H)/Cz(H)). Therefore G is not p-stable. Thus M =1, C = C(H),
and H is a normal subgroup of G.

Let R be a Sylow r-subgroup of C for any prime 7. By the Frattini argument,
G = CN(R). Take ¢ € Candy € N(R) such that ¢y = x; then [H, y,y] = 1.
In the natural homomorphism of G onto G/C, y maps onto the coset of x and
N(R) maps onto G/C. Moreover, H C C(R) € N(R). Thus, N(R) is not
p-stable. Hence G = N(R). Since O, (G) = 1 and r is an arbitrary prime,
we have that C is a p-group.

Suppose that G contains a normal subgroup K such that 1 C K C H.

Take K to be a minimal normal subgroup of G. Then K is an elementary
Abelian group and G is irreducible on K. By Lemma 3.4,

(6.3) 0,(G/C(K)) = 1.

Since [K, x, x] € [H, x, x] = 1, we obtain x € C(K) by (6.3) and our choice
of H. Take N C G such that

Ce(H/K) © N and N/Cq(H/K) = 0,(G/Ce(H/K)).
Since G/K is p-stable and [H,x,x] = 1 C K, we have x € N. Therefore,

x € Cy(K). Let D = Ce(H/K). Since N/D is a p-group, so are Cy(K)D/D
and Cy(K)/(Cy(K) N D). Now,

(Cy(K) N D)/C = (Ce(K) M Ce(H/K))/Co(H),

which is a p-group by Lemma 5.3. Since C is a p-group, so are Cy(K) N D
and Cy(K). Thus x € Cy(K) € 0,(G). This is impossible since

0,(G)C/C S 0,(G/C).
Hence K does not exist. Consequently,
(6.4) H is an elementary Abelian group, and G is irreducible on H.

Let w € G, and let G* be the subgroup of G generated by x, x*, and C. We
choose w such that G*/C is not a p-group; this is possible by Lemma 6.1.
Then 0,(G*/C) C G*/C. Since

[H,x,x] =1 and [H,x" x*] = [H" &% x*] = [H, x,x]* = 1,
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G* is not p-stable. Therefore,
(6.5) G = G*.

We consider H as a vector space over GF(p). Let y be the linear trans-
formation of H given by conjugation by x. For each & € H,

hO-D? = [k, x, x] = 1.

Thus (y —1)2=0,and y*» — 1 = (y — 1)? = (y — 1)2(y — 1)?~2 = 0. The
same is true of the automorphism corresponding to x*. Hence by (6.4), (6.5),
and Lemma 6.2, there exists a finite field K, such that H is a two-dimensional
vector space over K, and G/ C corresponds either to the special linear group of
H over K, or possibly (if |Ko| =9) toSL(2, 5). Then the element y introduced
above is contained in a subgroup L of G/C that isomorphic to SL(2, p).
Since y ¢ 0,(L) and since every proper subgroup of G is p-stable, we have that
L = G/C. Thus K, = GF(p).

Thus G/C is isomorphic to SL(2, ). Therefore, G/C contains a unique
subgroup 7'/ C of order two, and the non-identity element of 7'/ C corresponds
to the automorphism %z — A=t of H. Let 7'y be a Sylow 2-subgroup of 7". By
the Frattini argument,

G = TN(T:) = CToN(Ty) = CN(T3).
Therefore, N(1'5)H is not p-stable; thus
(6.6) G = N(T,)H.

Let E = C/M\ N(1%). Since C is a normal subgroup of G, E is normalized by
N(T,). As it is obviously centralized by H, E is a normal subgroup of G.
Moreover,

[

[E,T:) S CN Ty S 0,(G)N Ty =1;

thus ENHC C(T:) YH =1. By (6.6), C = EH. Consequently,
C = E X H. Hence G/E is not p-stable. Thus E =1, and C = H. This
completes the proof of Lemma 6.3.

We may now prove Theorem B by induction on |G|. Assume the theorem
holds for all groups of order less that |G|. Obviously, we may assume that p
divides |G|. By Theorem 5.1 (a), we may assume that 0,(G) # 1. Let
K(R) = Z(J(R)) for every subquotient R of G that is a p-group. Then K is a
characteristic functor. By Lemma 6.3 and Theorem A, K satisfies condition (a)
of Theorem 5.2. Since Qd (p) is not involved in any subquotient of G, condition
(b) holds by the induction hypothesis. Hence Theorem B follows from
Theorem 5.2.

COROLLARY 6.1. Let p be an odd prime and let S be a Sylow p-subgroup of a
finite group G. Assume that Qd(p) is not involved in G. For every non-empty
subset H of S,

N(H) = C(H)(N(H) N\ N(Z{JI()))-
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7. Proof of Theorem C.

LemMA 7.1. Let G be a finite group and p a prime. Suppose that H C G and
G = 0, (G)H. Let W be a p-subgroup of H. If g € G and W? C H, then there
exist ¢ € 0, (G) N C(W) and h € H such that g = ch.

Proof. Take b € 0, (G) and k € H such that g = bk. Then
we = (Wo)*" C H.

Let R be the subgroup of G generated by W and W’ Then R C H, and since
W C R C WO, (G), we have that

R = W(0,(G) N\ R).

Therefore, W and W?" are Sylow p-subgroups of R and there exists
d € 0,,(G) N R such that (W°)?% = W. For every x € W, x " ¢ R and
x = x" (modulo O, (G)). Thus x™ % ¢ RN 0, (G) = 1 for all x € W. Let
¢ =0bd and h = d k.

LEMMA 7.2. Let p be an odd prime and let G be a finite p-stable group such
that 0,(G) % 1. Then G/O, (G) is p-stable.

Proof. Let M = 0, (G) and G = G/M. Then 0, (G) = 1 and 0,(G) # 1.
Let P be a normal p-subgroup of G. Suppose Z € G and [P, Z, £] = 1. Take
R C G such that M C R and R/M = P. Let P be a Sylow p-subgroup of R.
By the Frattini argument, G = MN(P). Take x € N(P) and L € N(P) such

that x lies in the coset &, C(P) € L, and L/C(P) = O,(N(P)/C(P)). Then
[P,x,x] E PN\ M = 1.

Since G is p-stable, x € L. Therefore, # € LM/M. Since C(P)M/M C Cg(P)
and L/C(P) is a p-group, we conclude that (LM/M)/Cz(P) is a p-group.
Thus G is p-stable.

Consider the following condition for a prime p, a finite group G, and a
characteristic functor K:

(F,) Let S be a Sylow p-subgroup of G. Then

G = 0y (G)N6(K(S)).

THEOREM 7.1. Let G be a finite group, p a prime, and K a characteristic functor.
Suppose that S is a Sylow p-subgroup of G. Assume that G satisfies (C,) and that
every element of M,(G) satisfies (F,). Then, for every non-identity subgroup
W of S,

NW) = Op (N(W)) (N(W) M N(K(S))).

Proof. Suppose that 1 C W C S. Let N = N(W) and L = 0, (N). Then
N is contained in some element M of #,(G). Obviously, for any such 1,

(7.1) WC M and N =LNN M).
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Out of all the elements of #,(G) that satisfy (7.1), choose M such that |M],
is maximal. Let T be a Sylow p-subgroup of M that contains W. By (F,)
(for M) and Lemma 7.1,

M = 0, (M)Ny(K(T)) and
NNOM = (0y (M) N\ COW))Nyanu(K(T)).

Now, O, (M) N C(W) is a normal subgroup of N M M. Therefore, by (7.1),
L(O, (M) N C(W)) is a normal subgroup of N. Since it is a p’-group and
contains L, it must coincide with L. By (7.1) and (7.2),

(7.2)

(7.3) N = LNy u(K(T)) = LNy(K(T)).

Let M, be an element of .#,(G) that contains N(K(T)). By (7.3),
N = L(N N M,). By our choice of M,

\T| = M|, 2 [Mi], 2 [NE(T))], = N(D)|, = |T].

Therefore, T is a Sylow p-subgroup of its normalizer. By Sylow’s theorem, T is
a Sylow p-subgroup of G. Take g € G such that 77 = S. Then W? C S. By
(C,), there exist ¢ € C(W) and n € N(K(S)) such that g = ¢n. Now,

K(T)* = K(T°) = K(T™™") = K(T?)""" = K(S)*" = K(S)
and N = N(W) = N(W¢°) = N(W)® = N¢. Therefore, by (7.3),
N = LNy(K(D)* = Oy (N)Nu(K(T)%) = LNy (K(S)).
This completes the proof of Theorem 7.1.

We may now prove Theorem C. Let K(P) = Z(J(P)) for every finite
p-group P. Assume that G is p-stable and p-constrained. We will first verify
the hypothesis of Theorem 7.1.

Suppose that M € #,(G) and T is a Sylow p-subgroup of M. Let
M = M/O, (M) and T = T0, (M)/0, (M). Since M is p-stable and p-con-
strained, M is p-stable and C(0,(M)) € O,(M), by Lemmas 7.2 and 5.2.
By Theorem A, Z(J(T)) is a normal subgroup of M. Since

Z(J(T)) = ZJ(T))0y (M) /0y (M),
then

M = Oy (M)Nx(Z(J(T)))

by the Frattini argument. Thus M satisfies (F,). By Lemma 7.1, M satisfies
(C,). Hence by Theorem 5.1 (b), G satisfies (C,). Thus, G satisfies the hypo-
thesis of Theorem 7.1.

Suppose that V is a non-empty subset of S, g € G, and V7 is contained in S.
Let T be the subgroup of S generated by V. Then W? C S. By (C,), there
exist ¢ € C(W) and n € N(Z(J(S))) such that g = ¢cn. By Theorem 7.1,
there exist d € O, (N(W)) and m € N(W) M N(Z(J(S))) such that dm = c.
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Now
(W, d] S WM Oy (N(W));

thus d € C(W). Hence
d € 0y (N(W)) N C(W) S 0y (C(W)) = 0y (C(V)) S Op (N(V)).

Since g = d(mn) and mn € N(Z(J(S))), this completes the proof of
Theorem C.

COROLLARY 7.1. Let p be an odd prime and let S be a Sylow p-subgroup of a
finite group G. Assume that G is p-stable and p-constrained. Then for every
non-empty subset H of S,

N(H) = 0y (C(H))(N(H) N N(Z(J(S))))-

8. Proof of Theorem D. We prove Theorem D by induction on |G|.
Assume that the theorem is false and that G is a counter-example of least
order. Using the method of Thompson, as in (13, pp. 43—-44), we find that
C(0,(G)) € 0,(G), that G is solvable, and that there exists a prime ¢ with
the following properties:

(i) the Sylow g-subgroups of G are Abelian;

(ii) ¢ # p; and

(iii) p and g are the only prime divisors of |G]|.

Since p is odd, G has an Abelian Sylow 2-subgroup. Hence Qd(p) is not
involved in G. By Lemmas 6.3, G is p-stable. (This also follows from Theorem B
of Hall and Higman (10).) Since C(0,(G)) C 0,(G), Z(J(S)) is a normal
subgroup of G, by Theorem A. Thus G = N(Z(J(S))). This contradiction
completes the proof of Theorem D.

9. A self-centralizing subgroup. Let S be an arbitrary finite p-group.
Define two sequences of characteristic subgroups of .S in the following manner.
Let Ko =1 and So = S. Given K,,..., K, and Sy, ...,S;, let K;;; and
Sis1 be the subgroups of S that contain K; and satisfy

KiW/Ki=Z(J(S/Ky)) and Si1/Ki = Csyx(Kiy1/Ky).
We let ZJ;(S) = K, for all 2. Thus ZJ,(S) = 1, ZJ1(S) = Z(J(S)), and

ZIy(S) CTZ1(S)C... and S D251 D....
Moreover,

Let # be the smallest integer such that ZJ,(S) = ZJ,41(S) = ..., and let
ZJ*(S) = ZJ,(S). Then
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and therefore S, = K,. We note that if x € C(K,), then x € S; for all 7. As

a result,
(9.2) C(ZT*(S)) € ZT*(S).
Clearly, ZJ* and ZJ,, ZJ4, . . . determine characteristic functors, and ZJ*

has the additional property (9.2). We shall prove that ZJ* satisfies some
analogues of Theorems A through D.

LemMA 9.1, Let p be a prime and let S be a Sylow p-subgroup of a finite group G.
Suppose that N is a normal subgroup of G and that C(0,(G)) € 0,(G). Then:

(@) Cn(0,(N)) S O0p(N);

(b) If N € Z(G), then Cgn(0,(G/N)) € O,(G/N).

Proof. (a) Let x € Cy(0,(N)) and P = 0,(G). Then
[P,x] © P M N C O,(N).

Thus x centralizes P/0,(N) and O,(NN). Since C(P) is a p-group, x is a p-
element by Lemma 5.3. Thus Cy(0,(N)) is a normal p-subgroup of N, and
therefore Cy(0,(N)) € 0,(N).

(b) Let P = 0,(G). Since C(P) € P, we have that N € P. Thus

0,(G/N) = P/N.
Now
Ce(P/N) = Ce(P/N) M Cg(N).

As in the proof of (a), C¢(P/N) is a p-group. Hence C¢/n(P/N) C P/N.

LeEmMA 9.2. Let p be a prime and let S be a Sylow p-subgroup of a finite group G.
Suppose N is a normal subgroup of G and Cs(N) & N C S. Then

C(N) = Z(N) X 0y (G).

Proof. Let C = C(N) and C = C/0, (C). Then Z(N) = SN C, which is
a Sylow p-subgroup of C. Since Z(N) € Z(C), Burnside's transfer theorem
(9, p. 203) implies that

C=Z(N)Oy(C) = Z(N) X 0, (C).
Now, 0, (C) € 0, (G). On the other hand,
[NV, Oy (G)] & N M Oy (G) = 1.
Since C/0, (C) is a p-group, Oy (G) € 0, (C). Thus O, (G) = 0, (C).

TaEOREM A’. Let p be an odd prime and let S be a Sylow p-subgroup of a
finite group G. Suppose that C(0,(G)) S 0,(G) and that Qd(p) s not involved
in G. Then, ZJ*(S) is a characteristic subgroup of G and C(ZJ*(S)) C ZJ*(S).

Proof. Let K = ZJ*(S). Since [0, (G), 0,(G)] C 0, (G) N 0,(G) = 1, we
have that 0, (G) = 1. Suppose that K is a normal subgroup of G. From the
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last step of the proof of Theorem A, we see that K is a characteristic subgroup
of G. Since 0, (G) = 1, we have that C(K) C K by Lemma 9.2.

Thus, it suffices to show that K is a normal subgroup of G. Take K1, K, . . .
and Sy, S, . . . as above. We shall prove by induction on |G| that K ; is a normal
subgroup of G for< = 1, 2,.... We may assume that p divides |G|.

By Lemma 6.3, G is p-stable. Since K; = Z(J(S)), K, is a normal subgroup
of G by Theorem A. Let C = C(K,) and C = C/K;. Then S; = SN C,
which is a Sylow p-subgroup of C. Therefore

9.3) S1/K; is a Sylow p-subgroup of C.
Let P = 0,(C). By Lemma 9.1 (a), Cc(P) € P. By Lemma 9.1 (b),
Cz(0,(C)) S 0,(C).

Obviously, Qd(p) is not involved in €. Suppose that 7 is an integer and
© z 2. By the induction hypothesis, (ZJ,-1(S1/K1))/K; is a normal, and
therefore a characteristic, subgroup of C. By (9.1),

K.,/Ky = (ZJ—1(S1/K1))/ K.

Thus K,;/K; is a characteristic subgroup of C. Hence K;/K; is a normal
subgroup of G/K,, and K, is a normal subgroup of G.
Since K = K, for some 7, we have that K is a normal subgroup of G.

TuEOREM B'. Let p be an odd prime and let S be a Sylow p-subgroup of a finite
group G. Assume that Qd(p) is not involved in G. Suppose that W is a non-
empty subset of S, g € G, and W is contained in S. Then there exist c € C(W)
and n € N(ZJ*(S)) such that g = cn.

Proof. We use induction on |G|. Assume the theorem holds for all groups of
order less than |G|. By Lemma 6.3, G is p-stable. Clearly, we may assume that
p divides |G|. If 0,(G) # 1, the result follows from Theorem A’ and Theorem
5.2. Assume O0,(G) = 1. By Theorem B, there exist d € C(W) and
m € N(Z(J(S))) such that dm = g. Since 0,(G) =1, N(Z(J(S))) CG.
By the induction hypothesis, there exist &' € C(W) and m’' € N(ZJ*(S))
such that d’m’ = m. Then we may let ¢ = dd’ and n = m’ to complete the
proof.

TuEOREM C'. Let p be an odd prime and let S be a Sylow p-subgroup of a
finite group G. Assume that Qd(p) is not involved in G and that G is p-con-
strained. Suppose that W is a non-empty subset of S, g € G, and W is contained
in S. Then there exist ¢ € Oy (C(W)) and n € N(ZJ*(S)) such that g = cn.

Proof. Let K(P) = ZJ*(P) for every finite p-group P. Then G satisfies
(C,) by Theorem B’. The remainder of the proof is parallel to that of
Theorem C.
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THEOREM D'. Let p be an odd prime, and let S be a Sylow p-subgroup of a
finite group G. Then G has a normal p-complement if and only if

N(ZJ*(85))/C(ZT*(S))
s a p-group.

Proof. By imitating the proof of Theorem D, we find that G has a normal
p-complement if and only if N(ZJ*(S)) has a normal p-complement. Let
Z = ZJ*(S) and L = N(Z). By Lemma 9.2, C(Z) = Z(Z) X O, (L). There-
fore, L has a normal p-complement if and only if L/C(Z) is a p-group.

10. Variations and counter-examples. The following lemma can be
proved by straightforward computation.

LeMMA 10.1. Let V and W be finite-dimensional vector spaces over a field F.
Suppose that G is a faithful operator group of linear transformations on V and
also on W, and suppose that f is ¢ bilinear G-mapping of V and W into F. Let
H be the set of all ordered triples (v, w, a) forv € V, w € W, and a € F. Define
multiplication on H by

(v1, w1, 1) (Va, Wy, a2) = (V1 + Vg, W1 + Wa, a1 + a2 — f(vs, w1)).
For each g € G, define a mapping A(g) of H into itself by

(v, w, @)@ = (v7, W, a).
Then:
(a) H forms a group under multiplication ;
(b) For (v, w, a), (v1, w1, @1), and (vs, ws, az) tn H,

(7), w, a)—l = (_7)7 —w, _f(vr w) - a)
and
[(‘2}1, Wi, a1)7 (7)2’ Wa, 0[2)] = (Or O:f(vl) ‘ZUg) - f(‘Z)z, wl)) ’

(c) A is an isomorphism of G into the automorphism group of H.

Example 10.1. The hypothesis of p-stability, or some similar condition,
seems necessary for Theorems A, B, and C and analogous statements. Simi-
larly, Theorem D and possible analogues fail for p = 2. For example, let p be
a prime, and let G = Qd(p). A Sylow p-subgroup S of G is a dihedral group
of order eight if p = 2 and a non-Abelian group of order p* and exponent p
if p is odd. Then Z(J(S)) = Z(S). The only characteristic subgroups are
Z(S), S, and, if p = 2, the cyclic subgroup " of order four in S. Although
C(0,(G)) = 0,(G), none of these characteristic subgroups is a normal sub-
group of G. Thus G does not satisfy the conclusions of Theorem A, B, or C,
and these conclusions are also invalid if we replace Z(J(S)) by any charac-
teristic subgroup of S. If p = 2, then G is isomorphic to the symmetric group
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of degree four and does not have a normal p-complement, although
N(Z(S)) = N(T) = N(S) =S,
which has a trivial normal p-complement. Thus Theorem D fails for p = 2.

Example 10.2. Let S be a Sylow 2-subgroup of a finite group G in which
C(0:2(G)) C 0:(G). I Qd(2) is not involved in G, there may be a characteristic
subgroup K (S) of .S that is normal in G (and depends only on .S, not on G).
However, we will show that Z(J(S)) is not that subgroup.

Let ¢ be an odd prime and let F be a finite field of characteristic 2 that
contains a primitive gth root of unity, say, w. Suppose that I and W are
two-dimensional vector spaces over F. Let D be a dihedral group of order 2¢
with generators 7 and 7 such that

2 1 1

=7l =1, T = oL

Let {x1, X2} and {y1, ¥2} be bases of V and W, respectively. We consider D
as a (faithful) operator group of linear transformations on V and W by
defining

X1T = X, X" = X1, Y17 = Y YT = Yy,
and

X7 = wX1, X2 = wlxs, Yi" = wly1, Yo = wys.
Let f be the bilinear mapping of V and W into F determined by
flxy, y1) = f(xz,32) =1 and  f(x1, y2) = f(x, 31) = 0.

Then f is a D-mapping, and we may construct a corresponding group H as in
Lemma 10.1. By Lemma 10.1 (c), we may consider D to be a group of auto-
morphisms of H. Let G be the semi-direct product of H by D.

Let S be the subgroup of G that is generated by H and 7. Then S is a Sylow
2-subgroup of G and

Z(S) =ZH) = {(0,0,a): a € F}.
Moreover,

Cr(r) = {(Bx1 + Bxa, v¥1 + vy2 @) o, B, v € F}
and
Cujzan (1) = Z(S/Z(H)) = Cu(r)/Z(H).

Thus Cs(r) is an elementary Abelian group of order 2|F|3. We claim that
H(S) = {Cs(r)}.

Suppose that 4 is an Abelian subgroup of S and |4| = 2|F]3. Since
|S/H| =2, |A N H| = |F]*. Now, the commutator map from H X H into
Z(H) corresponds to a non-singular skew-symmetric bilinear form on the
internal direct sum of ¥V and W. This direct sum has order | F|* and has maximal

isotropic subspaces of order |F|% Therefore, d(H) = |F|2|Z(H)| = |F|3, and
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|4 N H| < |F]®. Hence A "H € &/ (H), |A/(ANH)| =2, and S = AH.
Since H/Z(H) is Abelian,

(ANH)/ZH) € Z(S/Z(H)) = Cu(r)/Z(H).
Since |Cy(7)| = |F|]3, A M\ H = Cx(7). By the definition of H,
Cu(Cu(r)) = Culr).

Hence
ICS<CH(T))/CH(T)} =2 and Cs(r) = Cs(Cr(r)) = Cs(4d N H) D A.

Thus &Z(S) = {Cs(r)}. Consequently, J(S) = Z(J(S)) = Cs(r). However,
Cs(7) is not a normal subgroup of G, although C(0,(G)) = C(H) C H. In
fact, since Cs(r) is an elementary Abelian group, no characteristic subgroup
of J(S) is normal in G.

A characteristic subgroup of S that may satisfy an analogue of Theorem A
for p = 2 is given by Thompson in (15).

Example 10.3. In Remark 3.1, we pointed out that the proof of Corollary 3.2
requires p-stability only for the case of an Abelian subgroup P and an element
x such that [P, x, x] = 1. In general, these cases are not sufficient to prove
Theorem A.

Let p be an odd prime and let ¥ be a two-dimensional vector space over
GF(p). As is well known (2, p. 174), there exists a non-singular skew-
symmetric bilinear form f on V, and the corresponding symplectic group is
just the special linear group SL (V). By using Lemma 4.2, construct a group H
and consider SL(V) to be a group of automorphisms of H. Let G be the semi-
direct product of H by SL(V). Then 0,(G) = Hand C(H) = Z(H) = Z(G),
the only Abelian normal subgroup of G. Let x be an element of order p in
SL(V), and let S be the subgroup of G that is generated by H and x. Then .S
is a Sylow p-subgroup of G, Cs(x) is an elementary Abelian group of order 3,
and J(S) = Z(J(S)) = Cs(x). But Cs(x) is not a normal subgroup of G.

Remark 10.1. By a result of Feit and Thompson (3, Lemma 8.2, p. 795), we
need only consider subgroups P of nilpotence class at most two in the definition
of p-stability.

Example 10.4. Let p be an odd prime and let S be a finite p-group. We
showed that ZJ*(S) has the property that

Cs(ZJ*(S)) € ZJ*(9)

and satisfies analogues of Theorems A through D. The same property is
possessed by J(S), but these analogues are false for J(S).

Let L be the linear fractional (projective special linear) group of degree
two over GF(p). Then L may be considered (2, p. 200) to be a group of
orthogonal transformations with respect to a non-singular symmetric bilinear
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form f on a three-dimensional vector space V over GF(p). Let W = V. We
construct a group H and consider L to be a group of automorphisms of H by
using Lemma 10.1. Let G be the semi-direct product of H by L.

Clearly, H = 0,(G) and C(H) € H. Since we observe that

G| = |L| [H| = $p(p* — 1)p7,

Qd(p)| = p(p? — 1)p? and p is odd ,we see that [Qd(p)|» = 2|G|s. Therefore,
Qd(p) is not involved in G. Similarly, Qd(p) is not involved in the semi-
direct product LV. By Lemma 6.3, both of these groups are p-stable. Let x be
an element of order p in L. Since |V| = p* and LV is p-stable, x must have a
minimal polynomial of the form (z — 1)% on V. Thus

Cy(x) = V& and |[Cy(x)| = p.
By Lemma 4.3, Cy(x) is isotropic. By Lemma 10.1 (b), the subgroup
{(v, w,a): v, w € Cy(x), a € F}

is Abelian. But this subgroup is just Cyx(x). Let S be the subgroup of G
generated by H and x. Then S is a Sylow p-subgroup of G, Cs(x) is generated
by Cy(x) and x, and
|Cs(x)| = p[Cu(x)] = pt.

Now, H/Z(H) has order p% As in the discussion of Example 10.2, we may
show that every maximal Abelian subgroup of H has order p* But every
element of H generates a cyclic group that is contained in a maximal Abelian
subgroup of H. Thus J(S) = .S, and consequently J(S) is not a normal sub-
group of G. Hence we cannot replace ZJ*(S) by J(S) in Theorem A’.

Suppose that we assume p = 3 in the above example. Then |L| = 12, and
L is isomorphic to the alternating group on four symbols. Therefore,

Ne(J(S)) = Ne(S) =S and N(J(S))/CU(S)) = S/ZT (),

which is a p-group. Since G does not have a normal p-complement, Theorem D’
is false for p = 3 if we replace ZJ*(S) by J(S). However, in some unpublished
work, Thompson has proved that it is true for p > 3.
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