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Abstract

This paper introduces a convenient class of spatiotemporal random field models that can
be interpreted as the mean-square solutions of stochastic fractional evolution equations.
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1. Introduction

Recent studies have found that data in many fields of application (including geostatistics,
hydrology, turbulence, economics, and finance) display fractal structure (see Adler (1981),
Hosking (1981), Chambers (1996), Woyczynski (1998), Hilfer (2000), Christakos (2000), and
the references therein).

Fractional operators are the natural mathematical objects to describe fractal phenomena.
Our study is motivated by a paper of Gay and Heyde (1990), which introduced a class of
random processes and fields involving both short- and long-range dependence via a stochastic
differential equation with fractional differential operators, for which there is a unified approach
to the corresponding parameter inference (see Heyde (1997)).

Earlier, Granger and Joyeux (1980) and Hosking (1981) constructed long-memory time
series in discrete time via fractional differencing, and Chambers (1996) used fractional deriva-
tives to obtain long-memory phenomena for continuous-time stochastic processes. Some other
examples of fractional random fields can be found in Anh er al. (1999), Anh and Leonenko
(2000), (2001), (2002) and Ruiz-Medina et al. (2001), (2003), (2004).

In fact, the approach used by Gay and Heyde (1990) has its origins in the classic paper by
Whittle (1963), who derived the spectral densities and covariance functions of some spatial
and spatiotemporal random fields. The goal of this paper is to employ the theory of gen-
eralized random fields on fractional Sobolev spaces, which was developed by Ruiz-Medina
et al. (2001), (2004), to justify the approach of Gay and Heyde (1990) (in Section 2) and to
introduce a new class of spatiotemporal random field models, which can be interpreted as the
mean-square solutions of stochastic fractional evolution (or heat) equations (see Section 3).
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Christakos (2000, p. 225) also considered, in a geostatistical context, a model family related
to the second-order definition of solutions to stochastic fractional evolution equations (see also
Stein (1999)). Finally, we obtain in Section 4 the limiting distribution of polynomials of the
rescaled solution to the stochastic fractional evolution equation studied in Section 3.

2. A stochastic differential equation of Gay and Heyde

Firstly, we write the stochastic differential equation of Gay and Heyde (1990) in its heuristic
form
(D+a)'X() =), teR, 2.1

in terms of the operator D = D, = d/dt, v > 0, « € R. Here, {€(¢), t € R} is a zero-mean
white noise, that is, a stochastic process satisfying

Ele(Ne@] =0 (f. &) 2@, 0~ >0,

for f, g € L*(R), the space of square-integrable functions. We write

o(f) = / F()dZe(1)

with Z,(¢) being a process with orthogonal increments, defined by

t
Ze() =limingm. | X" (s)ds

n—-o0 0

for {X"(s), s € R},n € N, a sequence of quadratic-mean (q.m.) continuous processes
converging to a white noise (see, e.g. Wong and Hajek (1985, pp. 109-115)). The fractional
operator in (2.1) is defined by the formal binomial expansion

Dta) =) C) Dia", 2.2)
j=0

where the binomial coefficients are

(v) _ vo=1).---(v—=j+1 _ (—1)j(—V)j
J J! J!

’

and the Pochhammer symbol

Gy — 1 (if j = 0)
T+ D00+ Gfj=1,2,..0)

is defined, in terms of the gamma function, as
M) =TO+j)/T®), A#£0,—1,-2,....

The formal second-order stationary solution to (2.1) has the spectral density

2
o 1 1

Em, )\.GR,\)> e (23)

X
a’v()") = 2
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A second-order stationary stochastic process X = {X(¢),t € R} with the spectral density
(2.3) exhibits short-range dependence if « # 0,v > %; long-range dependence holds for

a=0,ve .
In fact, when ¢ = 0 and v € (0, %), (2.3) is not the spectral density of a stationary process,

but of a self-similar stationary increments process of order % — v (see, e.g. Dobrushin (1979)).
It is, however, very closely approximated by a (continuous) stationary process

1+1/2
Z(t) = / Y(s)ds
t

—1/2
with spectral density

402 sin%(1/2)
z 1

f (A)=ﬁ—)\2+2v , AER,0<U<§,

where the process Y = {Y (¢), ¢t € R} has stationary increments and spectral density (2.3) (see
Gay and Heyde (1990) for details and generalizations).

Note that the covariance function

2
o 1 |
B(x) = ACOS(AX)ZW dx, xeR,v> 5

belongs to the Matérn class (see Stein (1999, pp. 31-32)) and takes the form
2 ﬁ

B(x)=—— " Kk, |l alx])’ V>
YT 2 I (nyv-1 VT /AR ’

where ~
K (y) = / e ™Y o) cosh (Au) du, y >0,
0

is the Macdonald function with index A € R.
Note that the definition (2.2) of a fractional differential operator is formal, since it is based
on the binomial series

oo

(1+t)”=2<;>tj, v>0, 0 <1. (2.4)

Jj=0

If v is neither a natural number nor zero, the series (2.4) converges under the conditions that
either [f| < I;¢ =1andv > —1;0ort = —1 and v > 0. A formal computation using (2.2),
(2.4), and the hypergeometric series

A=07"=3 o5 v>0ll<l,
o

which again has finite radius of convergence, leads to the spectral density (2.3).

The above approach has its origins in the famous paper by Whittle (1963) (see also Yadrenko
(1983)).

Here, the approach of Gay and Heyde (1990) is justified using the theory of generalized
random fields (GRFs) on fractional Sobolev spaces H"(R) and the concept of dual GRFs,
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which was developed by Ruiz-Medina et al. (2001), (2004). Basic facts on Sobolev spaces
HV(R) of integer and fractional order v, and on the spectral theory of self-adjoint operators
on a separable Hilbert space, can be found in Dunford and Schwartz (1971), Adams (1975),
Triebel (1978), Dautray and Lions (1985a), (1985b), and Ramm (1990).

Let £ be the self-adjoint operator —i(d/dr) on the separable Hilbert space L>(R) of
complex-valued functions that are square-integrable on R. The domain D (L) of £ is dense in
L2(R). Since (D + )’ = (iL + ), (D + )" admits the following spectral representation
(see Dautray and Lions (1985b, p. 140)): for ¢ € H'(R) = D((D + «)”) and g € L*(R),

(D+Ot)”(<ﬂ)(g)=//é(t)[/(i?»+04)”<1>(t,s,k)d)\}p(S)dsdt,
R JR A

where (here and below) g(¢) is the complex conjugate function, ®(t,s,A) = Q2r)~! x
exp(ir(t — s)) is the spectral kernel of the operator £, d. = dp(A) is the spectral measure
of £, and A = R is the continuous spectrum of .£. We also have, for f, g € Lz(R) and
he H"(R) = D((D +a)™"),

((D—i—a)”)_l(h)(f):/ / f(r)[/(i,\+a)—”q>(z,s,x)dx}h(s)dsdt
R JR A

= (D +a) () (f) forallh e DD +a)™")
= H'(R),

((D+a)”)%(<p)(g)=/ / é(t)[/(—i)»+0é)”¢(t,s,)»)d)~}p(S)dsdt
R JR A

= (D" +a)’(@)(f) forallgp € DD +a)")
= H'(R),

[((D+a)“)I]T(h)(f)Z/R/Rf(t)[/(—ix+a)”q>(t,s,x)dx]h(s)dsdz
A

= (D" +a) () (f) forallh € DD +a)™")
=H"(R),

where ‘** stands for the adjoint operator.
The mean-square (m.s.) solution to (2.1) is defined below using the theory of GRFs on
fractional Sobolev spaces. We assume that o = 1, without loss of generality.

Theorem 2.1. Let X_,, be a GRF defined, in the mean-square sense, as
X_y(h) = / fz(r)/ I(t, 5) de(s) dt
R R

= / h(t)X_y (1) dt (2.5)
R

forallh € L>(R) and v > 0, where ¢ is the generalized white noise process appearing in (2.1).
Here,

l(t,s)=/(i}\+a)*“<b(r,s,x)d/\
A

=(27‘r)_1/ exp(ir(r — 8))(r + a) 7" dA.
A
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Then forv < %, X_, defines — in the weak sense — a mean-square solution X, _,, to (2.1) and,
forv > %, defines — in the strong sense — the unique mean-square continuous solution X _,, to
(2.1).

The GRF X _,, has reproducing kernel Hilbert space (RKHS) isomorphic to the space H" (R).

Remark 2.1. Note that, as / is a deterministic function, the integral

/ I(t, s)de(s)
R

can be interpreted as a second-order stochastic integral (see, e.g. Wong and Hajek (1985, p. 141
and pp. 97-104)). Hence, as for v > %, the integral operator defined by [ is in the trace class,
and so the above integral exists. For v < %, the integral is defined in the weak sense; that
is, such an integral exists when we consider integration with a test function in the fractional
Sobolev space HV(R), to which the Dirac delta distribution does not belong: specifically,

// |:/l(t,s)l(u,s)dsi|h(t)g(u)dtdu<oo,
R JR R

Proof of Theorem 2.1. Using a version of the stochastic Fubuni theorem (cf. Protter (1990,
Theorem 4.6) and Karatzas and Shreve (1991, p. 225)), we obtain for the GRF X_, defined in
(2.5), and for h € L>(R) ¢ H™"(R), the following representation:

X_,(h) ™ fR [ /R T(s,t)h(t)dt} de(s)

= e((DY + )" Vh).

forh, g € H"(R).

Here we have used the facts that, for v > %, the above second-order integral exists, due to the

regularity order of / (related to the Hilbert—Schmidt property of the integral operator defined
by /) and that, for v < %, the function 4 allows the integral with respect to de to be defined (see
Remark 2.1). Note that

1(s, 1) = I(=s, —t) = 27)"! / exp(ir(s — 1)) (—ir + a) 7" dA.
R

Therefore, for h = (DT + a) ¢ with ¢ € D((DT + a)") = H"(R),

m.s.

X_o(DT+@)’9) = e((DT + )" (D" +a)'p) "= e(p),
which means that

m.s

/I;(D"'+Oé)”<p(t)x7u(t)dt ='"/R¢(t)(D~|—oz)"X7v(t)dt

m.sS.

= / @(1) de(r)
R

or, equivalently, that X_,, defines — in the weak sense — a mean-square solution to (2.1). Here,
as before, =" stands for equality in the mean-square sense and, therefore, the integrals of
random fields that have appeared up to this point are also defined in this sense.

https://doi.org/10.1239/aap/1113402402 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1113402402

Fractional random fields 113

From embedding theorems between fractional Besov spaces (see Triebel (1978)), for v > %

the covariance function of X _, is continuous and X _, defines the unique mean-square con-
tinuous solution to (2.1).

The (—v)-GRF X _,, defined on the space of test functions H " (R) having weak-sense reg-
ularity order —, satisfies the duality condition introduced in Definition A.2 (see Appendix A),
since the dual X_, of X_, is defined as

X (@) = e(D+w)’¢) forallgp € H'(R),

where ¢ is the generalized white noise defining (2.1). The equivalence between norms on the
spaces H"(R) and #(X_,) then follows from Proposition A.1 in Appendix A, with @ = —v.

Remark 2.2. As L2(R) is a dense subspace of the parameter space H ~"(R) of the (—v)-GRF
X_, defined above (see Appendix A), we use it in the proof of Theorem 2.1 to emphasize the
weak-sense and strong-sense definitions of the random field X _,.

The covariance operator Ry _, of X_, is given by
Rx_, =D +a)"(D"+ o). (2.6)

Therefore, the following identities hold:
Re (D@ = [ @+ 0™ (in+ ) (B, o)

_ / (A2 +a?) " (dEx(f), g) forall f, g € L2(R),
A

where E;, A € A, is the spectral family associated with the operator .£. The covariance kernel
By, of X, then admits the following spectral representation, for f, g € L>(R):

//g(t)Bx,v(t,s)f(s)dsdt
RJR

=/ f g(t)|:(2n)_l/(k2+a2)_”exp(ik(t—s))d)»i|f(s) ds dr.
R JR R

Thus, the spectral density of the formal second-order solution to (2.1) is given by (2.3).

The fractional Holder exponent (in the mean-square sense) and the sample-path fractional
Holder exponent (in the Gaussian case) of the mean-square solution to (2.1) are now studied.
In the Gaussian case, we also provide the Hausdorff dimension dimg of the image and graph
of sample paths (see, e.g. Adler (1981, p. 204)). Let us assume that all random variables are
defined on a complete probability space (2, ¥, P).

Proposition 2.1. For v > %, the solution X _,, to (2.1) is Holder continuous, in the mean-

square sense, of order v — %

In the Gaussian case, the sample paths of X;—, have modulus of continuity A(8) of order
8"=12(|In8)~" and satisfy, with probability 1,

dimy (image(X () = 1 A( : 1),
—

dim ; (graph(X_, () = ( ) AR- -1y @7

1
2
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Remark 2.3. For0 < v — % < 1, the Holder exponent of X _,, in the mean-square sense, is
between 0 and 1. Hence, X _, is continuous in the mean-square sense but is not differentiable
in this sense. We can refer to X _, as a fractal random field in the mean-square sense.

Proof of Proposition 2.1. From Theorem 2.1,
E[X_,(s +h) — X_y(s)|* = 2(Bx_,(0) — Bx_, (1))
= f [1 —exp{irh}](A% 4+ &)~V dA. (2.8)
R
The change of variable A = X/ |A] in (2.8) leads to the following expression:

/ [1 — expfilx| cos O}1(R2 + ([hla)?) " |h)>"~ " di, (2.9)
R

where 6 represents the angle between A and /. From (2.9),

[EIX_y(s +h) — X, (s)*]'/?

K,
|h|—0 |h|v—1/2
where K is a positive constant. Thus, for |k| € (0, 1),
[EIX -y (s + 1) — X ()12 < Cla]'~"72, (2.10)

which means that X _,, is mean-square Holder continuous of order v — %

From (2.10), X_, isa (v — %)—index random field (see Adler (1981)) and, in the Gaussian
case, Theorem 3.3 of Adler (1981, p. 57) implies that the sample paths of X, have modulus
of continuity A (8) of order 8'~1/2(|In§|)~!. Relation (2.7) also follows from Adler (1981,
p- 204).

Next, we formulate the above results for model (2.1) in the d-dimensional case, i.e.

(D+a)"X(x) "= &), x eRY,

ad ad
D=(—...—
dx1 0xy

and ¢ is a generalized white noise on LZ(R"); that is, ¢ satisfies

where

Ele(f)e(@)] =0 (f, &) 2ra)-

Specifically, the operator (D + &) can be expressed, in terms of the self-adjoint operator
L= (Lyy, ..., Lyy) = (—13/dx1, ..., —13/dxg) on L*2(R?), as

D+ ) = QLy, - ilyy +a)”.
Then the covariance operator Rx , admits the factorization

Rx_, = (ly, iy, + &) " (—idLy, -+ — idLy, + )"
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Both in the stationary and nonstationary cases, the class of fractional covariance models
introduced in Ramm (1990) and Angulo ef al. (2000a) can be studied in the generalized
framework we consider. Note that the spectral density of the form

1 1
A, A2) = = 2.11
0122 = G T~ ~ P = a2 -

was introduced in the pioneering work of Whittle (1954).

From the spectral representation theorem (see, e.g. Dautray and Lions (1985b)), and from
the embedding theorem between fractional Besov spaces (see, e.g. Triebel (1978)), the inverse
Fourier transform of the spectral density (2.11) defines the kernel of the integral operator

[(—A) —a?]7%2,

where A denotes the Laplacian on R2. In a similar way to the proofs of the above results, it
can be proved that the unique mean-square continuous solution to the equation

[(=8) —?PX () B o), xeR,
has the spectral density

1 1

)\, N ...,)\, = - )
fa d) (Z?ZI )\12 — (12)3/2 (|)\‘|2 _ 062)3/2

where now A denotes the Laplacian on R?. Model (2.11) corresponds to the case d = 2.
Similar results can be formulated for the more general model

m.

[(—A) —a®12%X_,p(x) = e(x), xeRv>0,

with formal second-order solution of the form

/g(Z)X—V/Z(Z)dZZ/ é(z)f I(z, y)de(y)dz
Rd Rd Rd

for g € L>(RY), where

1

I(z, y) = /l%d exp(l(z -y, A))W di.

The above mean-square solution is defined in the weak sense for v < %d and in the strong

sense for v > %d. Note that Whittle’s (1954) model corresponds to the case d =2 and v = %,
and Gay and Heyde’s (1990) model corresponds to the case d > 2 and v > 0. However, the
spectral density (2.3) admits an alternative factorization (to (2.6)) of the associated covariance
operator

Rav(9)(h) =/[h(t)[/ exp(A(t — 5)) fan (V) d)\i|g(s)dsdt forall g, h € L2(R),
R JR R

as follows:
Roy = (=A) + & D)2 ((=A) + o> 1)V (2.12)
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This is written in terms of the self-adjoint integral operator (> — A)~"/2, which, in the case

a = 1, coincides with the Bessel potential 1, = (I — A)~V/2 of order v with the kernel (see
Stein (1970, pp. 131-132))

1 1 L2 _ dé
Iu(z) — e IT|Z| /(Se 5/471’6( 1+U)/2_ (213)
(47‘[)U/2 F(%U) 0 5’

in terms of the modified Bessel function of the third kind, of order %(1 —v) (see, e.g. Donoghue
(1969)). The covariance factorization (2.12) corresponds to the spectral factorization

1 1
Ja () = <(|M2 T az)u/2> <(|A|2 + a2)”/2>'

In this case, the GRF X_, in Theorem 2.1 is defined as

X_y(h) = e((@*I — A)™"?h) forallh € L*(R),

and the random field X _, is then given by

X_y(t) m:'s'[l(t,s) de(s), (2.14)
R

where

I(t,s) = 2m)"! f exp(ir(t — s)) (2.15)
R

—————> dA.
(7 +ad) 72

Note that (2.14) can be rewritten as

X_,(t) = / exp(irr) dé(n),
R

1
(AP + )72

where ¢ represents generalized white noise.
From the above covariance factorization, the extension to R¥ of the stochastic Laplace or
stochastic Helmholtz equation of Gay and Heyde (1990) takes the form

(@21 — A2 X (x) = e(x), xeRYd>2v>0,

where the operator ((—A) + @?)V/2 is defined by
o 1]
(=8) + M) = (=D ) (”)(—A)faz(”/z—f’.
o J

The homogeneous isotropic solution X _, to this equation has the spectral density

(1) = o’ ! A eRY
TN = i P+ <%

where X _, is defined as in (2.14) with [ as in (2.15). Note that the kernel (2.13) is well defined
in dimension d (by replacing §(~1+)/2 by §(=d+v)/2),
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Finally, the isotropic covariance function (see Yadrenko (1983))

1
(Zn)d (u2 + otz)“

o0
B(r) = (27T)d/ (ru)(z_d)/zl(d_z)/2(ru)ud_l du, r>0v> %d,
0

belongs to the Matérn class (see Stein (1999, pp. 49-51)) and takes the form

/2 2

o
o2v—dov—d/2-1 W) (2n)d

yr=dr2

B(r) = Ky_ap@ra)(ra r>0,aa>0,v> %d,

where again K is the Macdonald function with index A € R, and

0 1 +2m
(=D"(G2)*
@ zmzzomlr(u+m+ TR

is the Bessel function of the first kind, of order L.

3. Stochastic fractional evolution equations

Let X(t,x),t > 0,x € R, be a solution of the fully fledged stochastic partial differential
equation (see Theorem 3.1 and Remark 3.1, below)

9 a2 1"
[E+y—c2ﬁi| X(t,x) =e(t, x), t>0,c>0,v>0,y>0,x eR,ceR, (3.1)
X

where ¢ = {e(t, x),t > 0, x € R} is a white noise random field both in time and in space, i.e.
¢ is a (generalized) zero-mean random field with covariance function

Ele(Ne(@] =0 (f, &) 2@, xr): 0 >0,

for f, g € L>(R; x R), the space of square-integrable functions on Ry x R.
Heuristically, the second-order density of the m.s. solution to (3.1), that is stationary both in
time and space, takes the form

o2 1
@)% (W + (7 + A7)

Sro(u, ) = u,reR, y>0,v>1, 3.2)

where u and A are, respectively, conjugates to ¢ and x.
An intuitively appealing approach to the spectral density (3.2) can be obtained by manipu-
lation of divergent series, as follows. We expand the fractional heat operator as

Hy = [% +tvy - Czaa—xzz:r =[(S+ ¢Dy)(S — c¢Dy)Y", (3.3)
where, here and below,
D :i D :i S=(D +y)1/2:i<%)l)./yl/2j.
T ax] T8 4 o i)
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Next, we expand the fractional operators (S + ¢D,)" and (S — ¢Dy)" in (3.1) and (3.3) as
follows:

[e¢]

9]
(S+cDy) Z ( >ckD’;s“—k =Y (l‘:)ckD’;(D, + )R

k=0

2 Z( )( k)> DL D]y 0, (3.4)
’ l - k/ ’ ’ il / .7
(§—cDy)’ = (=" Z Z(—l)" <;:,) (2(VJ_, )>ck DX D] yv=KI2=i - (35)

K=0 j’=0

Thus, we obtain from (3.3)—(3.5) the following (divergent) series for the fractional heat

operator:
Hy = (=1)" i i i i(_l)k’ (Z) (%(v - k)) (;) (%(v; k’))

J

% ck+k’Dk+k’Dtj+j/ v—(k+k")/2=(j+j")/2
N .

14

This implies the form (3.2) for the spectral density of the solution of the equation
H,X(t,x) =e(t, x).

Note that, for v = 1, the spectral density (3.2) was obtained by Whittle (1963) by using the
above approach. Moreover, Christakos (2000, p. 225) suggested, in a geostatistical context, a
set of covariances in (0, 00) x R? having the spatiotemporal spectral density

2
g

, peR AeR n>1.
[cIu? + (a% + |A[2)2P]

fu,2) =

Inthe case p = 1,d = 1, and c% = 1, this formula reduces to spectral density (3.2) with
v=1, 012 = 02/(271)2, c% =1,and a® = Y.

For y > 0 and v > 1, the random field with spectral density (3.2) exhibits a short-range
dependence both in time and in space simultaneously, that is,

2

lim A= ———— >
max{i,u}—0 fy,v(,u ) (27‘[)2 j/2v

’

and in time and space separately, that is, for a fixed A € R,

o? 1
>
Q2m)% (v + 2>

lim f) (1, A) =
u—0

and, for a fixed u > 0,
o? 1 0
>
Q2m)% (u? +y2)Y

li A) =
A.I_)IIIO f)/,v(u“’ )
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However, the random field with spectral density (3.2) displays the following fractal behaviour
at infinity:
fyo(u, 2) = O((minfu, A)™")  as minfu, A} — oo.

This holds in time and space separately; that is, for a fixed A € R,

Frw(, ) = 0(u™), - oo,

and, for a fixed u € R,
frow, ) =00""),  1— oo

This random field also displays long-range dependence both in time and in space in the
particular case y = 0, since
lim ofo"’(“’ A) = oo.

max{A,u}—

However, fory = 0and0 < v < 1, (3.2) does not represent the spectral density of a second-
order stationary random field, but rather of a self-similar random field with homogeneous
increments. In particular, the second-order moments of the random field X (za, xal’?) coincide
with those of a"~3/4X (¢, x) for everya > 0andv € (%, 47'1)'

Ify =0andv € (0, }‘), the random field

t+1 px+1
v(t,x):/ / X (s, y)dsdy, t>0,x ek,
t X

has the spectral density

o2 sin?($p) sin?($2) 1
@m Gu? PP e

h(u, A) = w, A €R.

Therefore, it is stationary both in time and in space and displays long-range dependence both
in time and in space; that is,

o2 1
@)% (2 + b)Y

h(w, A) ~ as max{A, u} — 0,

and
1

M2A2(M2 + c4k4)v
In order to make rigorous the heuristic derivation of (3.2) from (3.1), we will again use the
theory of GRFs on fractional Sobolev spaces.
The operator H, is a function of the elliptic self-adjoint differential operator (L£;, L£y) =
(—id/dt, —id/dx), densely defined on the separable Hilbert space (L*>(Ry x R), C). Specifi-
cally,

h(w, )) = 0< ) as min{\, u} — oo.

Hy, = (L +y + L2,

Hence, for each ¢ € D(H,), H, admits the spectral representation

H,(p)(g) = /A . lig + v + 221 d(E i (@), &)

9 92 \"
=(=+y-—) (@) forallge L’R; xR),
ot ax2
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where A; x Ay stands for the continuous spectrum of the operator (£, £Ly) and {E(, ) :
(mn, X)) € Ay x Ay} denotes its spectral family.
The formal adjoint HJ of H, is then represented, for each ¢ € sz(H;f )= D(H,), as

H(p)(g) = /A X [—in+y 4+ AR d(Eun (@), 8)

= (—idLy + ¥ + AL (@) ()

3 a2\
=|-—+y—c?—) (@) forallge >Ry xR),
ot 9x2

where we have used the fact that —i£, = —d/9¢ is the formal adjoint of i.L; = 9/9¢.
In terms of the spectral representations of H, and HJ , their common domain D (H,) =
D(H,) is defined as

D(H,) = {f e L*(Ry xR) : W+ (r + EADDYAE (), f) < oo}.

A XAy

Note that, for each ¢ € !D(HJ) = D(H,),

H H (9)(¥) = fA X WP+ (y + AV A(E (@), ¥)  forall y € D(H,).

The inverse operator H,~ ! of H, admits a similar spectral representation; that is, for each

feDH™M,

H (f)(g) = / i+ v + 222 d(E iy (f). 8)

Ay XAy

=Ly +y +2L)V(f)(g) forall g € L2 Ry x R).

As the operator (L£;, £) satisfies conditions given in Ramm (1990, pp. 145-148), the
projection operators E, 3y, (1, A) € A; X Ay, defining its spectral family, admit an integral
representation in terms of a kernel given by

A Iz
E(;L,A)(LS;X,)’;M,)\):/ / CD(LS;X»%gsw)dP(g,U)),
—00 —00

where ® (¢, s; x, y; £, w) = 2m) 2 exp(i((t —s, x — ), (£, w))) represents the spectral kernel
and dp (¢, w) = d& dw is the spectral measure of the operator (L, L£,). The above spectral
representations of the operators H,,, HJ', and H, Hj can be expressed in terms of @ and p in a
similar way as in the previous section (for the operator (D + «)").

Theorem 3.1. Let X_,, be a GRF defined as
X ()= f / h(t, 0)I(t, x; 5, y) de(s, y) dx dt
R+XR R+XR

”‘:’S'/ h(t, x)X_,(t, x)dx dt (3.6)
Ry xR
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forall h € LZ(R_,_ x R), where ¢ is generalized white noise, as in (3.1), and

I(t,x;s,y) = 2m)~? f exp({(t — s, x — ), (u, ON(p+y +c*AH ™" dadu. (3.7)
A X Ay

Then forv < 2, X_, defines — in the weak sense — a mean-square solution X, _,, to (3.1) and,
forv > %, X_, defines — in the strong sense — the unique mean-square continuous solution
X_yto(3.1).

The GRF X _, has RKHS

H(X_,) = {¢ e >Ry xR): WP+ (v + DDV, M drdu < oo},

A X Ay

with the inner product

@, 0wy = /A R+ R L G .2 . (3.8)

where a ‘hat’ (caret) over a function denotes the projection of the function in terms of the
spectral kernel of the linear operator considered.

Remark 3.1. The mean-square fractional regularity order of the GRF X_,, defined in (3.6),
that is, the weak-sense regularity order of the functions of its RKHS, is %v = %(u + 2v), with
fractional regularity order v in time and fractional regularity order 2v in space (v > 0). Its
minimum mean-square fractional singularity order, that is, the weak-sense regularity order of
the test functions defining its domain, is then — % v. Although, in the formulation of Theorem 3.1,
we consider the separable Hilbert space L>(R4. x R), X_, can be defined on a larger function
space, according to its regularity order.

Proof of Theorem 3.1. Random field X_, defined in (3.6) satisfies the mean-square identity

X_,(h) “2/ [/ 1(s, y; t, x)h(t, x) dx dti| de(s, y)
RixR LRy xR

m.s d 2 2\ >
=¢|l|-——4+y—c"—5 ) h| forallh e L (R} x R),
ot 0x2

where
~ 1
It x;5,y) = —2/ exp(i{(t — 5, x — ), (u, V) (=i +y + 2V drdu
2m)= Ja, %A,

is the kernel of the integral operator (—9/9f + y — c29%/9x>)~".
Therefore,

9 2\ 9 92\’
X ,(H o) el -—— e _2 _2
v(H,9) 8[( 5 TV 33 TV 3¢
T e(p) forallg € D(H)).

That is, X, satisfies, in the mean-square sense, the generalized equation on :D(HvT ) associated
with (3.1).
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From embedding theorems between fractional Besov spaces, for v > %,

X_y (1, x) ”“—_'S/ I(t, x; s, y)de(s, y)
R+XR

defines the unique mean-square, continuous, ordinary solution to (3.1), with / defined as in
(3.7). This implies that the spectral density of X _, is given by (3.2).

The definition of the reproducing kernel Hilbert space #(X_,) of X_, is as in the theory
of GRFs on fractional Sobolev spaces developed in Ruiz—MediEa et al. (2001), (2004), and is
motivated by the following definition of the dual random field X_, of X_,:

~ B 9 5 92\
X_v(y) = 8[(@ +y—c @> 1ﬂ1| forall v € D(H,).
Hence,

(¢, 9)aex ) = (Xv @), X v @) gx_y=n(® )

_ / i+ v + 22", Ga + 7 + DG, my drdp
A XAy

_ /A O+ D B ) i

The definition of X —y guarantees the bicontinuity of the covariance operator Ry, and the
closeness of such an operator. Thus, the RKHS of X_, is a (closed) Hilbert space with norm
generated by the inner product (3.8), and is a dense subspace of LZ(R, x R).

The extension of Theorem 3.1 to the d-dimensional case is straightforward using the relation
H, = (L +y + L),

with GC% = —A and A the Laplacian operator on R? as before. Hence, H,, admits the spectral
representation

Hy(#)(9) = fA Gty AP d(Equn(p), g) forall g e L2 Ry x RY)
t XDy

and for each ¢ € D(H,), where A; x A, stands for the continuous spectrum of the self-
adjoint operator (£, £y) = (—id/dt, —id/dx1, ..., —id/dxs) on L2 (R4 x RY), and {E(, ;) :
(m, A) € Ay x Ay} isits spectral family.

In a similar manner, one can view many useful fractional differential spatiotemporal models
as fractional versions of the heat equation.

Let X1, be the mean-square solution to

3
[c5 +(-A+ az)l’}x_l,_p g, (3.9)

where A represents the Laplacian on R? and € denotes spatiotemporal white noise with intensity
o.For p> (d*>+2d—1)/4d, X —1,—p is defined in the strong sense as

X1, p(t,x) = /

I(t,x; s, y)de(s, y) forall (¢, x) € L*>(T x RY),
T xR4
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where

It x5, y) = <2n>—d—1/ exp(i((t — 5,x — ), (1. 1)) »dp

: 2 Ve
ArxAx icu + (A% +a=)P
with associated spectral density

1
U2 4 (212 + a2y
(cf. Christakos (2000) and Jones and Zhang (1997)).

For p < (d*> 4 2d — 1)/4d, X —1,—p is defined in terms of a generalized spatiotemporal
random field

fl,p(ﬂ» A) =

-1
X_1_p(h) = g<[—c% + ((—=A) +a2)"} h) forall h € L*(T x R%).

Note that the mean-square fractional regularity order of X_; _, is (1 +2pd)/(d + 1), with
1 representing the regularity order in time and 2 p the regularity order in space.
Model (3.9) is included in a more general family

d
(5 + L;>x—l,—v mZ.S. g,

where LY is a spatial linear self-adjoint differential operator of order v on L%(R%). In the case
where L} = F,(—A), i.e. a function of —A (with A the Laplacian operator on R%) involving
fractional powers of this operator, and 7 is an unbounded interval (e.g. T = R.), a fractional
version of the heat equation emerges with m.s. solution given by

X1 v, x) "= / I(t, x5 5, y)de(s, )

R+XR

for (1 4+vd)/(d+ 1) > 3(d + 1), where

I(t,x:5,y) = 2m) =" fAA exp(i{(t —5,x =), (. M) T A i
Its spectral density is then defined as
Srv(p, A) = ﬁ
w4 (Fu(1A1%)
In particular, model (3.9) corresponds to the case where v = 2p, and F,(—A) =

(=A) +a2)P. If Fy(—=A) = (I — A)*2(=A)Y/2 (i.e. v = a + y), we obtain the fractional
heat equation considered in Angulo et al. (2000b).

Now consider Y (¢, x), t >0, x € R a spatiotemporal random field defined as the output
of the following fractional differential filter applied to a spatiotemporal random field X_g _,

withv +1 = Zf-i:l v
8v+ﬁ+2

Vig V2 vd 1
dx,'9x,” -+ - 0xy atht

X g y=Y(t,x), B>0vy>0i=1,...d

https://doi.org/10.1239/aap/1113402402 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1113402402

124 M. YA. KELBERT ET AL.

Here, Y is assumed to be a zero-mean, spatially homogeneous, temporally stationary field. Thus,
Y belongs to the class of spatiotemporal random fields (called S/TRF, ;s models) considered in
Christakos (1991), (2000) and can be interpreted as a generalized spatiotemporal random field
defined from X _g _, in terms of the test function family (see Christakos (2000, p. 255))

Grx(s,y) = Qu)~@+D f ()" - ((Ag)™ (i) BT
A XAy

X eXpO((t — 85X = y)v (/’Lv )‘)>) da d,bL,

where (1, x) € Ry x R, A; x A, is the continuous spectrum of the operator

(L Ly, L1) 0 0 2 (3.10)
e, , =|-1i—,...,—i—,—i— ], .
. e dx dxq’ Ot
and (277)~@+D exp(i((t —s,x — y), (i, A))) is its spectral kernel. Note that the operator
SvTA+2 _ Uihte
dx'0xy% -+ - 0x ) 9rh1
can be defined via the operator (L, ..., Lx,;, £;) in (3.10) as

§UTPT2 = (L) - (L) (L)PH,

with D(8"H#+2) = H" 2R, x R?) dense in L>(R,. x RY). The parametric family of
(v/pB)-random field models defined above provides a useful tool in heterogeneity analysis in
modern spatiotemporal geostatistics. This parametric family allows us, by properly selecting
the test functions ¢, to represent the degree of departure from homogeneity (parameter v) and
from stationarity (parameter ) (see Christakos (2000)).

In the case where random field Y is a generalized white noise on L?(R, x R?), it can be
proved similarly to Theorem 3.1 that X_g _, is well defined, in the mean-square sense, by

/R ra gt, x)X_pg,—v(t, x)dx dt
+X

m.S.

= / g(t, x) I(t, x;8,y)de(s, y)dx dt
R, xR4 R4 xR4
for g € L?>(Ry x RY), where

I(t, x5 5, y) = (2m)~ @D f (A1) - ((Ag) T (i) TBHD
A XAy

X exp(l<(t -5, X — y)7 (M? )"))) d)\' dll’

4. Renormalization and homogenization

Gaussian and non-Gaussian limiting distributions for the renormalized solutions of the heat
equation fractional in space and/or in time, with random initial conditions, have been studied in
Anh and Leonenko (2000), (2001), (2002). However, our equation (3.1) differs both in form and
by rescaling (see Theorem 4.1, below) from the fractional heat equations of those references,
and also those of Mainardi ef al. (2001) (see also the references therein).
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The goal of this section is to state and prove a functional central limit theorem for the
polynomials of the random field

X, x;y) :/ e 12, ) Z (dp, dA), t>0,y>0v>1xeR, (4l
R? ’

where f, , is defined by (3.2) and Z is a complex-valued white noise random measure, that is,
E[Z(A)] =0, E[Z(A)Z(B)] = |AN B, A, Be B,
where B8 is the Borel o-field of R2.

In view of the results of Section 3, the random field (4.1) can be considered as the m.s.
solution of the fractional stochastic evolution equation (3.1).

If Z(A) = Z5(A) is a Gaussian random measure then, in distribution,

Zg(adp, Jadr) = a4 Zgdp, di), a>o0,

where ‘2’ denotes equality in distribution. This identity implies that the random field (4.1)
with Gaussian random measure Z = Zg is self-similar, in the sense that, for any € > 0,

t
X(—,i;ye)ge3/4”X(t,x,y), t>0,v>1,y>0,xeR.
N

Considering a linear combination of orthogonal Chebyshev—Hermite polynomials

p

C
P(u) =) Hiw). 4.2)
k=0

clearly any polynomial P(u) of degree less than or equal to p admits a representation (4.2).

Indeed,
p C,
Pu) =Y X Hew), q=/mwmmwm
k! R
k=0
where
o) = ! e~/2 uekR
/_27-[ 9 tl

is the standard Gaussian density. Without loss of generality, we can assume that C}, # 0 and
Cp = 0. Recall that the Chebyshev—Hermite polynomials have the representation

k

d
Hi(u) = (—l)k[go(u)]_lw(p(u), k=0,1,2,....

We now use some ideas from Dobrushin and Major (1979) and Taqqu (1979).
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The random field P (X (¢, x; y)) can be expanded in «£,(€2), the Hilbert space of random
variables with finite second moments, as the orthogonal sum (see Major (1981) for details)

p

C
P(X(tx:y) = 3 2kt x:y),
k=1 "

where, forv > 1,

I
L(t,x;7) = /]R{Zk expli(ur + -+ -+ wt +i(A1 + - - - + Ag)x]

k k
j=l1

j=1

Here f]{w - - - isamultiple Wiener—Itd integral with respect to a Gaussian white noise measure
Z . For the definition and properties of these integrals, see, e.g. Taqqu (1979) and Major (1981).
We should note that the diagonal hyperplanes A; = +A;,i, j =1,...,k,i # j, are excluded
from the domain of integration.

Now, for y > 0 and v > 1, consider the rescaled random fields

Yot xiy) = ——p(x (L, 2 =Sy xi )+ R 4.4
e(ﬂx»J/)—m Z’f’ye = p(t, x5 ¥) + Re, 4.4)

where, by the 1t6 formula (see Major (1981, p. 30)), we have

1 r X
Xp(ta X3 )’) = mHP(X<Ea f) 6)/))

1 ! . r X
:M—A‘_w/Rzpexp[l(m+---+up)z+1(kl+~--+)\p)f}

P2 1 P
222)2yv/2 H Zg(dpj, daj)
J j=1

X 2— )
i1 77 (5 +(ey +c

/

2/2 expli(pr + -+ 4+ up)t +i(hg + - + Ap)x]
R2P

14 02 1 p
Py Zg(dwi,dxr;). 4.5

27 (M§_|_(V+C2)\§)2)v/2j1:[l g, di;) 4.5)

X
J

Note that

p—1 C p=l 2
_ k 2v(p—k)
vang_ValrkE1 T e <K E k!e ,

where K > 0 and & = (e?®4 )T H (X (t/e, x €'/ ey)).
Thus, R — 0 in probability as € — 0.
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Note that the random field (4.5) is Gaussian if p = 1 and non-Gaussian if p > 2, and that

lim cov(Ye(t, x; y), Ye (', X5 7))
e—0
2
_P
p! R2
p 2 1 P

expli(ir + -+ +up)t — 1) +i(h 4+ -+ 21,)(x —x)]

XHG— ) 2122 ded)»j
PR e S O E

]:
a? dpejda;
21 (U5 + (v + DY

C2 14
= p_l"HfR2exp[iuj(t—t/)+ixj(x—x/)]
b

From (4.1)-(4.5) and Slutsky’s arguments (see, e.g. Prakasa Rao (1987, p. 10)), we arrive at
the following result.

Theorem 4.1. For v > 1 and y > 0, the finite-dimensional distributions of the random
fields Y.(t, x; y) converge weakly to the finite-dimensional distributions of the random field
Xp(t,x;7)ase — 0.

Let C(IT), IT = [0, T'] x [0, A], be the space of continuous functions on IT with uniform
topology, and let #¢, € > 0, be probability measures induced in C (IT) by the fields Y (¢, x; y),
(t, x) € I, defined in (4.4), and & be a probability measure induced in the space C (IT) by the
random field X, (¢, x; y), (¢, x) € I, given in (4.5).

The following condition gives a way to prove the weak convergence of probability measures,
denoted P, = P, as € — 0, in the space C(IT) with uniform topology (see, e.g. Gihman and
Skorokhod (1971, p. 406)).

Lemma4.1. Ifv > v* =2+ %(ﬂ] + B2) for some By € (0, 1], B2 € (0, 1], then

k
]_[ dujdrj <oo  (4.6)
j=I

Jg.p k'—/ |)\1+"'+)»k|l+ﬁl|lil+"'+,U«k|l+ﬁ2
1.B2,vk -=
R2 o1 + (r + 23?2y

forl <k <p.

Proof. Using the inequalities
1+8
e 2P <P (max Pal) S RPQE  ) @)
1

and similar inequalities for w1, ..., wx (replacing A1, ..., A, respectively), we find that

Jg1 ok < C(B1, B2 ) Upy o )DE (4.8)

Theorem 4.2. For y > 0 and v v\>/ v*, the random field X ,(t, x; y), (t,x) € Il, is almost
surely continuous. Moreover, P — P in the space C (I1) with uniform topology as € — 0.

Before proving Theorem 4.2, we state some known results (see, e.g. Chentsov (1960),
Korolyuk ef al. (1978) and Ivanov and Leonenko (1989, p. 8)).

Lemma 4.2. Let the finite-dimensional distributions of the random fields Y (¢, x), (¢, x) € II,
converge to the finite-dimensional distributions of the field Y (t, x), (t,x) € Il, which has
continuous paths, and assume that the following conditions hold.
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(i) Forallt > 0andh > O suchthat0) <t < T and 0 < h < A, there exists a constant
K1 > 0 such that

E[Yc(t+7,x+h) = Ye(t, x+h) = Ye(t +7,5) + Ye(t, )P < Ki([t] - |h])' T, (4.9)
where p > 0 and g > 0.
(ii) Forallt € [0, T] and x € [0, A], there exist constants Ky > 0 and K3 > 0 such that
EYe(t +7,2) + Ye(t. )" < Ka(J7)'™,
EYe(t, x 4+ h) — Ye(t, x)|P < K3(Jh])' ™+,
where p > 0 and g > 0.

Then P N Pase — 0, in the space C(I1) with uniform topology, where P and P are
probability measures induced by Y and Y, respectively.

Lemma 4.3. Let assumptions (4.7), (4.8), and (4.9) hold when the random field Y, (t, x)
is replaced by Y (t,x), (t,x) € Il. Then the random field Y (t, x), (t,x) € Il, induces a
probability measure in the space C(I1) with uniform topology.

Slightly different conditions on the existence of continuous modifications of random fields
are given in Ibragimov (1983) (see also Ibragimov and Khasminskii (1981)).

Proof of Theorem 4.2. From the condition v > v*, we obtain

EIXp(t + 1,0 +h) — Xp(t,x +h) — Xp(t +7,2) + X, (1, 1)

o2p CZ . .
= (2)2p p_I: A; lexpli(ps + -+ up)t +17) +ik1 + - + A1) (x +h)]
: P

—expli(ur + -+ up)t +i(hy + -+ Ap)(x + h)]
—expli(pr 4 -4+ up)t + 1) + iy + -+ Ap)x]
+expli(u + -+ up)t +ithy + -+ Ap)x]?

P P
1
X l_[ l_[ dw;da;
2 24242 JOAj
jo W+ (v ey
o2 Cﬁ o .
=< Q2P pl Jeon 4sin“[5(A1 4 - 4+ Ap)hl4sin“[5 (1 + - + pp)T]
P 1 »
x dp; da;
,1:[1 (13 + (v + 2252y /1:[1 jan
2 2
o“P Cp (|T| . |h|)l+min{ﬁl,ﬂ2}’

< G pIpepve

where Jg, g, v, p 18 as defined in (4.6).

Thus, (4.7) holds for the random field X,, (¢, x), (f, x) € Il. Similarly, we can check
conditions (4.8) and (4.9). By Lemma 4.3, the random field X,, (¢, x), (¢, x) € IT induces the
probability measure in the space C (IT) with uniform topology.
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For the random field Y, (¢, x), (¢, x) € I, we obtain

ElYe(t + 1, x+h>—Y(t x+h)—Ye(f+T,X)+Y€(t,x)|2
o? t+1t x+h t x+h
- 5217(3/4 v) Z k! 2x )2k [lk( e Je X V€> _Ik<z, Je x,ye)

I t+1 X ny’ r x 2
- , —=X; Y€ —s =X V€
¢ Je 14 k\ 2 Je 14

2 2k
Sk 07 2(p—ky(w-3/4) o1 - o
=< 1; k! (2ﬂ)2k€ p=hlv - 4sin“[5(A1 4 - - + A)hl4sin”[5 (w1 + - + )]

k

XH

2k
o —k)(v—
< (7| - |h|)l+mm B1.B2} E k' W 2p—h 3/4)J/S1,/32,u,k

dujda;
SURo c2x2)2>“ H =

< QK (7] - |h|)1+mm{/31,/32}’

where

p 1+1 148, K
—I)(v— s I e e 1
0. = Y 20-be 3/4)/ T]dndn;,

k
= R2% Hj:l(//% 4 (7/2 + 02A§)2)v P

K is a positive constant and, by Lemma 4.1, we have
lim Q. = JB1.Bav,p < 0.
e—>0

Thus, the bounds (4.7), (4.8), and (4.9) all hold and the family of measures #. is compact in
C(IT) with uniform topology. The last statement of Theorem 4.2 follows from Theorem 4.1
and Lemmas 4.2 and 4.3.

Appendix A.

Auxiliary definitions and results needed in the derivation of a formal second-order solution
to (2.1) and (3.1) are now provided. Specifically, the main elements of the theory of generalized
random fields on fractional Sobolev spaces are briefly described (see Ruiz-Medina et al. (2001),
(2004)).

Let Cgo (R?) be the space of infinitely differentiable functions with compact support con-
tained in R, and let $(RY) be the space of C* functions with rapid decay at infinity. The
duals of these spaces are respectively known as the space of distributions [C§° R4)]" and the
space of tempered distributions §’(R?), with

CPRY) < S(RY) € 8'(RY) € [CCRDY.

Fractional Sobolev spaces on R? are introduced as spaces of tempered distributions with
positive or negative weak-sense fractional orders of differentiation (weak-sense regularity)
and integration (singularity). We denote by H* (R?) the fractional Sobolev space of order s on
R4, and by H~* (R9) its dual Hilbert space (see Triebel (1978)).
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Definition A.1. For « € R, a random function X, from H*(R?) into £2(Q) = L2(Q, 4, P)
is said to be an «-generalized random field (a-GRF) if it is linear and continuous in the mean-
square sense with respect to the H* topology. Here, £2(2, 4, P) denotes the Hilbert space of
zero-mean random variables defined on the basic complete probability space (€2, 4, P) with
finite second-order moments and with the inner product

(X,Y) 20 = EIXY],  X,Y e LXQ).

For an a-GRF, « denotes its fractional singularity order and —« its fractional regularity
order. For o > 0, X, is a random distribution in the mean-square sense and, for « < 0, X,
defines an ordinary random field X, — in the weak sense for —o < %d and in the strong sense
for —o > %d —in terms of the mean-square integral

Xo(@) "= /Rd Xo(2)P(z)dz forall ¢ € H*(RY),

where X, is continuous in the mean-square sense for —o > %d .
From the kernel theorem (Gel fand and Vilenkin (1964)), the covariance function By, of
X admits the representation

Bx, (9. $) = (Rx,@)*. ®) paray.  @.¢ € H*RY),
since By, defines a bilinear continuous form on H* (R?). Here, “*’ stands for the duality
between Hilbert spaces (Riesz representation theorem), and Ry, is the covariance operator of
X, that is, a symmetric, positive, continuous linear operator from H¢ (RYY into H*(RY).
Hence, for —a > %d ., Ry, admits an integral representation in terms of a continuous kernel
By, , the covariance function of X.

Definition A.2. For @ € R, we say that the fractional generalized random field (FGRF)
Xo: H*(R?Y) — £2(, 4, P) is the ‘a-dual’ of the a-GRF X, : H*(RY) — L2($2, #, P)
if it satisfies

() H(Xy) = H(Xy),

(i) (Xo(@®). Xa(@)H(Xy) = (@ &) ya(pa) for ¢ € H*RY) and g € H™*(R?), with g*
being the dual element of g with respect to the H® topology.

Let H(X,) be the Hilbert space of random variables associated with X, that is, the Hilbert
space of random variables defined as the closed span in the £%(2) topology of {X4(¢) : ¢ €
H(RY)}. Also, let #(X,) be the RKHS defined by the covariance function of X, that is, the
subspace of functions f of H~*(R?) given by

{f € H*RY): f(p) = E[XX4(p)] forall o € H*(R)},

for a certain X € H(X,). Similarly, let H (5(0[) and H (}N( «) respectively represent the Hilbert
space of random variables associated with X, and the RKHS associated with X,.

The following result shows that the RKHS of an «-GRF X, having dual X has norm
equivalent to the norm of H ¢ (R?). The covariance factorization of X, is then obtained in
terms of isomorphisms, and a white noise linear filter representation of X, derived in terms of
isomorphisms (Ruiz-Medina et al. (2001), (2004)).
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Proposition A.1. Under the duality condition, the following assertions hold.

(i) For a € R, the identity operator i between the Hilbert spaces #(Xy) and H™ @(R9)
(and T between the spaces H(Xy) and H*(R?)) defines an isomorphism. That is, the
norms defined on these spaces are equivalent.

(i) S;1 = (N7 = X0, S;' = ()" = X, Rx, = SuS; ', and Rz, = §as—1 where
J represents the isometric lsomorphtsm relating H(Xy) to Jt (Xa) and J = J~- 1)'

the isometric isomorphism relating H(X) to # (X ). (Here, " stands for the adjoint
operator.) The operators Rx, and Ry represent, as before, the respective covariance

operators of X, and X. Note that Sojl = X, means that

IXo()@) = f(¢) forall$ € H*(RY)
and for each f € H™*(R?), and that

H(Xa)

X JX X forall X € H(X,).

The relation §a_ U= X, is understood similarly, in terms of the operator T.
(iii) The FGRFs X4 and X satisfy

L3(Q)

X4 (S, S h)) e(h) forallh € L*(RY) and (A1)

L3(Q)

Xo(S4S7'g) e(g) forallg € L*(RY), (A.2)

where ¢ represents generalized white noise. That is, € is an a-GRF with o = 0 and with
covariance function

Be(h,v) = E[e(h)e(v)] = (h, v) 2gay forallh,ve L*[RY).

Here, S; = J; is the isometric isomorphism between the space H (¢), generated by ¢,
and L*(R?) = (e).

@iv) For —a > %d, H™ (R = #H(X,) is continuously embedded into C~*~4/2(R?). The
random field

Ko (2) m:.s./ [/ i,\l/2q>(z,y;,\)dp(x)}ds(y) forall z € RY
Rd | JRd

then provides the unique mean-square, continuous, ordinary solution to (A.1), where ®
and p respectively represent the spectral kernel and the spectral measure associated with
the integral spectral representation of the covariance operator Ry, .

Similarly, for a > 1d HY(RY) = Jf(Xa) is continuously embedded into C*~ d/2(RdY,
and (A.2) admits a unique mean-square, continuous, ordinary solution defined by

Ky (z) ™ / |:/ 2Dz, yi ) dﬁ(X):| de(y) forall z € R,
R4 R4
with ® and o respectively representing the spectral kernel and the spectral measure

associated with the integral spectral representation of the covariance operator Ry .
o
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