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PROJECTIVE HOMOTOPY CLASSES 
OF STIEFEL MANIFOLDS 

JOSEPH STRUTT 

1. I n t r o d u c t i o n . Given a homotopy class [f] in wn(X), we say tha t [/] is 
projective if and only if there is a homotopy commutat ive factorization 

f 
S" i • X 

X /r 
RPn 

where v is the s tandard double covering. W e then denote by Tn
FTOi(X) the 

subset of projective homotopy classes in irn(X). 
T h e notion of projective homotopy classes was studied in the au thor ' s 

thesis [5], and the projective homotopy classes for spheres in the stable range, 
up through the 3-stem were calculated in [6]. The purpose of the present 
paper is to prove the following result: 

1.1 T H E O R E M . 7r7
Pro j(X) = iri(X) for X equal to the Stiefel manifolds F 7 f 3 

and ^7,4-

The interest in projective homotopy classes of Stiefel manifolds arises from 
a problem concerning vector fields on spheres, studied by Zvengrowski [7]. 
In particular, he asks the following question: Is every r-field on 5W _ 1 homotopic 
to a skew linear r-field? An r-field on 5W _ 1 is denned to be a set of r-vector 
vector fields on Sn~1 which are orthonormal a t every point. This can be regarded 
as a cross section of the fibration 

Vn-1,T —* Vn,T+l —> £ W _ 1 

and one can then consider homotopy classes of r-fields. An r-neld is said to be 
skew linear if and only if it is equivariant with respect to the obvious Z2 
action on Vn,r+i and 5W_1 . 

In [7] Zvengrowski shows t ha t for r ^ 5, every r-field is homotopic to a 
skew-linear r-field. T h e first pa r t of the proof makes use of a homotopy 
classification of r-fields on 5W _ 1 ; the homotopy classes of r-fields are in one-one 
correspondence with (n — 1)-dimensional homotopy classes of the fibre 
7Tn_i(Fn_i,r). In the parallelizable case, i.e., when n = 2 ,4 , or 8, the skew linear 
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r-fields are in one-one correspondence with the projective classes 7rw_iPro j ( Vn-i,r). 
Therefore one wants to know t h a t 

7Tw_l TOi(Vn-i,r) = Trn-i(Vn-itr) 

when n = 2, 4, or 8. Most of the a rguments are e lementary and are given in [7]. 

T h e concern of this paper is to handle the two non-trivial cases ^7(^7,3) and 

^ 7 ( ^ 7 , 4 ) . 

2. C o n s t r u c t i o n of P o s t n i k o v s y s t e m s . T h e principal tool in s tudying 
projective homotopy classes is the mod 2 Postnikov system for the space in 
question. W e will first construct a Postnikov system for VTJ. Recall (cf. [4]) 
t h a t H*(Vnfk] Z2) is the algebra over the Steenrod algebra generated by 
H*(RPnZk-i; Z2) and subject to the relation Sqi[J] = Citj[i + j] (including 
[j]2 = [2j]), where [j] denotes the generator of Hj(RPlZV-i) Z2) (see Figure 
2.1). 

n Generator of Hn(V7 3; Z2) 
4 [4] 
5 [5] 

6 [6] 
7 
8 
9 [4] [5] 

Figure 2.1 

Since H*{Vix, Z2) has [4] and [5] as generators over the Steenrod algebra, 
to construct a Postnikov system, we begin with the map 

[4] X [ 5 ] : F 7 , 3 - > i £ ( Z , 4 ) X K(Z2, 5) . 

I t is clear t h a t this m a p induces an isomorphism on TTA(— ). If we construct a 
space Xb by killing the class SqHA (x) 1 in H*(K(Z, 4) X K(Z2, 5 ) ; Z 2 ) , the 
map [4] X [5] will lift to X 5 and the lifting will satisfy the hypotheses of the 
^v approximat ion theorem (see [1, p . 100]): 

, Sq2n ® 1 , 
K(Z, 4) X K(Z2, 5) • K(Z2, 6 ) . 

Therefore the lifting will induce a cnf2 isomorphism on 7r5(— ). (fêv denotes 
the Serre class of abelian torsion groups of finite exponent such t h a t the order 
of every e lement is prime to p.) 

T h e cohomology of X5 is computed in Table 1 using the Serre exact sequence. 
T h e symbol uSqi' J " in the table denotes Sq*Sqj. T h e arrows indicate t rans­
gression from the cohomology of the fibre to the cohomology of the base. T h e 
Greek letters denote classes which pull back to the appropr ia te SqiSqj of the 
fundamental class of the fibre. For example, a ( 2 ) in H*(X5) Z2) pulls back to 
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n 
H*(K(Z, 4) X 
K(Z2) 5)) H*(K(Z2, 5)) • H*(X5) 

H*(K(Z2tQ)X 
K(Z2,6)) H*(Xs) 

4 *4 0 1 n® 1 *4® 1 

5 1 0 i5 ^k 10*5 1 0 H 

6 Sg*n 0 l 4 ^ 
1 0 SqH5 / 

Sqlh 
1 0 SqHs 

is® 1 
1 0 Sqlh 

7 Sgpii ® 1 
1 0 SqH5 

SqH5 1 0 Stiys ̂ ^ 6^6 0 1 
/ 1 0 5g%*6 

ii2 0 1 

1 0 SqH5 

1 0 Sq2<H5 

Stfis 

Sq2'Hs 

SqH6®l U2®1 

SqH6 1 0 Sq^H 

7(2,1) 

1 ®SqH5 / 
1 0 Sq*>H5 

U 0 h 5(3,1) 
etc. 

10 Sqt'Hi® 1 
etc. 

SqH5 in H*(K(Z2, 5); Z 2 ) ; T ( 2 , 1) pulls back to Sq2'H5. In dimensions through 
eight, at least, we are in the range of Serre's exact sequence, and transgression 
is defined on all elements in the cohomology of the fibre. 

The succeeding stages of the Postnikov system are constructed by deciding 
which class or classes must be killed in order that the hypotheses of t h e ^ 
approximation theorem be satisfied at the next stage (see Table 1). The 
Postnikov system we then get is displayed in Figure 2.2. 

K(Z, 7) X X(Z4> 7) X K(Z±, 7) - + X 7 

i 
K (Z2, 6) X K (Z2, 6) -> X, -^ K (Z, 8) X K (Z4, 8) X K (Z4, 8) 

Ï 
K(Z2, 5) -+X 5 -> K(Z2l 7) X K(Z2, 7) 

I 
K{Z,±) Xi^(Z2 ,5)->X(Z2 ,6) 

Figure 2.2 
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The Postnikov invariants are Sq2i± (x) 1, (1 (x) Sq2'Hb) X «(2), and 
(i*2 (x) 1) X (1 ®Sq2>H,) X 7(2, 1), in that order. (f(2, 1) denotes the image 
of 7(2, 1) in Jff*(X6; Z2).) It is clear that the class i4

2 (x) 1 in the cohomology 
of X6 is the mod 2 reduction of an integral class. To see that 1 (x) Sq2>1i?> and 
7(2, 1) are both reductions of Z4 classes but not Z8 classes, we need certain 
information about the squaring operations in i7*(X5; Z2). 

2.1 LEMMA. TAe classes a(2), 7(2, 1), and 5(3, 1) in i7*(X5; Z2) caw be chosen 
so that Sq2 a(2) = 6(3, 1) andSq1y(21 1) = 5(3, 1). 

Proof. 5(3, 1) is any class which pulls back to Sq*Sqlib, so by the Adem 
relation, Sq2Sq2 = SqzSq1, it is clear that the two equalities hold modulo the 
image of p*, where p is the fibre map. To show that these classes can be chosen 
so that strict equality holds, we use a naturality argument. We consider the 
2-stage Postnikov system 

-XV 

* SqHi 
K(Z,4:) >i£(Z2, 6). 

The projection onto the first factor of K(Z, 4) X K(Z2j 5) induces a map 
from the first Postnikov system to the second: 

X5 > XJ 

K(Z, 4) X K(Z2, 5) >K(Z, 4). 

It is clear that H*(X5'; Z2) is identical to H*(X5] Z2) except that there are 
no classes of the form 1 (x) SqTib (see Table 1). In particular, the image of 
p* is zero in H% (X$ ; Z2). Therefore we have that 

Sq1y,(2, 1) = ô'(3, 1) = Sq2 a'(2) 

in H*(Xh'\Z2). Then we simply choose a(2),7(2, 1), and 6(3, 1) in H* (X5; Z2) 
to be $>*(«'(2)), ^*(y/(2, 1)), and *>*(ô'(3, 1)), respectively. The result now 
follows by naturality. 

We then use the well-known Bockstein lemma, whose proof is given in 
[ l , p . 106]: 

2.2 LEMMA. Let p: E—^B be a Serre fibration with fibre F. Let df denote the ith 
Bockstein homomorphism and let r denote the inclusion of the fibre into the total 
space. Suppose that a class u in Hn(F;Z2) transgresses to dtv for some v in 
Hn(B)Z2). Then di+1p*(v) is defined in Hn+1(E;Z2) and r*(di+1p*(v)) = dxu. 

We apply this to the fibration K(Z2, 6) X K(Z2, 6) -*X& ->X5l taking u 
to be SqHe (x) 1, v to be 1 (g)Sq2'H5, and i to be 1. Then d2{\ ®Sq2'H5) is 
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defined and non-zero in iJ*(X6; Z2). We then use the fact that a class w is the 
mod 2 reduction of a Z2

k class but not a Z2
k + 1 class if and only if dkw is 

defined and non-zero. Similarly for 7(2, 1), we take u to be 1 (x) Sq2i§, v to be 
7(2, 1), and i to be 1. We note that u = 1 ® SqH6 transgresses to Sq2a(2), 
which by Lemma 2.1 is precisely 5(3, 1), and 5(3, 1) = ^17(2, 1). 

We can therefore conclude that d2y(2, 1) is defined and non-zero in 
i7*(X6;Z2). This finishes the argument that 1 (g)Sq2'H5 and 7(2,1) are 
reductions of Z4 but not Z8 classes. 

It can now be verified that the map 

[4] X [5]:F7 ,3->i£(Z,4) XK(Z2,5) 

lifts to each Xk and that each lifting F7;3 -+Xk induces a ^ 2 isomorphism 
on Ti(— ), i ^ k. 

According to the calculations of Paechter [2], 71̂ (1̂ 7,3) is 2-primary except 
in dimension 7, where 7r7(F7>3) = Z + Z4 + Zi2. Therefore the lifting F7>3—>^T7 

induces an isomorphism on Ti(— ) for i < 7 and an epimorphism for i = 7. For 
any CW complex K, this implies that the induced map [K, F7>3] —» [K, X7] 
is bijective if dim K < 7 and surjective if dim K = 7 (see [3, Corollary 
7.6.23]). In particular, [RP7, F7f3] -> [i?P7, X7] is surjective, so 

7 r 7
P r o j ( F 7 , 3 ) - ^ 7 r 7 P r o j ( X 7 ) 

is also surjective. Therefore 7r7
Proj(X7) is equal to the 2-primary component 

of *T7 p r o 3(F 7 i8). 

Next we construct a Postnikov system for F7)4. The Z2 cohomology of Vn,\ 
is given in Figure 2.3. 

n Generator of Hn(V-j 4; Z2) 
3 [3] 
4 [4] 
5 [5] 
6 [6] = ([3])* 
7 [3] [4] 
8 [3] [5] 
9 [3] [6] = ([3])', [4] [5] 

Figure 2.3 
We begin with the map 

[3 ] :F 7 , 4^X(Z 2 , 3 ) , 

which induces an isomorphism on 7r3(—). To construct the next stage, F5, 
the class Sq2SqHz in H*(K(Z2, 3); Z2) must be killed. The cohomology of F5 

is computed in Table 2. We note that we are not in the range of Serre's exact 
sequence; in particular, there is iz (x) ih in Hz(B;Hb(F)) which could be hit 
by SqH5. However, i$ transgresses to Sq2,1iz, so SqH5 transgresses to Sq2,2'Hz 

which is 0 by the Adem relations. In particular, SqH5 survives. Furthermore, 
H ®H will hit iz (x) Sq2,1iz, adding nothing new to H8(Yb, Z2). Therefore, the 
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TABLE 2 

n H*(K(Zh 3)) H*(K(Z*,S)) H*(Y5) i?*(Z(Z2,6)) H*(Ye) 

3 iz iz iz 

4 SgHz Stfi* SgHz 

5 SqHz is SqHz SqHz 

6 iz2 ^ ^ 

Stf'Hz , 

SqH* iz2 n iz2 

7 izSq}iz// 
Sg*>Hz 

Stfh izStfiz/S SgH< izSçfiz 

8 izSqHz Sfh izSqHz / Sg*n izScfiz 

(Stfit)* Sgf'Hs (SaHz)2 / 
0(3) 

7(2,1) 

(SgHz)* 

7(2,1) 

9 (SgHzHS&i) SgHs (SÇLHZ)(SCLHZ) / SaH& 

iz3, izScpHz ' 
Sg*Hz / 

etc. / 

/ Stf*Ht iz*, izSg*Hz J 

Sg*Hi 5(3,1) 
etc. 

Sg*'H6 

10 Sgt^Hz 
etc. 

fact that we are not in the range of Serre's exact sequence does not complicate 
matters, at least through dimension eight. 

As before, the succeeding stages are constructed by deciding which classes 
must be killed in order that the hypotheses of the *€v approximation theorem 
be satisfied. The Postnikov system for Vt^ is shown in Figure 2.4. 

K(Z,7) XK(Zi,7)-^Y1 

i 
K(Z2, 6) -> Y6-+K(Z, 8) X K(Zh 8) 

i 
K(Z2,5)->Yi-*K(Z2,7) 

i 
K(Z2,3)-+K(Z2,6) 

Figure 2.4 

The Postnikov invariants are Sq2SqHz, a(2), and (SqHz)2 X y (2, 1), in that 
order. 
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I t follows from the universal coefficient theorem tha t SqHz is the mod 2 
reduction of an integral class, so the same is t rue for (SqHz)2. T o show t h a t 
7 (2, 1) is the mod 2 reduction of a Z 4 class and not a Z 8 class, we need the 
following fact, analogous to Lemma 2.1: 

2.3 LEMMA. The classes a(2), 7 (2 , 1), and 8(3, 1) in H*(Y5; Z2) can be chosen 
such that Sq2a(2) = 6(3, 1) and Sqly(2, 1) = 0(3, 1). 

Proof. The projection ^7,4 —» ^7,3 (dropping the last row of a 4 X 7 matr ix) 
induces a map between the mod 2 Postnikov systems. Let t ing <p: F 5 —» Xh 

denote the map induced on the fifth stage, it is easy to show tha t we can take 
the a (2 ) in # * ( F 5 ; Z 2 ) to be *>*(a(2)), and similarly for 7(2 , 1) and 5(3, 1). 
T h e conclusion now follows from Lemma 2.1. 

We can now apply the Bockstein lemma to show tha t d2y (2, 1) is defined and 
non-zero in 77* ( F 6 ; Z 2 ) . This implies t ha t 7 (2, 1) is the reduction of a Z 4 class 
bu t not a Z 8 class. 

T h e calculations of Paechter [2] show tha t ir^Vi^) is only 2-primary for 
i ^ 7, so the lifting VT^ —» F7 induces an isomorphism on iri(-) for i ^ 7 
and an epimorphism for i = 8 (note t ha t 7rs(F7) = 0) . From this we can 
conclude t ha t 7r7Proj(F7,4) is isomorphic to 7r7

P r o j(^7). 

3 . C o m p u t a t i o n of 7r7
Pro3(X). Several propositions will lead to the proof 

of Theorem 1.1. T h e first result is t ha t the sums of certain projective classes 
are again projective (Proposition 3.2). This will follow from the fact t h a t each 
fibration in the Postnikov system is principal: 

3.1 LEMMA. Let (H, e) be an H-space acting on the left of a space (X, x 0 ) . Suppose 
that there is a map r:H —> X preserving base points such that the following 
diagrams are homotopy commutative: 

HXH 
M 

+ H >HXX 

idXr 

HXX-
Mi 

+ X 

where M is the multiplication of H and M\ is the action of H on X. Let n > 1, 
f:Sn -> X , g':Sn -> H, g = r o g':Sn -> X. Then we have that 

[f] + [g] = [M1o(fXg,)oA] 
in irn(X). 

This lemma generalizes a familiar result on i7-spaces and is proved in [7]. 

3.2 PROPOSITION. Let F —> E —> B be a principal fibration with fibre map p and 
inclusion map r. Let [/], [g] £ 7rn

Pro3(£) such that [g] factors as a projective class 
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through the fibre; i.e., there is a [gf] G irn
FTOi(F) such that [g] = [r o g']. Then 

[f] + [g] G T » P Ï O J ( E ) . 

Proof. By definition there are maps ff\RPn —> £ and g":RPn —> £ such that 
fc^f'ov and g' c±Lg" ov. Since the fibration is principal, F is an if-space 
acting on the left of E in such a way that the hypotheses of Lemma 3.1 are 
satisfied. Therefore 

[f] + \g] = [M1o(fXg,)oA] 

= [Mi o ( / ' o v X g" o ^ ) o A ] 

= [ M i o ( / X s ' ) o A o * ] f 

and this is clearly projective. 

3.3 PROPOSITION. Let X be an (n — 1) connected space where n is odd. Then 
T*nl(X) = 2 •*•„(*). 

Proof. Since X is (n — 1) connected, any map RPn-^ X factors (up to 
homotopy) through RPn/RPn~1. Thus Sn —> X is projective if and only if it 
factors as 

5W -> i?Pw -> RPn/RPn~1 ^Sn->X. 

Since 5W —> PPW —» 5W has degree 2 when ^ is odd, the conclusion now follows. 

We now prove several results that are more technical. The symbols fi, !2, 
and ï3 will denote the classes i£ (x) 1, 1 ®Sq2'H5} and 7(2, 1), respectively, 
in the cohomology of X6, with the appropriate coefficients (see Figure 2.2). 
Similarly, the symbols U and I2 will denote the classes (SqH^)2 and 7(2, 1) in 
the cohomology of F6 (see Figure 2.4). 

3.4 PROPOSITION. Let g:RP7
 —>XQ be any map {Figure 2.2) and let gf denote 

the unique extension of g to RPS (since TTT(XQ) = ir8(Xç,) = 0, a unique extension 
exists by the Puppe sequence). Then there is a lifting f:RP7 —> X7 of g satisfying 
[f o v] = («i, a2, «3) in 7T7(X7) = Z + Z4 + Z4, where ai = 0 if g'*(ïi) = 0 and 
diisoddif g'*($i) ^ 0, i = 1, 2 ,3 . 

Similarly, let g:RP7 —> F6 (Figure 2.4) <md Ze£ g' denote its unique extension 
to RP8. Then there is a lifting f:RP7 —* Y7 of g satisfying [fov] = (bi,b2) in 
7r7(F7) = Z + Z4, where bt = 0 if g'*(U) = 0 and bt is odd if g'*(lt) ^ 0, 
i = 1, 2. 

Proof. We shall prove only the first statement since the proof of the second 
is identical. We construct the space X^ from X% by first killing those f/s whose 
images under g'* are zero (call the resulting space X/) and then killing (the 
images of ) the remaining f/s in XJ. It is easy to see that this gives the same 
space as the one obtained by killing all of the f/s at the same time. The lifting 
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of/ is now gotten simply by lifting g' to XJ, then restricting this lifting to RP7, 
and finally lifting the restriction to X7 (see Figure 3.1): 

RP7 > RP8 * - • X, 

Figure 3.1 

By construction, p' of has an extension to RP8, where p' is the fibre map 
X7 —» X7 ' . Therefore p' of o v is null homotopic by the Puppe sequence. This 
says precisely that ai = 0 for those i's satisfying g'*(ti) = 0. 

Now assume g'*(fO ^ 0 for some i. We may consider tt as a Z2 class since 
g'*(ii) ^ 0 if and only if g'* of the mod 2 reduction of lt is non-zero. We now 
construct a space Wi by killing only ïu and killing this as a Z2 class rather 
than as a Z or Z4 class: 

i £ ( Z 2 , 7 ) ^ J F 7 

X 6 -> i£ (Z 2 , 8 ) 

where XQ —> K(Z2I 8) represents the mod 2 reduction of tt. By naturality of 
induced fibrations, there is a map <p:X7 —* PF7 such that the induced map on 
7r7(—) sends (&i, a2, a3) in Z + Z± -\- Z± to the mod 2 reduction of at If 
[ /o v\ = (ai, a2, a3), then a* is odd if and only if [ ^0 /0^ ] is non-zero. The 
Puppe sequence says that [<p of o v] is non-zero if and only if <p of is not extend­
able to RP8. But g'* (fi) with ti considered as a Z2 class is precisely the obstruc­
tion to lifting gr to WT. Any extension of (pof to RP8 would constitute a 
lifting of g', so the condition g'*(ïi) 9e 0 implies that <p of has no such extension. 
Therefore [<p of o v] is non-zero, or at is odd. 

3.5 PROPOSITION. Let h':RP8->K(Z, 4) X K(Z2, 5) be any map {Figure 2.2). 
Then there are liftings h\ , h2:RP8 —» X5 0»/ /&' swc/z / t o A/* (7(2, 1)) = 0 and 
h2'*(y(2,l)) ^0. 

An identical result holds for any map hr:RP8 —» K(Z2, 3) (Figure 2.4). 

Proof. Since H*(RP8\ Z2) = Z2[V]/(ww+1), the only possible obstruction to 
lifting A' is Sq2uA, which is zero. So h' lifts to a map gi , say. We construct 
another lifting, g2, by using the action of the fibre on the total space to "add" 
gi to the map ub:RP8 —» K(Z2, 5) (compare Lemma 3.1). The sum is repre-
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sented by [Mi o (u6 X gi) o A], and it is clearly a lifting of h'. By the com-
mutativity of the diagram 

M 
K(Zt, 5) X K(Z2, 5) • K(Z2, 5) 

a x 4 Ml r 
#(z2,5) x x6 >x6 

where M is the iJ-space multiplication and Mi is the action of the fibre on X&. 
we get that 

Mi*(7(2, 1)) = 1 <g> T ( 2 , 1) + Sq*-Ht <g> 1 

(recall that r*(y(2, 1)) = Sg2 '1^). This implies that 

g2'*(7(2, 1)) =Sq^ub + gl'*(y(2, 1)). 

Since Sq2,1u5 is non-zero, it follows that if gi'*(y(2, 1)) = 0, then 
g2* (7 (2, 1)) ^ 0, and vice-versa. Therefore A/ and A2' can be chosen from 
gi and g2'. 

3.6 PROPOSITION. G^gw any map g:RP7 —>X5 or F5, /Âen g* (a(2)) = 0. 

Proof. We extend g to g':RP9 ->Xb or F5 and note that g*(a(2)) = 0 if 
and only if g'*(a(2)) = 0. Supposing to the contrary that g'*(a(2)) = u7, we 
have by Lemmas 2.1 and 2.3 that 

«• = 5 2V*(«(2)) = g'*(5(3, D) = * W * ( T ( 2 , 1)). 

But Sq1gf*(y(2, 1)) must be zero since g'*(y(2, 1)) is in dimension eight. 
Therefore g* (a (2)) = 0. 

Proof of Theorem 1.1. We begin with X = F7,3. The object is to construct eight 
types of projective classes, namely classes of the form (a, b, c) in 7^X7) = 
Z + Z4 + Z4 where each one of the a, b, and c is specified to be either zero or an 
odd number. Since the fibrations in the Postnikov system are principal, we 
can then add to these any projective class of X7 which is the image of a pro­
jective class of the fibre, and the sum is again projective (Proposition 3.2). 
By Proposition 3.3 the images of the projective classes of the fibre are precisely 
those (a, b, c) in Z + Z4 + Z4 where each of a, 6, and c is even. So by adding 
such classes, any element of 7^X7) can be realized as a projective class. 

To construct the eight types of projective classes described above, we first 
consider the composition 

h j 
RP7->K(Z,4.)-*K(Z,4:) XK(Z2j5) 

where h is non-trivial (note that [RP7, K(Z, 4)] = H*(RP7\ Z) = Z2) and j 
is the inclusion into the first factor. It follows from Proposition 3.5 that there 
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are liftings hi and h2 of joh to X5 such that Ai/*(y(2, 1)) = 0 and 
h2*(y(2, 1)) ^ 0 (fe/ denotes the unique extension of ht to RP8). By Proposi­
tion 3.6, hi and A2 can be lifted to X6; we denote the liftings by g\ and g2, 
respectively. It follows that gt'*(n2 (x) 1) ^ 0 and g/*(l (x)Sç2'H'5) = 0 for 
i = 1, 2, and gt'*(y(2, 1)) = 0 or u8 in H*(RP8; Z2) according as i = 1 or 2. 
Therefore, by Proposition 3.4 there are liftings ftoigi to X7 which satisfy 
[fa o ?] = (odd, 0, 0) and [fa o ^ ] = (odd, 0, odd). 

Next we consider the composition 

w k 
RP7-+K(Z2,5)->K(Z,4:) X # ( Z 2 , 5 ) 

where k is the inclusion into the second factor. Following the same procedure, 
we obtain liftings / 5 and f& to X7 which satisfy [fbOv] = (0, odd, 0) and 
[faov] = (0, odd, odd). 

Next we consider the map 

* X u*:RPi -+K(Z, 4) X K(Z2, 5) 

where h is non-trivial. Then h X u5 has liftings / 5 and /Ô to X7 such that 
[/s Of] = (odd, odd, 0) and [/6 o v] = (odd, odd, odd). 

Finally, we consider the composition 

5 

u 
i ?P 7 ->X(Z 2 , 5 ) ->X 5 . 

This lifts to X7 (the obstruction is Sq2ub = 0) and since its extension to RP8 

pulls the class 7 (2, 1) back to u8, the lifting fa can be chosen so that it satisfies 
[faov] = (0,0, odd). 

The maps/ i o v, i = 1, . . . , 7, together with the trivial map yield the eight 
types of projective homotopy classes we require. We therefore conclude that 
X , P r 0 i ( X , ) = 7T7(X7). 

This shows that only the 2-primary part of F7>3 is projective. To show that 
all of 7r7(F7,3) = Z + Z4 + Z12 is projective (including the 3-primary part 
and sums of 3-primary classes with 2-primary classes), we consider a Postnikov 
system for F7>3 (not mod 2). The last stage will look like 

X(Z + Z4 + Z4 + Z 3 ) - * I F 7 

i 

Since 2 • Z3 = Z3, any class in the 3-primary part comes from a projective class 
of the fibre. By Proposition 3.2 these classes add projectively to other pro­
jective classes, and so 7r7

Proj(F7>3) = 7r7(F7f3). 
We now prove Theorem 1.1 for X = F7f4. Again, the object is to construct 

projective classes (a, b) in 7r7(F7) = Z + Z± where both a and b are specified 
to be either zero or an odd number. Then it will follow from Propositions 3.2 
and 3.3 that 7r7(F7) consists entirely of projective classes. 
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First, we consider the map 

u*:RP7-+K(Z2, 3). 

By Proposition 3.5, uz has liftings hi and h2 to F5 which satisfy hi* (y (2, 1)) = 0 
and ^ 2

/ * ( T ( 2 , 1)) ^ 0. We can then lift h± and h2 to F6, and by Proposition 3.4 
these maps will have liftings f± and/2 to F7 which will satisfy [f\ o v] = (odd, 0) 
and [/2o v] = (odd, odd). 

Secondly, we consider the composition 

5 u 
RP7->K(Z2l5)-^Y5 

which lifts to Y7 (the obstruction is Sq2u5 = 0). Since the extension of this 
composition to RPS pulls the class7 (2, 1) back to u8, the lifting/3 can be chosen 
so that [fzov] = (0, odd). 

The maps/i o v,i = 1, 2, 3, together with the trivial map give the four types 
of projective classes specified above. We conclude that 7r7Proi(F7) = 7r7(F7), 
and since7r7(F7>4) is only 2-primary, it follows that 7r7

Pro3( Vt,4) = 7r7(F7j4). 
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