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Einsteinian Gravitational Field of a Heterogeneous
Fluid Sphere.

By Mr. JyorieMava GuosH, M.A., Dacca University.
(Recetved 24th May 1926. Read 5th June 1926.)

§ 1. Introductory.

The field-equations of gravitation in Einstein’s theory bave
been solved in the case of an empty space, giving rise to de Sitter’s
spherical world! In the case of homogeneous matter filling all
space, the solution gives Einstein’s cylindrical world.? The field
corresponding to an isolated particle has been obtained by
Schwarzchild.? He has also obtained a solution for a fluid sphere
with uniform density,’ a problem treated also by Nordstrém® and
de Donder.® A new solution of the gravitational equations has
been cbtained in this paper, which corresponds to the field of a
heterogeneous fluid sphere, the density at any point being a certain
function of the distance of the point from the centre. The law of
density is quite simple and such as to give finite density at the
centre and gradually diminishing values as the distance from the
centre increases, as might be expected of a natural sphere of fluid
of large radius. The general problem of the fluid sphere with any
arbitrary law of density cannot be solved in exact terms. It will
be seen, however, from a theorem obtained in this paper, that the
solution depends on a linear differential equation of the second
order with variable coefficients involving the density, and thus the

1 EDDINGTON, Mathematical Theory of Relativity, Art. 45.
2 Ibid, Art. 67.

3 Ibid, Art. 38. Uber das Gravitationsfeld eines Massenpunktes nach. der
FEinsteinschen Theorie, Berlin-Sitzungsberichte, 1916, p, 189.

¢ Uber das Gravitationafeld einer Kugel aus incompressibler Flissigkeit,
Berlin Sitz., 1916, p. 426,

5 Calculation of some special cases in Einstein's Theory of Gravitation,
Proc. Amsterdam Acad., 21 (1919).

¢ La Gravifique Einsteinniene,
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laws of density for which the problem admits of exact solution are
those for which the above coefficients satisfy the conditions of
integrability of the differential equation. An approximate solution
for any law of density may be obtained by the method of series.

§ 2. The Equations.
On account of spherical symmetry, we assume the space-time
to be the Riemannian space whose metric is
ds® = — edr’~ 7°d6® - ?sin*0dd* + e d..... ... (1
where the velocity of light is taken as unity, and A and v are
functions of » only.

The field-equations of gravitation are

K, —ig,K=-8cT,, (pg=1,234) ... )

by
where K, = Contracted Riemann-Christoffel tensor,
K =g, K* = constant curvature,
T,, = Material-energy-tensor.
Now, we have
gu= —€, gn= —1 gy = ~ r’sin’f, g, =¢ \
gl= —eXg%= —r % g% = — (rsinf) S gt =e-7 )

Hence, g,,(p+ ¢) =0, &,,(p + ¢) = 0, and the equations (2) re-
duce to the four equations (with no summation convention)

~3g,K=-8zT,, (p=1,2,84) .......... (4)
Since 7, =g T0 =g, 7' = ~ & T},
7'22 = - 1'2 T22’ /1'33 = - 7.2 Sin! 9 Tsa’ T“ = ¢ ]1‘4,
1 dv 1-¢
K, -lgnh= - —— -
and n-zdud r dr e

Ky - %9221(2 - rie)
dA dv dv\?
[*dﬂ ta ”f(?d—r) * e
—%g”KasinEO(K - }9:K),

1dr_ 1-¢
M — — —
- bguK = (- - T+ 55,

(o))
dr dr/]’
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the equations (4) are

1dv & -1 .
e"‘<1—.£~— - _r’—>= =BT e e (5)
_ 2y d\ dv dn\* 1 /dv dA .
L ten G wE-F)- e
T e et e e e et e et aeaee )

1dr e -1 .
¢ %75 ) = BT T ®)

§3. The Solutions.

We assume that for a perfect fluid the material energy-tensor
is such that

T, =0, (p + )
T =Ti=Ti= - p

where p is the hydrostatic pressure, and
T!=p,
the density of the fluid referred to the coordinate system (r, 6, ¢, ¢).
Hence, equating 7' = 73, we obtain from (5) and (6)

&y
1 -
zdr ¥

d\ dv »1<Q>Q_Lﬁ_l9+ex_l_ o
dr ar ~ *\dr 2r dr 2 dr a0 9)

The equation (9) will be satisfied if the following two equations
are satistied :

d*v dv\? 1 dv
12 “y_ v _
3 d’r"'+%<dr> o Oy, (10)
1 dA dA dv 1
—_—— haih - (e — =
o 2r +}dr e (¢~-1)=0...... (11

Equation (10) can be written

d*v dv\* 2 dv

2 — —) -===0.
a T <dr) r dr 0

Multiplying by e, and putting z = ¢¥, we have

d?z 1 dz_o
dar? r dr
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whence
z = f3rf + 8,
B, 8 being arbitrary constants, and
e =(Br + 0P i (12)
Equation (11) can be written
e — 1 dr
PO % dr J
where
1 dv 307 + &
S A I BETY)
Putting 1 - e =2z weget
dz _ 2(Br + §)dr
z  r(3Brt+39)’
whence

_ cr?
(3Br° + 8’
¢ being an arbitrary constant, so that
\ (382 + §)28
BB L S = g e

Thus we find that the field (1) with the values of A and v given
by (12) and (13) satisfies the gravitational equations.

le-er=12

From (8) we obtain

e dA 1-e % 2
4 = —_—
r 1l = dr re r (1 + rf
_¢(5Br° + 39)
"~ (3Br + )8’
or,
- OB+ 38
p=1T}= B (3Br 8B e (14)

From (5) we get
p=-T}=-1¢=-1¢

" 8x(Br +9) tsﬂ,z + 8y [4/3 {(8Br*+ 8)2—er}—c(Br* + 8>]<15)
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There are three arbitrary constants in these solutions, viz.,
B, 8and c. We make 6§ = 1. The other two constants $and c are
then determined from the conditions:
(1) the pressurc p = 0 at = a, the radius of the sphere,
(2) the density at the centre = p,, a given quantity.

We thus obtain
L _4B(3Ba> + 1)1 8r

5,811‘1 ) == g‘po, .................. (16)
and
53r* + 3
p= 3(3pr" + 1—)5/3 Py e e (17)

We therefore «rrive at the following result:
The gravitational field of a heterogencous fluid sphere whose density
at the centre is p, and the density at a distance r from the centre is
58r* + 3
3B + 1B o
ds® = - e dr® ~ *df® -~ r?sin?Gd¢® + e dt}
(3Br% + 1)28

(3 + 1 - e

given by p = has the metric

where & =

where 3 is o constant expressible in terms of p, by means of (16).

§4. The general problem.

The general problem of a fluid sphere with an arbitrary law of
density may be treated in the following manner.

Let p = ¢(r) be the density of any point distant » from the
centre. From equation (8), we obtain,* on integration
A ~-eMNr=4+ Swj¢(r)r2dr,

whence

1-1

e = [1 - % {A +8#j¢(r)rfdr}]

== (TN, BBY. et (18)

* ¢f. CoMBRIDGE, Phil. Mag., Jan. 1926,
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From the condition 7' = 7,2 = T that is, from equation (9),

we have
d*v dv\? 2 dA 2 d 4(ex -1)
9 ____ e — —_ e _—
< dr? + <dr> (r + dr) dr r dr r? =0
or,
d2v dv\? | dv dA { di  4(er - 1)
v - ) — ¥ il D
e dr2 ) J el dr( + dr> e r dr+ r? } 0

or, putting e* = z,

d’z 2 dM\dz 2dr 4(er -1
43—1‘—2_2<7+E'>dr {rdr ~-(’r'“’—)}z=0’
or,
d*z dz
27 T " & + v,2 = 0,
where

v i)
_%{2 d 4 - 1)

v, =
: r (I'r )

Hence we obtain the theorem :

The gravitational field of a heterogeneous fluid sphere, whose
density at any point distant r from the centre is y (r), is given by the
metric (1), in which

. A=)

-[1- -:—{A + sw_[¢(r)rﬂdr}]_l

and e is oblained from the egquation
dz

P v L 0, (i (19)
where g = el/¥
1 1 d<;b>
RN
1 dd) 1 }
"7 T \3rg ar e (¢ -1y

6 Vol. 44
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The theorem may be made use of to discover laws of density for
which the field is exactly determinable.

§5. Remarks.

It is seen from (16) that, when the constant 8 = 0 we have
also ¢ = 0, and then from (14), p = 0; so that the corresponding
space is empty. The corresponding values of ¢* and e are each
unity from (12) and (13), and the space degenerates, as might be
expected, into a galilean space-time of special relativity.

From (17), we see that

5 1 2
p= ﬁ?‘jﬁ(l + 4—5—6"_'2’ + ),
which shews that p is of order r-4, so that the density diminishes
but gradually as the distance from the centre increases.

If, instead of (4), the modified equations of gravitation are used
in the form (with no summation convention)

K, - 39, K + ag,, = — 827, (p = 1,2 3, 4).....(20)
we get

l‘—l'P - :J!-qrp K+ " = = Sz’g”, 7'J'p’ (1’ = ]7 27 37 4)
or,

‘@ » ) o z
]\Pp - %glw]‘ = - 879}'1'<T1'l + g;), ([’ = 17 27 3) 4) (21)
These differ from the equations (5) ... (8), only in the fact that 7,”
o
is increased by the quantity vl
If, in this case, 7, = 0, i.e. if the space is empty, the corre-

sponding solution is known to be the space-time of de Sitter’s
world.

I wish to express my sense of appreciation of the kind interest
Professor Whittaker takes in my work.
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