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On the Continuity of the Eigenvalues of a
Sublaplacian

Amine Aribi, Sorin Dragomir, and Ahmad El Soufi

Abstract. 'We study the behavior of the eigenvalues of a sublaplacian Aj on a compact strictly pseudo-
convex CR manifold M, as functions on the set P; of positively oriented contact forms on M by
endowing P, with a natural metric topology.

1 Introduction

Let M be a compact strictly pseudoconvex CR manifold, of CR dimension #, without
boundary. Let P be the set of all C** pseudohermitian structures on M. Every § € P
is a contact form on M, i.e., 6 A (df)" is a volume form. Let P4 be the sets of € P
such that the Levi form Gy is positive definite (respectively, negative definite). For
0 € P,, let Ay be the sublaplacian

(1) Ayu = — div(VHy)

of (M, 6) acting on smooth real valued functions u € C*°(M,R). As A is a sub-
elliptic operator (of order 1/2) it has a discrete spectrum

0=2(0) <\ (0) < \(f) <--- 1 +00

(the eigenvalues of Ay, are counted with their multiplicities). Each eigenvalue A, (0),
v=0,1,2,...,is thought of as a function of § € P,. We shall deal mainly with the
following problem: Is there a natural topology on P, such that each eigenvalue function
Av: Py — Ris continuous? The analogous problem for the spectrum of the Laplace—
Beltrami operator on a compact Riemannian manifold was solved by S. Bando and
H. Urakawa [2], and our main result is imitative of their Theorem 2.2 (¢f. [2, p. 155]).
We shall establish the following.

Corollary 1 For every compact strictly pseudoconvex CR manifold M, the space of pos-
itively oriented contact forms P, admits a natural complete distance function d: P, x
P — [0, +00) such that each eigenvalue function \i: P, — R is continuous relative
to the d-topology.

By a result of J. M. Lee [8], for every § € P, there is a Lorentzian metric Fy €
Lor(C (M )) (the Fefferman metric) on the total space C(M) of the canonical circle
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bundle §' — C(M) oM Also, if O is the Laplace—Beltrami operator of Fy (the
wave operator), then o(A;) C o(O). Therefore the eigenvalues A\ may be thought
of as functions )\Z: € — R on the set € = {F9 S Lor(C(M)) : 0 € T+} of
all Fefferman metrics on C(M). On the other hand, Lor(C (M )) may be endowed
with the distance function dg°° considered by P. Mounoud [10] (associated to a fixed
Riemannian metric g on C(M)), and hence (C, dgoo) is itself a metric space. It is then
a natural question whether A] are continuous functions relative to the dg°-topology.

The paper is organized as follows. In Section 2, we recall the needed material
on CR and pseudohermitian geometry. The distance function d (in Corollary 1) is
built in Section 3. In Section 4, we establish a Max-Mini principle (¢f. Proposition 2)
for the eigenvalues of a sublaplacian. Then Corollary 1 follows from Theorem 1 in
Section 5. In Section 6, we prove the continuity of the eigenvalues with respect to
the Fefferman metric (cf. Corollary 2), though only as functions on €, = {e"°"F, :
u € C®(M,R),u>0}.

2 Review of CR and Pseudohermitian Geometry

Let (M7 TLO(M)) be a CR manifold, of CR dimension n, where T (M) C T(M)®C
is its CR structure, cf., e.g., [5, pp. 3—4]. The Levi distribution is

HM) = R{T1 (M) & T, (M)}

The Levi distribution carries the complex structure J: H(M) — H(M) given by
J(Z —Z) = i(Z— Z) forany Z € To(M) (here i = \/—1). A pseudohermitian
structure is a globally defined nowhere zero section § € C* (H (M )l) in the conor-
mal bundle H(M)* C T*(M). Pseudohermitian structures do exist by the mere
assumption that M be orientable. Let P be the set of all pseudohermitian struc-
tures on M. As H(M)L — M is a real line bundle for any 0, 6y € P thereis a
C® function A\: M — R\ {0} such that § = A\fy. Given 0 € P the Levi form is
Go(X,Y) = (d0)(X, JY) for every X,Y € X(M). Then Gys, = AGp,. The CR mani-
fold M is strictly pseudoconvex if Gy is positive definite (write Gy > 0) for some 6§ € P.
If M is strictly pseudoconvex then each § € P is a contact form, i.e., ¥y = O A (dO)" is
a volume form on M. Clearly, if Gy is positive definite then G_y is negative definite.
Hence P admits a natural orientation P, (Gy > 0 for each § € P,). Let M be a
strictly pseudoconvex CR manifold and 6 € P.. The Reeb vector field is the globally
defined, nowhere zero, tangent vector field T € X(M), transverse to H(M), deter-
mined by 6(T) = 1 and (d6)(T, X) = 0 for any X € X(M) (cf. [5, Proposition 1.2,
p- 8]). The Webster metric is the Riemannian metric gy on M given by

gG(X;Y) - GG(X;Y)a gﬁ(Xa T) - 0) gﬁ(Tv T) = 1;

for every X,Y € H(M). Let S' — C(M) 1> M be the canonical circle bundle (cf.
[5, Definition 2.9, p. 119]). For every § € P, there is a Lorentzian metric Fy on
C(M) (the Fefferman metric, cf. [5, Definition 2.15, p. 128]) such that the set € =
{Fp : 6 € P,} of all Fefferman metrics is given by C = {""Fy : u € C>°(M,R)} for
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each fixed contact form 6 € P, (by a result of Lee [8], or [5, Theorem 2.3, p. 128]).
C is also referred to as the restricted conformal class of Fy and it is a CR invariant.

If u € C®°(M,R) then the horizontal gradient V¥u € C*> (H(M)) is given by
VHu = TgVu. Here Ily: T(M) — H(M) is the projection relative to the de-
composition T(M) = H(M) @ RT and Vu is the gradient of u with respect to the
Webster metric, i.e., go(Vu,X) = X(u) for any X € X(M). The divergence oper-
ator div: X(M) — C°°(M,R) is meant with respect to the volume form Wy, i.e.,
Lx¥y = div(X)¥y for any X € X(M). The sublaplacian A, of (M, 0) is then the
formally self-adjoint, second order, degenerate elliptic (in the sense of J. M. Bony
[4]) operator given by Ayu = — div(V7u) for any u € C°(M,R). A systematic
application of functional analysis methods to the study of sublaplacians (on domains
in strictly pseudoconvex CR manifolds) was started in [3]. By a result following es-
sentially from work in [9] (¢f. also [12]), if M is compact, then A}, has a discrete
spectrum o (A,) = {\, : ¥ > 0} such that A = 0and \, 1 +o0 as v — oc.

3 A Topology on the Space of Oriented Contact Forms

Let {U)}rea be a finite open covering of M such that the closure of each U} is con-
tained in a larger open set V, which is both the domain of a local frame {X, : 1 <
a<2n} CC™® (V)\, H(M)) with Xp4n = JX, for any 1 < a < n, and a coordi-
nate neighborhood with the local coordinates (x!, . .., x*"*!). For each point x € M,
let P, (respectively S,) be the set of all symmetric positive definite (respectively merely
symmetric) bilinear forms on T,(M). Let us consider the anti-reflexive partial order
relation on S, defined by

80<¢<:H/1—90€Px, <P»¢€Sx.
Next let p/': P, X P, — [0, +00) be the distance function given by
pi (0, 0) = inf{§ > 0 : exp(—d)p < ¥ < exp(d)p}

for any ¢, 1) € Py. Then (Py, p.’) is a complete metric space (by [2, Lemma 1.1 (iii),
p- 158]).

Let M be the set of all Riemannian metrics on M, so that gy € M for every § € P,.
Following [2], one may endow M with a complete distance function p. Indeed, as M
is compact, one may set

p(g1,8) = suﬁp,’c’(gl,x,gz,x), 8,8 € M.
XE

Also let S(M) be the space of all C*° symmetric (0, 2)-tensor fields on M, organized
as a Fréchet space by the family of seminorms { |- [ : k € NU {0} } , where

gle = Ighi  Ighu=sup Y D),

AEA X€UN |o| <k
where

D = 9lel/a(ch) - gy g = ¢(9)9x',8/9x)) € CZ(Vy,R),
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for any g € S(M). The topology of S(M) as a locally convex space is compatible to
the distance function

oo

, 1 g — &l
(g,@) =) ————2"—1 g,0 €SM).
p'(g1,8 k§:0 FTig g F

In particular (S(M ), p’ ) is a complete metric space. If

p(g1,8) =p'(g,8) +p" (g1, &)

then (M, p) is a complete metric space (cf. [2, Proposition 2, p. 158]). Each met-
ric g € M determines a Laplace—Beltrami operator A, hence the eigenvalues of A,
may be thought of as functions of g and as such the eigenvalues are (by [2, Theo-
rem 2.2, p. 161]) continuous functions on (M, p). To deal with the similar problem
for the spectrum of a sublaplacian, we start by observing that the natural counter-
part of M in the category of strictly pseudoconvex CR manifolds is the set My of
all sub-Riemannian metrics on (M ,H(M )) . Nevertheless, only a particular sort of
sub-Riemannian metric gives rise to a sublaplacian, i.e., A is associated to Gy € My
for some positively-oriented contact form 6 € P,. Of course P, C Q!(M) and one
may endow 2! (M) with the C* topology. One may then attempt to repeat the argu-
mentsin [2] (by replacing S(M) with Q!(M)). The situation at hand is however much
simpler since, once a contact form 6, € P, is fixed, all others are parametrized by
C>®(M,R), i.e., for any § € P, there is a unique u € C*°(M, R) such that § = e“,.
We may then use the canonical Fréchet space structure (and corresponding complete
distance function) of C*°(M, R). Precisely, for every u € C*(M,R), A € A and
ke NU {0} we set

pak(w) = sup Y [Du(x)],

*€UL || <k

pe) = k), Julew =Y L p(w)

7 .
AEA o 21 k)
If 6y € P, is a fixed contact form then we set
d'(01,0,) = luy — uzlce, 61,0, € Py,

where u; € C°°(M, R) are given by 0; = e", for any i € {1, 2}. The definition of d’
doesn’t depend upon the choice of 6 € P,.

Lemma 1 (P,,d’) is a complete metric space.

Proof Let {6,},>1 be a Cauchy sequence in (P,,d’). If u, € C>(M,R) is the
function determined by 6, = e" 6, then (by the very definition of d’) {u,},>; is
a Cauchy sequence in C*°(M, R). Here C*°(M, R) is organized as a Fréchet space by
the (countable, separating) family of seminorms { py : k € NU {0} } . Hence there is
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u € C*°(M,R) such that |u, — u|cee — 0asv — oo. Finally if 6 = ¢“6, € P, then
d,,0) — 0asv — oco. [ |

Let S(H) C HM)* ® H(M)* be the subbundle of all bilinear symmetric forms
on H(M). For every G € COO(S(H)) ,keZ, k>0,and A € A we set

2n
Gl =sup Y Y |ID"Ga(x)],

x€UA |a|<k a,b=1

‘ |k E | |>\«,k7 | |C 2 :2k1+|G|k’
AEA k=0

where G, = G(X,,Xp) € C°(Vy,R). Moreover we set
p(G1, Gy) = |Gl — Gylce, Gy, Gy € CP(S(H)).

Lemma 2 {|-|x : k € NU{0}} is a countable separating family of seminorms
organizing X = C*°(S(H)) as a Fréchet space. In particular (¥, pj;) is a complete
metric space.

Proof Foreachk € NU {0} and N € N we set
) V(k,N) = {G € X:|G|x < 1/N}.

Let B be the collection of all finite intersections of sets (2). Then B is (cf., e.g., [11,
Theorem 1.37, p. 27]) a convex balanced local base for a topology 7 on X that makes X
into a locally convex space such that every seminorm | - | is continuous and a set E C
X is bounded if and only if every | - | is bounded on E. The topology 7 is compatible
with the distance function py;. Let {G,}m>1 C X be a Cauchy sequence relative
to pg;. Thus, for every fixed k € NU {0} and N € N one has G,, — G, € V(k, N) for
m, p sufficiently large. Consequently

ID*(Gm)ap(x) — D*(Gp)ap(x)| < 1/N,
xeUyx, NeA, |a| <k 1<a,b<2n
It follows that each sequence {D®(Gy)ab }m>1 converges uniformly on U, to a func-
tion G%,. In particular for o« = 0 one has (G,)ap(x) — ng(x) as m — 00, uniformly
inx € Uy. If \,\ € Aaresuchthat Uy N Uy # @ and
X! = AlX,, A=[A%Y:U\NUy — GL2n,R),

is a local transformation of the frame in H(M) then

(Gu)lp = AAN(G)eg on Uy N Uy
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so that (for m — 00) G’ = AAYG on Uy N Uy.. Thus G%, € C*(U,) glue up

to a (globally defined) bilinear symmetric form G® on H(M) and G,, — G in X as
m — oQ. |

For each point x € M, let P(H), be the set of all symmetric positive definite bilin-
ear forms on H(M),. We endow S(H), with the anti-reflexive partial order relation

<P<¢<:>1/1—50€P(H)x7 @7¢€S(H)x
Next let p,': P(H), x P(H), — [0, +00) be given by

py (9, 10) = inf{d > 0 : exp(=d)p < ¢ < exp(d)p}
for any ¢, € P(H),.

Lemma 3 p' is a distance function on P(H)s.

Proof Ase ’p < 1) < e’ is equivalent to e %9 < ¢ < €%, it follows that p/’ is
symmetric. To prove the triangle inequality we assume that p,' (¢, ) > p/ (¢, x) +
p"'(x, 1) for some @, 1, x € P(H),. Then

Py (0,0) — py/ (0, x) > inf{d > 0 : exp(—d)x < ¥ < exp(d)x},

hence there is §, > 0 such that e=%y < ¢ < ey and p!/(p, ) — p/'(p,X) > 0,.
Similarly,

Py (@, ) — 0y > inf{d > 0: exp(—d)p < x < exp(d)p}

yields the existence of a number d; > 0 such that e %' < x < e’ and p!/ (i, 1)) —
5, > 6). Let us set § = &, +6,. The inequalities written so far show that e % < 1) <
e’ and p!'(¢,) > 4, a contradiction. Finally, let us assume that p// (¢, 1)) = 0, so
that for any k € N,

inf{é > 0:exp(—=d)p < ¥ < exp(d)p} < 1/k
i.e., there is 6y > 0 such that e % < 1) < €% and §; < 1/k. Thus limg_, o 0 = 0
and ¢ — e %@ € P(H), shows (by passing to the limit with k — oo in ¥(v,v) —
e %p(v,v) > 0,v € HM), \ {0}) that ¢ < . Similarly ¢ — ) € P(H), yields
1 < ¢ in the limit, and we may conclude that ¢ = 1. Vice versa, if ¢ € P(H), then
{6>0:(1—e)p, (e —1)p € P(H),} = (0,+0),
hence p; (¢, ¢) = 0. ]

Lemma 4
@) (P(H)x, p)'c’) is a complete metric space.
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(ii) Let {p;}jen C P(H)y such thatlimj_, p; = ¢ € P(H)y in the p,’-topology.
Thenlim;_, @i(v,w) = @(v,w) for any v,w € H(M),.

Proof (i) Let {¢;}jen C P(H)x be a Cauchy sequence in the p;’-topology, i.e., for
any € > 0 there is j. € N such that p{'(@jp,¢j) > € for any j > j. and any
p = 1,2,.... Hence there is §. > 0 such that e_6f<pj < Yjp < e‘5f<pj and d. < e.
Consequently

|log @ivp(v,v) —logpi(v,v)| < 0 < €
forany v € H(M), \ {0}. Therefore if
§ = (logg@j(v, v),...,logpi(, v)) € R
then {¢;} jen is a Cauchy sequence in R*". Let then £ = lim;_, &; and let
0: HM), x HM),; — R

be the bilinear form given by (v, v) = exp(£?) for any v € H(M), \ {0} followed by
polarization. Here £ = (¢',...,£*"). Then ¢ € P(H), and lim;_, ¢; = ¢ in the
pi/-topology.

(i) If o; — pas j — oo thenlogy;(v,v) — logp(v,v) as j — oo, for any
v € HM)y \ {0}. Then lim;_,, ¢j(v,v) = ¢(v,v) uniformly in v and statement (ii)
follows by polarization. ]

As M is compact we may set
pii(G1, G2) = sup pi/(Gi, Gx),
xeM
pr(G1, Gy) = pyy(Gi, G) + ppi(G1, Ga), G, Gy € My,
Also let d be the distance function on P, given by
d(6:,0,) = d'(01,6,) + py;(Gy,, Gg,), 01,0, € Ps.

Proposition 1

(i)  (My, pr) is a complete metric space.
(i) Themap 8 € P, — Gy € My of (P4, d) into (My, py) is continuous.
(iii) (P4, d) is a complete metric space.

Proof (i) Let {G;};>, bea Cauchy sequencein (Mg, py). Then {G;} j>; is a Cauchy
sequence in both (X, pf;) and (My, pj{). Yet (X, p;) is complete (by Lemma 2). Thus
p1(Gj, G) = 0as j — oo for some G € X. In particular

im Gj.(v,w) = Gc(v,w)
—00

J
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for every x € M and v,w € H(M) . On the other hand, as {Gj} >, is Cauchy in
(Muy, pjy), for every € > 0 there is N, > 1 such that

oy (Gix, Gjx) < pfi(Gi, Gj) < €

for every i,j > N. and x € M. Thus {G;,};>; is Cauchy in the complete (by
Lemma 4) metric space (P(H)x, pJ’C’) so that p'(Gj, ) — 0as j — oo for some
@ € P(H),. Then (by (iii) in Lemma 4) lim;_,, G;.(v,w) = @(v,w) for every
v,w € H(M),, hence G, = ¢, yielding G € M.

(i) Let {6,},>1 C P, such that d(6,,0) — 0 for v — oo for some § € P,. If
0, = €0y and 0 = "0y, then |u, — ujce — 0as v — oo. Then Gy, = " Gy,
and Gy = €"Gy,. Since D*u,, — D%u as v — 00, uniformly on U, for any A € A,
la| < k, and k € N U {0}, it follows that D*(Gy, )y — D*(Gp)ap as v — 00,
uniformly on U, for any 1 < a,b < 2n. Hence Gy, — Gy in X so that (by the very
definition of d and py) pu(Gy,, Go) — 0.

(iii) If {6, },>1 is a Cauchy sequence in (P, d) then {u, },>1 is Cauchy in (P,,d’)
as well. Yet (by Lemma 1) (P,,d’) is complete, hence d’(6,,0) — 0 for some
6 € P.. Then, as a byproduct of the proof of statement (ii), one has Gy, — Gy in
X. Finally, verbatim repetition of the arguments in the proof of statement (i) yields
p1(Gy,, Gp) — 0 so that d(6,,0) — 0. [ |

4 A Max-Mini Principle

For each k € N U {0} we consider a (k + 1)-dimensional real subspace Li;; C
C*°(M,R) and set

vH 22
AolLian) = sup ””ﬂ{”L e L\ {0},
L2

Here

1l = ( / fof) x|l = ( / geoc,xm)z,
M M

forany f € C°(M,R) and any X € X(M). Let {u, },>0 C C°°(M, R) be a complete
orthonormal system relative to the L* inner product (f,g);2 = [,, fg¥s such that
u, € Eigen(Ab;)\V(G)) foreveryv > 0. If f € C*°(M,R) then f = Zf’;o a,(flu,
(L* convergence) for some a, (f) € R. Let L2 .1 be the subspace of C*° (M, R) spanned
by {u, : 0 < v < k}. Let (VH)* be the formal adjoint of V¥, i.e.,
(V. X = (f.(V)X)
forany f € C*°(M,R) and X € C°°(H(M)). Mere integration by parts shows that
(VX = —div(X), X eC>®(HWM)),
implying, by (1), the useful identity

(3) IVHEIZ = (f, Ao f)re, [ €CZM,R).
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Let f € LY, \ {0} so that f = Zi:o a,u, for some a, € R. Then, by (3),

k k
IV £l =D alA0) < M(0) > al = MO £}

v=0 v=0

hence
(4) Ag(L3,) < Me(6).

Our purpose in this section is to establish the following.

Proposition 2 Let M be a compact strictly pseudoconvex CR manifold and 6 € P, a
positively oriented contact form. Then

A(0) = glfAH(LkH)

where the infimum is taken over all subspaces Ly, C C°(M,R) with dimg Ly, =
k+1.

So far, by (4), A\ (6) > Ag(L2+1) > inf,., Ag(Lis1). The proof of Proposition 2
is by contradiction. We assume that \((8) > inf;, , Ag(Lis1), ie., thereisa (k + 1)-
dimensional subspace Liy; C C*°(M, R) such that Ag(Lis1) < Ax(0). Then Ag(Litq)
is finite and

IFIZ2A0 (L) = IV FlIZ, f € L

Then, by (3),
fja,x PP Ao(Lis) > fj A (0)a, (),
so that - -
G Y a ML) =AO1 = Y a(PIA0) = Ag(Li)].
Ag(Ls1) 2 Ao (6) Ap(Lis1) <AL (0)

Let ®: Ly — C*°(M, R) be the linear map given by

(f) = a(Nu, €L,

v=0

where m = max{v > 0 : A\, (0) < Ay(Lgs1)}. Note that 0 < m < k — 1 (by the
contradiction assumption). We claim that

(6) Ker(®) # (0).

Of course (6) is only true within the contradiction loop. The statement follows from
dimg ®(Lgs1) < m+1 < k < k+ 1 (hence ® cannot be injective). Using (6), let
fo € Lit1 such that ®(fy) = 0 and fy # 0. Then a,(fy) = 0forany 0 < v < m,
i.e., whenever Ag(Lig+1) > A, (6). Applying (5) to f = fo yields a,,(fy) = 0 whenever
Ag(Lks1) < Ay(0). Thus fo = 0, a contradiction.
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5 Continuity of Eigenvalues

The scope of this section is to establish the following.

Theorem 1 Let M be a compact strictly pseudoconvex CR manifold. If 6 > 0 and
0,0 € P, are two contact forms on M such that d(6,0) < & then e ° \(0) < M(0) <
e‘s)\k(e)for any k > 0.

Proof Foranyx € M
d>inf{e > 0:e Gy, < Gj, < €Gox}

i.e., thereis 0 < € < ¢ such that Gy, —€ “Gox € P(H)y and e°Gp x — Gy, € P(H),.
There is a unique u € C>(M, R) such that § = ¢“. Consequently

(7) O A (dO)" = ™ Vug A (dB)".

On the other hand e”SGg,x(v, v) < Gy (vv) < edG(97,¢(1/7 v) forany v € HM), \ {0}
implies |u| < §. Then for every f € C*°(M), by (7),

(8) e—(n+l)6/ fz\IIHS/ fZ\I,éSe(nJrl)é/ fZ\I/€~
M M M

Moreover,

9) VAf = e VY,

where V¥ f is the horizontal gradient of f with respect to #. Thus, by (9),
e[V £} < @IV |3 s0 that, by (7),

e 2 / IV 3w, < /
M M

Finally, by (8)-(9),

H £)12 —
VG =

VHf2W, < oD /M IV fI .

oIV AR S VI3 IV 7
T S T 1 A

so that (by the Max-Mini principle)
(10) e M (B) < M) < A6).

Theorem 1 is proved. Corollary 1 follows from (10).
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6 Spectra of A, and O

Let Fy be the Fefferman metric of (M, #) and [J the corresponding wave operator (the
Laplace—Beltrami operator of (C (M), F@) ). We set M = C(M) for simplicity. Let g
be a fixed Riemannian metric on . The space S(M) of all symmetric tensor fields
may be identified with the space of all fields of endomorphisms of T(Mt) which are
symmetric with respect to g, i.e., for each h € S(M) let hecCc> (End( T(‘Jﬁ)) ) be
given by

¢(hX,Y) = h(X,Y), X,Y € X(M).

From now on we assume that M is compact. Then It is compact as well (as I is
the total space of a principal bundle with compact base and compact fibres) and we
endow S(IM) with the distance function

d®(hy, hy) = supltrace(2)]'?,  hy, by € S(M),
zeM

where p = hy — By and % = ¢, 0 ¢,. The set Lor(M) of all Lorentz metrics on M is
an open set of (S(im), dgo) and for any pair g, ¢, of Riemannian metrics on M the
distance functions d,, and d,, are uniformly equivalent (cf,, e.g., [10, p. 49]). We shall
use the topology induced by dg° on Lor(9) (and therefore on € C Lor(9)). By a
result of [8], the sublaplacian A, of (M, ) is the pushforward of the wave operator,
ie, m.0 = Ay. In particular 6(Ap) C o(0). Thus each A\;: P, — IR may be
thought of as a function )\Z: € — R such that )\Z o F = ) for every k > 0, where
F: P, — Cis the map given by F(8) = F, for every 6 € P,. As another consequence
of Theorem 1 we establish the following.

Corollary 2 Let M be a compact strictly pseudoconvex CR manifold and let g be an
arbitrary Riemannian metric on M = C(M). Let 6y € P, be a fixed contact form and
P = {e"0p : u € C°(M,R),u > 0} IfCy = {Fy : 0 € P,,} then for every
k € NU {0} the function A : €, — R is continuous relative to the dg°-topology.

Proof Let; € P,,i € {1,2},andletussetp = Fy —Fy,. Let {E, : 1 < p < 2n+2}
be a local g-orthonormal frame on T(9), defined on the open set U C M. Then

2n+2
trace(p’) = > g(¢’Ep, Ey) = > _{Fy, (9Ey, Ep) — Fo,(9Ep, E,)}
p=1 P
on U. On the other hand if pE, = angq then cpg = F(0,)(E,, E;) — F(0,)(Ep, Eq)
hence
(11) trace(y”) = ("7 — °")?||Fy, | 2,

where u; € C*°(M,R) is given by 6; = e“6, and ||Fy,||, is the norm of Fy, as a
(0, 2)-tensor field on 9t with respect to g. Then, by (11),

dg° (Fp,, Fg,) = S;al) "o — €2°T| || Fy, || ¢-
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As M is compact, a = infca [|Fy, |- > 0. Indeed, by compactness, a = ||Fy,||¢.z
for some zy € M. If a = 0 then Fy, ,, = 0, a contradiction (as Fy, is Lorentzian, and
hence nondegenerate). Let € > 0 such that d;°(Fy,, Fy,) < €. Then e — €| < ¢/a
everywhere on M. As both u; > 0and u, > 0 it follows that |u; — uy| < log(1+¢€/a).
Indeed et — "2 < €/a is equivalent to e ~*2 < 1+ (¢/a)e "2 hence (as u, > 0)

u; — up < log[1+ (e/a)e™"] < log(1 + €/a).
Therefore
(1+€/a) "' Go (v, v) < Go, x(v,v) < (1 +€/a)Gy, +(v, V)

forany v € H(M), \ {0} and any x € M. Consequently p}/(Gy,, Gg,) < log(1+€/a).
The arguments in Section 5 then yield

(1+e/a) " AL(Fy,) < A(Fp,) < (1 +¢/a)N[(Fp,)

and Corollary 2 follows. The problem of the behavior of Al : € — R is open. So does
the more general problem of the behavior of the spectrum of the wave operator on It
with respect to a change of F € Lor(9t). Further work (cf. [1]) on the behavior of
o(Ayp) under analytic 1-parameter deformations {0(¢)};cr of a given contact form
6y € P, builds on the Riemannian counterpart in [6] and the functional analysis
results in [7].
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