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ON (k,!)-SETS IN CYCLIC GROUPS OF ODD PRIME ORDER
T. BIER AND A.Y.M. CHIN

Let A be a finite Abelian group written additively. For two positive integers &, I
with k # I, we say that a subset $ C A is of type (k,1) or is a (k,l)-set if the
equation z; +ZT2+-+ 4+ Tk — k41 — - - - — Zk+t = 0 has no solution in the set S. In
this paper we determine the largest possible cardinality of a (k, I)-set of the cyclic
group Z, where p is an odd prime. We also determine the number of (k, I)-sets
of Z, which are in arithmetic progression and have maximum cardinality.

1. INTRODUCTION

Let A be a finite Abelian group written additively. For two positive integers k, [

with k # I, we say that a subset S C A is of type (k,l) or is a (k,1) -set if the equation
Ty + T+ -+ Tk —Tkp1— — T =0
has no solution in the set S. For convenience, we shall write the k-fold sum
S+--+S={z1+---+zk |21, ..., T €S}

as kS. The condition that S is a (k, I)-set is then clearly equivalent to the condition
(1.1) kSNIS=40.

It is obvious from (1.1) that the condition k > ! does not give rise to any loss of
generality. We also note that a set S of type (k,l) has the property that for 1 < i<k
and 1<j <1,

1S - 35 # A.
This can be proved by assuming the contrary and using the observation that A+S = A
to get a contradiction.

We note that (k, l)-sets as defined above are in fact a generalisation of sum-free
sets. Recall that a subset S C A is called sum-free if S does not contain z + y for any
z,y € S (see 3] for example). Thus S is a (2, 1)-set if and only if it is sum-free in the
usual sense.
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Let s be a positive integer and a, d be integers. An arithmetic progression of length
s with difference d and initial term a is a set of the form

{a,a+d,a+2d,...,a+(s—1)d}.
For an odd prime p, we write
p—1=(k+l)(s-1)+b

where k, I, b, s are positive integers with 0 < ! < k and 0 < b < k +!. In this paper
we show that the largest possible cardinality of a (k, I)-set of the cyclic group Z, is
given by s. We also show that the number of (k, l)-sets of cardinality s which are
in arithmetic progression in Z, is b(p —1)/2. As for (k, l)-sets of Z, which are not
in arithmetic progression, we show that there do not exist such sets of cardinality s if
0<b< k+!l-1 and conjecture that such sets also do not exist if b=k +1 > 3 or
b=k +1!~1. In what follows we shall always assume that k > [ > 0.

2. SOME PRELIMINARIES

We mention in this section two results from additive number theory which have
been used in the proofs of the results here. The first is a well-known result of Cauchy
and Davenport (see [1, Corollary 1.2.3] or [2, Theorem 2.2)):

THEOREM 2.1. (Cauchy-Davenport) Let p be a prime. For nonempty subsets
S, T C Z, with S+ T # Z,,

(2.1) IS+T| > ||+ |T] - 1.

Clearly, the theorem of Cauchy-Davenport implies by induction over k& that if
kS # Z,, then

(2.2) |kS| > kIS| — k+1=k(|S| - 1) +1.

We also have a characterisation of the case of equality, due to Vosper (see [1,
Theorem 1.3] or [2, Theorem 2.7] or [4]) which may be formulated as follows:
THEOREM 2.2. (Vosper’s Theorem) Letp bea primeandlet S, T be nonempty
subsets of Zp, with S+T # Z,. Then either |S+T| > |S|+|T| or |S+T| = |S|+|T|-1.
The latter occurs if and only if at least one of the following conditions holds:
(i) IS+T|=p-1andT=c-S where c€ Z,\ (S+7T);
(ii) S and T are in arithmetic progression with the same difference;
(i) |S{=1lor|T|=1.
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3. THE MAXIMUM CARDINALITY OF (k, l)-SETS OF Z,

We obtain the maximum cardinality of (k, I)-sets of Z, as follows:

THEOREM 3.1. Let p be an odd prime and assume that the integer p — 1 can
be written in the form p—1 = (k+1)(s—1)+b where s >1 and 0 < b < k+!. Then
the maximum cardinality of (k,l)-sets of Z, is given by s.

Proor: We first show the upper bound. Let S be a (k,l)-set of Z,, so that

X=kS-1SCZ,\{0}.

Then from the inequalities (2.1) and (2.2) we find that

p—12|X|> (k+1(S|-1)+1.
From the assumption in the theorem this may be written as

(k+D(s=1)+b2 (k+1)(IS|-1) +1,
.or equivalently as
E+i>b—12 (k+1)(S|-s),

which clearly implies that |S] < s.

Now we show that (k,l)-sets with cardinality s do indeed exist. From p—1 =
I(s—1)+b+k(s—1) with 0 < b < (k+1), it follows that 0 < I(s—1)+1 < p, so
that in particular I(s — 1)+ 1 £ 0 (mod p). Also clearly k¥ — [ # 0 (mod p). We then
have that the residue class mod p given by

Il(s-1)+1

is not zero, and the associated integer a with 0 < @ < p has the following properties:
There exists an integer m such that

i) (k-Da-l(s—1)=14+mp;

(i) (k-lDa+k(s—1)=p-b+mp.
For the arithmetic progression
(3.2) S={a,a+1,...,a+(s-1)}
of length s, the set X = kS — IS is also an arithmetic progression with difference 1,
with first term given in (i) and with last term given in (ii). Then (i) and (ii) show
that for b > 0 the set X cannot contain 0. This shows that S defined in (3.2) is a
(k,1)-set. 0

REMARK. We note that in the case p =3s+ 1, by taking k=2,l=1 and b=3 in
Theorem 3.1, we have that the largest possible cardinality of a sum-free set of Z, is
given by s. This agrees with [5, Theorem 6].
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4. (k,l)-SETS IN ARITHMETIC PROGRESSION WITH MAXIMUM CARDINALITY

We first consider (k, I)-sets of Z, with cardinality 1. Clearly, for any a € Z,\ {0},
the set {a} is a (k, I)-set (0 < < k < p). Therefore there are altogether p—1 (k, I)-
sets of cardinality 1 in Z,. For (k, l)-sets in arithmetic progression with maximum
cardinality > 2, we have the following:

THEOREM 4.1. Assume that for a given odd prime number p, p — 1 can be
written in the form p—1 = (k+)(s — 1)+b where s > 2 and 0 < b < k+1. Then the
number of (k, l)-sets of maximum cardinality s which are in arithmetic progression in
Z, is b(p— 1)/2.

PRrROOF: Let S be a (k, l)-set in Z, with |S| = s. Suppose that S is in arithmetic
progression. We may then write

S={z,z+d,z+2d,...,z+ (s—1)d}
for some z € Z, \ {0} and d € {1, ..., (p—1)/2}. This gives us
kS-1S={(k-Dz—U(s-1)d, (k—VDz—U(s—1)d+d,...,(k— )z + k(s — 1)d}.

That is, kS — IS is itself an arithmetic progression with difference d, initial term
a = (k- 1)z —Il(s—1)d and cardinality [kS —IS|=(k+1)(s—1)+1=p—b. Now
since S is a (k, l)-set in Z, we have that

0¢kS—1SC{1,2,....,p—1}.

Hence the element 0 must be one of the elements a —d, a — 2d, ..., a — bd. It follows
that for a given d, there are precisely b choices for the initial term a, and thus also
precisely b choices for the element z, so that by considering the (p — 1)/2 possibilities
for d, we arrive at the number b((p — 1)/2) of (k,l)-sets S.

5. (k, l)-SETS NOT IN ARITHMETIC PROGRESSION WITH MAXIMUM CARDINALITY

We first give a result on the nonexistence of (k, [)-sets as follows:

PROPOSITION 5.1. Assume that for a given odd prime number p, p—1 can be
written in the form p—1 = (k+1)(s—1)+b where s >2 and 0 <b< k+!—1. Then
there does not exist any (k, l)-set of Z, with cardinality s which is not in arithmetic
progression.

PROOF: Suppose to the contrary that there exists a (k, l)-set S of Z, with car-
dinality s which is not in arithmetic progression. Since 0 ¢ kS — IS, we have that
|kS —IS| < p— 1. Suppose that [kS —IS| < p— 1. Then since S is not in arithmetic
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progression and |S| # 1, it follows by using Vosper’s Theorem repeatedly that

kS 18| > IS| + |(k - 1)S - LS|

2|S|+ |(k—2)S - IS|

kS| +|S + (1 ~ 1)S|
(k+1)|S|+ |1 - 1)8|

V VWV WV WV WV VYV

(k+1)|S|=(k+s.
‘We thus have that
k+D)(s-1)+b=p-1>|kS-1S| 2 (k+1)s

from which it follows that & > k + . But this contradicts the assumption that b <
k+1—-1. Hence |kS —1S|=p—1 and by Vosper’s Theorem (refer to condition (i) in
Theorem 2.2), we then have that

(5.1) kS| +|IS|=p=(k+D(s—-1)+b+1< (k+)s.

Since S is not in arithmetic progression, |S| > 1 and |kS|, JIS| < p— 1, we also have
by Vosper’s Theorem and induction that |[kS| > k|S| = ks and |IS| > I|S| = ls. But
then |kS| + |IS| 2 (k+ 1)s which contradicts (5.1). Therefore there does not exist any
(k, l)-set of Z, with cardinality s which is not in arithmetic progression. 0

We next obtain a characterisation of (k, I)-sets of Z, for the remaining cases where
b=k+l-1lorb=k+I1.

PROPOSITION 5.2. Assume that for a given odd prime number p, p—1 can
be written in the form p—1 = (k+1)(s—1)+b where s >2 and b=k +1-1 or
b=k+!l. If S is a (k, l)-set of Z, which is not in arithmetic progression with |S| = s,
then

(i) |kS|=ks, |IS|=1ls forb=k+1-1;
(i) |kS|=ks+1,|IS|=1s or |kS|=ks, |IS|=1s+1 for b=k +1.

PROOF: Let S be a (k,l)-set of Z, with cardinality s which is not in arith-
metic progression. It may be shown using arguments similar to those in the proof of
Proposition 5.1 that |kS — IS| = p — 1. Hence by Vosper’s Theorem,

kS| +1iS|=p=(k+1)(s—1)+b+1.
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In particular,

(5.2) kS| + |IS| = (k+1)s
ifb=k+1—1 and

(5.3) ) kS| + |IS|=(k+1)s+1

if b=k + 1. Since S is not in arithmetic progression, |S| > 1 and |kS], IS|<p-1,
it may also be shown via Vosper’s Theorem and induction that kS| > k|S| = ks and
{1S| = US| = ls. Thus by (5.2) we see that |kS| = ks, |IS|=1lsif b=k+1—1, and by
(5.3), either |kS|=ks+1, |IS|=1s or |kS|=ks, IS|=Is+1if b=k+1. 0

For the case b=k +1 =3 (that is, k=2, l = 1), we note in the next proposition
that there do exist (k, !)-sets satisfying the first condition in part (ii) of Proposition
5.2. It is necessary to mention here that the result in Proposition 5.3 is known and can
be found for example in {3].

PROPOSITION 5.3. Let p be a prime number which can be written in the form
p=3s+1 where s > 2. Then there exist (2, 1)-sets of Z, which are not in arithmetic
progression and which achieve the maximum cardinality s.

PRrOOF: Consider the subset
S={s,5+2,5+3,...,25s-1,2s+1}
of Z,. Note that
25 ={2s,2s+2,25+3,...,35,0,1,...,5s—1,5s+1}

and 25N S = 0. Hence, S is a (2, 1)-set with cardinality s. 0

The existence of other pairs (k, I) with (k, l)-sets of Z, of cardinality s which
are not in arithmetic progression remains in doubt. Indeed, we make the following
conjecture:

CONJECTURE. Assume that for a given odd prime number p, p—~1 can be written
intheform p—1=(k+1)(s—1)+b where s >2 andb=k+Il-1orb=k+1> 3.
Then there are no (k, l)-sets of Z, with cardinality s which are not in arithmetic
progression.
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