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On Sylow intersections

Ariel Ish-Shalom

Let G be a finite group, p a prime divisor of \G\ , and T

a p-subgroup of G . Define a(T) to be the number of Sylow

p-subgroups of G containing T . Call T a central p-Sylow

intersection if for some Z <=_ Syl (G) , T = f\{S \ S € 1} , and

if, in addition, T contains the center of a Sylow p-subgroup

of G . This work is inspired and motivated by work of G. Stroth

[J. Algebra 37 (1975), 111-120]. Generalizing an argument of his

we describe finite groups in which every central p-Sylow inter-

section T with p-rank(T) > 2 satisfies o{T) < p .

Related methods yield the description of finite groups in which

every central p-Sylow intersection T with p-rank(T) 2 2

satisfies a{T) 5 2p .

1 . Introducti on

Let G be a finite group, p a prime divisor of the order of G ,

and T a p-subgroup of G . Define o(T) to be the number of Sylow

p-subgroups of G containing T , and p-rarLk(T) to be the maximal number

n such that T contains an elementary abelian subgroup of order p . We

call T a p-Sylow intersection if for some I c Syl (G) ,

T = D{5 | S € Z} , and we call T a central p-Sylow intersection if, in

addition, T contains the center of a Sylow p-subgroup of G .

In a previous paper [9] we proved

THEOREM 1. Let every central p-Sylow intersection T satisfy
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238 A r i e l I s h - S h a l o m

a(r) 5 2p . Then there exists a non identity abelian subgroup, strongly

closed in a Sylow p-subgroup of G with respect to G .

In that paper, [9], we also characterized those groups -G in which

o{T) 5 6 for every central 2-Sylow intersection T .

This work is inspired and motivated by Stroth [JO]. In that paper,

Stroth gives a detailed characterization of finite groups in which every

intersection of two distinct Sylow 2-subgroups is of 2-rank 2 2 , and in

which there exists such an intersection of 2-rank = 2 . Generalizing an

argument of his we prove:

THEOREM 2. Let every central p-Sylow intersection T with

p-rank(r) > 2 satisfy a(T) 5 p . Let S be a Sylow p-subgroup of G .

Then either

(i) ti[z(S)) is strongly closed in S with respect to G , or

(ii) p-rank(S) = 2 , or

(iii) there exists some x € 5 with CAx) elementary abelian
o

of order p

We remark that by Lemma 6 below, the condition of Theorem 2 forces

every central p-Sylow intersection T with p-rank(y) > 2 to belong to

Syl (ff) . We also remark that p-groups satisfying conclusion (iii) are

discussed in [7], Kapitel III, §lU. For p = 2 , a subgroup S satisfying

(iii) is dihedral or semidihedral by Lemma k of [7 7]. Thus we get

COROLLARY 3. Let every central 2-Sylow intersection T £ Syl (G)

satisfy 2-rank(T) 5 2 . Let S be a Sylow 2-subgroup of G . Then

either

(i) f2(z(5)) is strongly closed in S with respect to G , or

(ii) 2-rank(S) = 2 .

We remark that for finite simple groups the conclusions of Corollary 3

are in fact equivalent to its assumptions. These finite simple groups were

already listed in [70], namely: L^q) , U (q), Sz{q) , q even, L^q),

L (q) , llAq) , q odd, /!„, M . , and simple groups of Janko-Ree type.

In this paper we also prove a generalization of Theorem 1.
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THEOREM 4. Let every central p-Sylow intersection T with

p-rank(T) 2 2 satisfy a(T) 5 2p . Let S be a Sylow p-subgroup of G .

Then either

(i) there exists a non identity ahelian subgroup, strongly

closed in S with respect to G , or

(ii) there exists some x i. S with CAx) elementary abelian

2
of order p

Again, for p = 2 , we get

COROLLARY 5. Let every central 2-Sylow intersection 1 with

2-rank(T) 2 2 satisfy a(T) 5 k . Let S be a Sylow 2-subgroup of G .

Then either

(i) there exists a non identity abelian subgroup, strongly

closed in S with respect to G , or

(ii) S is dihedral or semidihedral.

Those finite simple groups satisfying the hypothesis of Corollary 5

are: L^q), U^q), Sz{q) , q even, L^q) , q = 3, 5 (mod 8) , and

simple groups of Janko-Ree type, as can be verified by [4] and by Remark 8

of [9].

2 . P r e l i m i n a r y r e s u l t s

LEMMA 6. (i) If T is a p-subgroup of G then a{T) = 1 (mod p)

(ii) Let T and 2" be p-Sylow intersections in G . If T c I" ,

then a(T) 2; a{T') , and if T c T' , then a(T) > a(T') .

(iii) If T is a p-Sylow intersection satisfying a(T) = 1 , then

T i Syl (G) .

(iv) If T is a p-Sylow intersection satisfying a(T) = 1 + p ,

then NJT)/T is cyclic of order p , for every Sylow p-subgroup S of

G containing T .

Proof. Assertion (i) is Lemma 6 of [S]. Assertion (ii) is t r ivial

once we notice that any p-Sylow intersection T is the intersection of

those Sylow p-subgroups containing i t . Assertion (iii) is also t r iv ia l .
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Denote by fi the set of 1 + p Sylow p-subgroups of G containing

T , and take any S 6 fi . The subgroup NJT) acts by conjugation on

SI' = Sl\{S] . If g € NS(T) s tabi l izes some R (. Q' , then being a

p-element , g € /^(T) n R cS n R . But S => S n R => T forces S n R = T

by f£J , (ii) , and (Hi), so that N (T)/T acts fai thfully on fi' . In

fact , every g- € (^(T)/!1] acts fixed point freely on Si' , whence

| £"2 | = p yields assert ion (iv) •

The following resu l t i s due to Alperin. The f i r s t part i s Theorem 5.2

of [ 7 ] , and the second i s a strengthening of the Corollary in [2 ] ,

achieved by self suggestive changes in i t s proof.

THEOREM 7 (Alperin). Let x and y be elements of S t Syl (G) ,

such that x is aonjvigate to y in G . Then there exist aentval

p-Sylow intersections H. c 5 , i = 1, ..., n , and elements

U 6 tfc(ffj , i = 1, . . . , n , such that N^Hj € Syl (^(i^)) ,

i = 1, . . . , n y that t. is a p-element if H. c S , and that, setting

t± t±t2...t
x1 = x, x2= x , ... , xn+± = x n , we get x^ 6 H^ ,

i = 1, ... , n , and xn+± = y .

Moreover, if Cs(y) € Syl [C^iy)) , then we can assure in addition

that

(i) CQ[x.] c H. , i = 1, . . . , n , and that

( i i ) \ C s { x ^ \ 5 | C s ( x 2 ) | 5 . . . S | C s ( ) |

Let 5 be a Sylow p-subgroup of G . Denote by J the set of

elements in S\Z(S) , which are conjugate in G to an element of

Sl[Z(S)} . Denote by J* the set of those elements j € J which are

conjugate to an element of Si[z(S)) in NJ

LEMMA 8. (i) J = 0 if and only if tt[Z(S}) is strongly closed in

S with respect to G .

(ii) For every j (. J there exists some S' € Syl [CAj)) c Syl (G) ,
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such that C (j) = S n S' [whence o[cs(j)) > p ) .

(Hi) If J i- 0 there exist j £ J and g , a p-element of

NG[cs(j)) , such that:

(1) j €

(2) Cs(j) = S n Sg ; and

(3) »S( ((

in particular,, J ? 0 implies J* t Q .

Proof. Assertion (i) is obvious. To satisfy assertion (ii), any

5' € Syl (CG(j)) containing Cs(j) will do. To prove ("£££.) choose some

x € J , and some y i fi(z(5)J such that x is conjugate in G to y .

How quote Theorem 7. As |C5(y)| > |C5(x)| , the set

{k | |C~(x,) | < |Cc(xr,+i) 1} is n a t empty; let i be its maximal

element, and set j = x. , g = t. , and H = H. . Clearly j € J ,

-1
jg i «(Z(S)) , and Cs(j) £ ff . Now «/ is conjugate in N^H) to

-1
jg which is an element of H n 2(S) c Z(H) . Thus ff c C_(j) and we

— — o

are done.

COROLLARY 9. Let S be a Sylow p-subgroup of G . If a(,T) £ p for
every central p-Sylow intersection T with p-rank(T) 5 2 , then
fi(z(S)) is strongly closed in S with respect to G .

Proof. If Q £ J , then T = Cj,j) i s a central p-Sylow intersection

with p-rank(r) > 2 and 0"(T) > p by (ii) of Lemma 8. Thus J = 0 and

we are through by fij of Lemma 8.

We remark that the resul ts of Herzog and Shu It [6] and those of Gomi

[5] follow from Corollary 9 and Goldschmidt [4 ] .

3. Proof of Theorem 2

By Lemma 8 (i) and (iii) , either conclusion (i) of our theorem holds, or
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C_(j) = <i, j) t and conclusion (iii) holds.

Assume then that NQ[cJj)) = 5 , so that |S : CJ3') | = p . Let K be

an elementary abelian subgroup of S of maximal order. If

\K n CSU)\ 2 p 2 , then (*) forces 3 € K n C^Cj) , whence K c_ Cs(j) , and

(*) yields |x | 5 p 2 . If |X n C 5 ( j ) | < p , then \K : K n CgCj)| 5 p

implies that again \K\ 5 p . Anyhow, conclusion CiiJ holds and we are

done.

4. Proof of Theorem 4

If p-rank(z(S)} > 1 , then by our assumption a[z(S)) 5 2p , whence

conclusion (i) holds by Theorem 1. Hence we may assume that

p-rank(Z(S)) = 1 , whence Q[z(S)) is cyclic of order p , say,

n ( z ( 5 ) ) = < i > .

If 3 £ J , then p-rank(cs(j)) 2 2 . Thus, being a central p-Sylow

intersection, p < o(C~(3')) 5 2p . Hence Lemma 6 (i) yields that

o[Cs(3')) = 1 + p , and Lemma 8 (iii) that N^C^j)) /C^j) is cyclic of

order p .

We claim that

(*) if 3X € J* , 32 € J , and 1 ^ ^ ) : C ^ ^ ) n C"5(«72) | = p .

then Tii^ holds.

Indeed, Cc(<7\)
 n ^c(<7o) •'•s a central p-Sylow intersection strictly

contained in Cg(,/•,_) • Thus 1 + p = O ^ C j ) ) < a ^ ^ ) n C5(j'2)) by

Lemma 6 (££j. Hence, by Lemma 6 (i) , 2p < a(Cs(j } n C_(j )) , so that

p-rank(C^(JX) n C5(j'2)) = 1 , and ^ ( c ^ ^ ) n Cs(j*2)) = Sl[Z(S)) . Now

< j' > n n(z(5)) = 0 , so that by the assumption of (*), no element of

(3 > has any p-roots in CQ{O-A • A s <7\ € ^* > s o i s the case with the

±1

elements of Q[z(S)) . Thus, the fact that fi(cs(j ) n C'{j )) = fi(z(5))
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implies that C ^ ^ ) n C"5(«72) = fi(z(5)) = < i) , so that CgGZ-J is

2
elementary abelian of order p , and claim (*) is proved.

By Lemma 8 (i) and (Hi), either conclusion (i) of our theorem holds,

or J* ± 0 . Thus we may assume the existence of some j € J* . If

Cs{3r,)
 i s n o t normal in S , take g € N (N [C' [j ))) \N [c' [j A) . Then.

cyclic of order p , it follows that ^cUV)) : ĉ(<7'o) n ^gU'n = P » a n d

Tii^ holds by (*). Hence we may assume that C<j(<7'0)
 i s normal in 5 , so

that 15 : CcUry I = P • ^y the same argument we may assume now that

Colt7n) is normal in N-(S) , for otherwise we take any

^ € NJS)\NJCS[JQ}) , and repeat the process, to show that (ii) holds. We

may also assume that J* c C^\j ) . If this is not the case, take in (*)

any j Z J*\C~(jS\ as j' , and j' as j' , and conclude that (ii)

holds.

We claim now, that r2(z(c_(j ))) is strongly closed in 5 with

respect to G . To prove it, suppose that there exist

j' € S\Sl{z{Cs{j0))) , and ?c' € n(z(cs(j0))) , such that j' is conjugate

to k' in G . By Theorem 7 we may assume that there exists a central

p-Sylow intersection E and elements j (. H\£l{z(c~[j ))) and

k I E n n(z[cs[jQ})) , such that «/ is conjugate to k in ^(ff) .

Assume first that k $ U[z(S)) . Then < k, fi(z(5)) > <=_ H n Cs{jQ) <=_ E

yields that 1 5 o(E) 5 a[E n C^j' )) S 2p by the assumption of the

theorem. Thus, by Leminc 6, either o(fl) = 1 , whence E = S , or

0(ff) = a(ff n C S ( J 0 ) ) = o{Cs[j0)) , and ff = Cs(jQ) . But Q[z[Cs[jQ])) is

normal in ( NJ.S) , iVG(C_(j" ))> , a contradiction.

Thus we may assume that k € il[Z(S)) so that j t J . Moreover,

< j , fi(z(S)) > c # n CAj) c ff yields as before that either E = S or
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H = C<j(j) • The f i r s t case i s impossible as 3 \ ti[z(S)) and

k € fi(Z(5)) .

Thus 3 € J* , and as e7* c Cs[g J , we have

Using again the above argument yields Cg(d) = <?o(<7(0 > s o t n a t

3 € Jl(z(C_(j' ))) , a contradiction. Thus our claim is proved and

conclusion (i) of our theorem holds.

We remark that the condition a(T) 5 2p in the assumption of the

theorem is needed only to assure that if T c 2" c 5 € Syl (G) , where 2"

is a p-Sylow intersection, then

(i) NJT)/T is cyclic of order p , and

( i i ) T' = S ( s e e Lemma 6 ) .
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