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Abstract

For a semigroup S, let S' be the semigroup obtained from S by adding a new symbol 1 as its identity
if S has no identity; otherwise let S' = S. Mitsch defined the natural partial order < on a semigroup S
as follows: for a, b€ S, a<b if and only if a = xb = by and a = ay for some x,y € S'. In this paper, we
characterise the natural partial order on some transformation semigroups. In these partially ordered sets,
we determine the compatibility of their elements, and find all minimal and maximal elements.
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1. Introduction and preliminaries

Let S be a semigroup. The semigroup S is obtained from S by adding 1 as its identity
if S has no identity; otherwise, let S =S. If, for each a € S, there exists an element
x € § such that a = axa, then we call S a regular semigroup. An inverse semigroup
S is a regular semigroup in which every element a has a unique element a~! € S, the
inverse of a, such that a=aa™'a and a™' =a'aa™'. For ae S, if a=a? then a is
called an idempotent, and we denote by E(S ) the set of idempotents of S.

In the study of algebraic semigroups, an order relation on a semigroup may be
defined via the multiplication of the semigroup. An important such order relation is
the natural partial order. There are many studies in the literature about this order. The
natural partial order arose in 1952 when Wagner [9] introduced the order, denoted by
<, on inverse semigroups in the following way. Let S be an inverse semigroup and let
a and b be elements in S ; then we define

a<b ifandonlyif a=aa'b.

Note that aa™! and a~'a are idempotents in S. Later, in 1980, Hartwig [1] and
Nambooripad [7] independently extended the notion of the natural partial order to
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regular semigroups. For a regular semigroup S and a, b € S,
a<b ifandonlyif a=eb=>bf forsomee, f € E(S). (1.1)
Next, in 1986, Mitsch [6] showed that, given a semigroup S, the relation < defined by
a<b ifandonlyif a=xb=byanda=ayforsomex,yeS!, (1.2)

where a, b € S, is a partial order. The partial orders (1.1) and (1.2) are actually the
same on regular semigroups. Then (1.2) can be considered as the natural partial order
on general semigroups. In 1994, Higgins stated in [2, Theorem 2.5] that if T is a
regular subsemigroup of a semigroup S and a,b €T, then a<b on T if and only if
a<bonS. Anelement c in a semigroup S is left (respectively, right) compatible with
the natural partial order < if, for each a, b € §, we have ca < cb (respectively, ac < bc)
on S whenevera<bonsS.

Much research on the natural partial order concerns semigroups of transformations.
In this paper, we are interested in two semigroups of transformations, the semigroup of
almost one-to-one transformations and the semigroup of almost onto transformations.

Let X be a nonempty set and let

PX)={a:A>X:ACX]},
T(X) ={a e P(X):doma = X}.

It is clear that, under composition, P(X) and T'(X) are semigroups. We call P(X) the
partial transformation semigroup on X, and T(X) the full transformation semigroup
on X. Note that T(X) is a regular subsemigroup of P(X).

In 1986, the natural partial order (1.1) was studied on 7(X) by Kowol and
Mitsch [4]. Moreover, they described the minimal and maximal elements in (7'(X), <).
Next, in 2003, Marques-Smith and Sullivan [5] studied the natural partial order (1.2)
on P(X), and then generalised the results of Kowol and Mitsch [4]. Furthermore, they
characterised the left and the right compatible elements in (P(X), <) and (T(X), <) and
determined the minimal and maximal elements in (P(X), <).

Throughout, all maps act on the right-hand side of the argument, and o~ stands
for the inverse relation of @, where a € P(X). For a nonempty subset A of X, we let 0
and 1, be the empty transformation and the identity map on A, respectively. Both are
contained in P(X) where O is the zero element and 1y the identity element.

Let @ € T(X) and let x € X. Then « is said to be one-to-one at x if [(xa)a™!| = 1.
From [8], if {x € X : a is not one-to-one at x} is finite, then « is called an almost one-
to-one transformation on X. We denote by AM(X) the set of almost one-to-one
transformations on X, that is,

1

AM(X) ={a € T(X) : {x € X : a is not one-to-one at x} is finite}.

For convenience, we let K(@) ={xerana:|xa'|> 1} and ek X' ={xeX:
« is not one-to-one at x}. Then

AM(X) = {ae T(X): U xa~lis ﬁnite}.
xeK(a)
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Note that for each a € T(X), @ € AM(X) if and only if K(e) and xa~! are finite sets for
every x in K(a). Let

AE(X) ={a € T(X) : X \ ran « is finite}.

Each element of AE(X) is called an almost onto transformation on X. From [8], AM(X)
and AE(X) are subsemigroups of 7'(X) with the identity 1y. It is easy to see that if X
is finite, then AM(X) = T(X) = AE(X). As the natural partial order on 7(X) has been
thoroughly studied, in this paper we suppose X is an infinite set if we do not specify
otherwise. In this case, it was shown in [3] that AM(X) and AE(X) are not regular
subsemigroups of 7(X). Therefore, by [2, Theorem 2.5], the natural partial order
(1.2) on these semigroups cannot be reproduced from 7'(X). Throughout this paper, <
denotes the natural partial order (1.2).

For convenience, let A; and B; be disjoint nonempty subsets of X and x;, y; € X for
alliel, jeJ, where I and J are index sets. Define

A; B
=
i Vjliet, jers

which means a € P(X) such that

Xi ifxEA,',
xa = ]
yj leEBj.

(Ai b) _(Ai {b})
Xio Vg \Xi Y iel’

where b € X \ | J;c; A; and y € X. Without loss of generality, more mapping symbols in
this article can be easily applied.

The following remark and some known results on the natural partial order will be
used.

In particular, we let

Remark 1.1. Let S be a semigroup.

(i) If S contains the zero 0, then O is the minimum.
(i) If S contains the identity 1 and s € S, then:

(a) s<1ifand only if sis an idempotent;
(b) 1 is a maximal element.

(iii) For any subsemigroup 7 of S anda,beT,a<bonT impliesa<bonS.
Tueorem 1.2 [5]. For a,BeT(X), a<f on T(X) if and only if the following
conditions hold:

(i) rana Cranp;
(i) af' Caa’l;

(iii) BB ! Caa!.
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TueoreM 1.3 [5]. Suppose y € T(X) and |X| = 3. Then:

(1) vy is left compatible on (T(X), <) if and only if y is onto;

(i1) vy is right compatible on (T (X), <) if and only if vy is one-to-one or constant.
TueoreMm 1.4 [4]. Let a € T(X). Then:

(1)  ais a minimal element in (T (X), <) if and only if @ is a constant map;
(1) «is a maximal element in (T(X), <) if and only if a is a one-to-one or onto map.

The next proposition was extracted from the proof of [5, Theorem 2].

ProposiTiON 1.5. Let a,B€ T(X) be such that rana Cranf. Then the following
assertions hold.

@) a= (éii)iel and = (if S/l
whereiel and j€ J.

(i) IfaB™' Caa’!, then B; C A, forallicl.

(ii) If o' Caa™! and BB' Caa”!, then A;=B; U Ujes, Cj, where Ji={j€J:
ANCij#0andiel

)_61 o for some A;, B;, C; C X and distinct x;,y; € X,
i€l j

In this paper, we give necessary and sufficient conditions for two elements in
AM(X) and AE(X) to be related under the natural partial order (1.2). The left and
right compatible elements and the minimal and maximal elements in these posets are
characterised.

2. The natural partial order

For any «, 8 € AM(X), it is clear that @ <8 on AM(X) implies @ <8 on T(X). In
this section we show that the converse is also true.

ExamprE 2.1. Since X is an infinite set, there are disjoint sets A, B C X such that
IX|=]A|=|B] and X =AU B. Choose distinct elements a, b€ B. It is clear that
IX \ {a, b}] = ]A|. Let ¢ be a bijection from X \ {a, b} onto A and define «, 8 € AM(X)
by

a b «x

and ’Bz(b a x¢

Clearly, ran @ C ran 8. Then we will show that @ < 8 on T'(X). We have that

({a, b} «x
o =

a x¢

)xeX\{u,b} )xEX\{a,b}

af™! = {(a, b)} U lx\a),
aa” ! ={(a, b), (b, a)} U 1y,

BB = 1x.

Soaf™! Caa™' and B3~ C aa~'. By Theorem 1.2, we have a < 8 on T(X). Following
the proof of Theorem 1.2, one will get A€ T(X) and e T(X)\ AM(X) such that
a = AB = Bu and @ = au. This does not allow us to conclude that @ < 8 on AM(X).
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Due to this example, it is worth studying the natural partial order on AM(X).
In Theorem 2.3 we provide necessary and sufficient conditions for two elements in
AM(X) to be related. We start with a lemma.

Lemma 2.2. Let a, B € AM(X) be defined by

= (Ai) and = (Bi Cf)
Xi)ier i Vilier, jes

for some A;, B;, C; C X and distinct x;,y; € X, where i€l and jeJ. Assume that
af~' Caa”!, B! Caa! and let

AB a
()
! iel, acA

where A = X \ U;e; AiB. Then the following hold:
(1) foreachicel, x;¢A;

(i) foreachiel, xu ' NA=0;

(i) peTX);

(v) K@) ={x; : |xu~'| > 1} is a finite set;

(v) for each x € K(u), xu~" is a finite set.
Moreover, u € AM(X).

Proor. (i) By Proposition 1.5(ii), x; € BSCA;8,s0 x; ¢ Aforalliel.

(ii) Ifthereisieland be xju~' NA,then x; = bu = b € A, which contradicts (i).
(iii) This follows from (i), (ii) and Proposition 1.5(iii).

(iv) By (i),

fiel:|lxu >y =(iel:|AB > 1)
cliel |A)l>1},

which is a finite set, since @ € AM(X). Also, K(u) is finite.
(v) Letx€ K(u). Then xu~' = A;8 for some i € I. Thus |xu~!| = |A;8] < |Ail = |x;a™!|
is finite, since @ € AM(X). O

Now we are ready to give the first main result.

THeorREM 2.3. For a,Be AM(X), a<f on AM(X) if and only if the following
conditions hold:

(i) ranaCranp;

(i) of'Caa';

(i) BB Caa”'.

Proor. Let a, € AM(X). The necessity follows from Remark 1.1(iii) and
Theorem 1.2.
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To see the sufficiency, we suppose that the three conditions (i)—(iii) hold. Since

ran @ Cran g,
A, B ,
0/:( ’) and ﬁ:( ! CJ)
Xi)ier Xi Vilier, jes

for some A;, B;, C; € X and distinct elements x;, y; € X, with i € I and j € J. For each
i €1, choose b; € B; and let

Recall that K(@) = {x; : |x;a”!| > 1} and K(2) = {b; : |b;A""| > 1}. Since @ € AM(X) and
Uniekny bid™" = Ueke Xie™', we have 2 € AM(X). Consequently,

a=AB.

By Proposition 1.5(ii), we have 0 # B, C A;B foralliel. Let A=X\ ;s A8 and

define
AB a
K= ( ):8 a) '
t iel, acA

By Lemma 2.2, we get u€ AM(X). Let xeX. Then x€A; for some i€/, so
xa = x; = xBu and xa = x; = x;u = xay, since x; € B8 C A;8. Therefore,

a=Fu and a=au,

which implies that @ <8 on AM(X). m|
Recall @, f € AM(X) in Example 2.1, where

a b x

a:({a,b} X and 'Bz(b  xp

a x¢

)XEX\{a,b} )xeX\{a,b}

Since rana Cran B, af~! Caa~' and 887! C aa”!, by Theorem 2.3, @ < 8 on AM(X).
The following corollary is obtained from Theorems 1.2 and 2.3. This result
confirms that the converse of [2, Theorem 2.5] is not true.

COROLLARY 2.4. Let @, B € AM(X). Then the following are equivalent:

i) a<pBonAM(X),
(i) a<ponT(X);
(iii)) a <pon P(X).

As we have seen above, AM(X) inherits the natural partial order from 7(X).
However, this is not the case for AE(X). Furthermore, in the main theorem we give
necessary and sufficient conditions for two elements in AE(X) to be related under the
natural partial order.

https://doi.org/10.1017/5S0004972713000580 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972713000580

[7] The natural partial order on some transformation semigroups 285

ExawmpLE 2.5. Since X is an infinite set, there are disjoint subsets A, B C X such that
|X|=]A|=|B]and X = A U B. Choose d € A and e € B. It is clear that |A| = |[X \ {d, ¢}|.
Let ¢ be a bijection from A onto X \ {d, e}, and define «, § € AE(X) by

_(a B _[a e B\l{e)
a_(a¢ d)aEA and ﬁ_(a¢ d € )aEA'

Clearly, ran o C ran 8. Then we will show that @ < 8 on T'(X). Since

af™ =14 U (BX{e}),
aa' =1, U(BXB),
BB = laue U (B \ {e} x B\ {e}),

we get that o8~! Caa™! and B87! C @a™!. By Theorem 1.2, we have a <8 on T(X).
We show that @ £ 8 on AE(X). Suppose on the contrary that @ <8 on AE(X). Then
there exists A € AE(X) such that @ = 8. Let x € X.

Case 1: x € A. Then x¢ = xa = xAB. Therefore, x1 = x.

Case 2: x € B. Then d = xa = xAB. Therefore, xA = e.

Hence we can write

Then X \ ran A = B\ {e}, which is an infinite set and this contradicts the fact that A is
in AE(X).

THEOREM 2.6. For a, 8 € AE(X), a < on AE(X) if and only if the following conditions
hold:

(i) ranaCranp;

(i) aof'cCaa!;

(iii) BB~! Caa”!;

(iv) (ranp\ran )8! is a finite set.

Proor. Let @, € AE(X). Assume that @ < on AE(X). By Remark 1.1(iii) and
Theorem 1.2, we get (i)—(iii). Since ran @ C ran f3,

az(Af) and ﬁ:(Bf Cf) (2.1)
Xifier Xi Vilier, jes

for some A;, B;, C; € X and distinct elements x;,y; € X, where i€/ and jeJ. It
is easy to see that (ran 8\ ran )8~ = | jes Cj. We claim that (ran g\ ran a)p!is
finite by showing that J and C; are finite sets for all je€J. Since {y;:jeJ}=
ranS \ran @ C X \ ran @ and @ € AE(X), J is finite. By assumption, @ = AS for some
A€AE(X). Let jeJ. If there is c € Cj Nran 4, then xA = ¢ for some x € X, which
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implies xa = xAB = ¢ =y;, which is a contradiction. Then C;C X \ran4, and
therefore C; is finite.

Conversely, (i) implies that @ and S satisfy (2.1), and therefore, by
Proposition 1.5(iii), A; = B; U e, Cj, with Ji={j€J:A;NC;#0} and i€ I. For
each i € I, we choose b; € B; and define A € T(X) by

1= (x Ujes, Cj) ‘
X bi xeB;, iel

Since ran A =g Bi, X \ranA=Jje; C; = (ran B\ ran a@)B~! is finite. Thus A€
AE(X). Let x€ X. Then x € A; for some i € .

Case 1: x € B;. Then xa = x; = x = xA8.

Case 2: x € Cj for some j € J;. Then xa = x; = bf = xAp.

Thus
a = AB6.
Next, let A = X \ ;; AiB and let d € ran a. Define

_(AB A
”_(xi d) ’
i€l

By Proposition 1.5(iii), u is well defined. Since @ € AE(X) and ran « = ran u, we have
pueAE(X). Let x € X. Then x € A; for some i € I, so xa = x; = xfu and xa = x; = x;u =
xau, since x; € B3 C A;. Therefore,

a=Bu and a=apu.

Hence a <8 on AE(X). O
By Theorems 1.2 and 2.6, we have the following corollary.

CoroLLARY 2.7. Let a, 8 € AE(X). Then the following assertions are equivalent.

(i) a<BonAEX).
(i) a<BonT(X)and (ranf \ ran )8! is finite.
(iii) @ <Bon P(X) and (ran B\ ran a)8~" is finite.

As a consequence, we have the following proposition.

Prorosition 2.8. The following assertions are equivalent.

(1) X is finite.
(i) Fora,BeAEX), a<BonT(X)ifand only if @ < on AE(X).
(i) For a,B e AE(X), a < B on P(X) if and only if « <8 on AE(X).

Proor. See Corollary 2.7 and Example 2.5. O
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Let S (X) be either AM(X) or AE(X). Then we show that the natural partial order
on S (X) is not the identity relation on S (X).

ExampLE 2.9. Let a and b be distinct elements in X. Define «, 8 € AM(X) N AE(X) by

({a, b} x
a =

a X

a b x
b a x

and ,Bz(

)xeX\{a,b} )xEX\{a,h}

Clearly, ran o C ran 8. Also,

af ={(a, b)} U Iy
aa ' ={(a, b), (b,a)} U ly,

Bp" =1x.

So af! Caa”! and B87! C aa!. Then, by Theorem 2.3, we have a <8 on AM(X).
Also, we have that (ran 8 \ ran @)8~! = {a} is finite. By Theorem 2.6, & <8 on AE(X).

Hence it is valid to study the compatible elements, the minimal and maximal
elements with respect to the natural partial order on AM(X) and AE(X).

3. Elements compatible with the natural partial order

Here we characterise the left compatible and right compatible elements in
(AM(X), <) and (AE(X), <) when X is an infinite set.

TueoreM 3.1. Let y € AM(X). Then:

(1) vy is left compatible on (AM(X), <) if and only if y is onto;
(1) vy is right compatible on (AM(X), <) if and only if y is one-to-one.

Proor. (i) Assume that y is left compatible with < on AM(X). Choose y erany. Let
x € X and define
-

X “)an\{y}

Then «, is an idempotent in AM(X). By Remark 1.1(ii), we have a, < 1x on
AM(X). Since v is left compatible, ya, <y on AM(X). By Theorem 2.3(i), we have
X €ran ya, Cran‘y. Since x is arbitrary, v is onto.

The converse follows from Theorem 1.3(i) and Corollary 2.4.

(ii) Suppose that y is right compatible with < on AM(X) but not one-to-one. Then
there are distinct elements a, b € X such that ay = by. Let c€ X \ {a, b}. We define

a € AM(X) by letting
)
a= .
¢ X xeX\{a}

Clearly, « is an idempotent, and by Remark 1.1(ii) we have o < 1y on AM(X). Since y
is right compatible, oy <y on AM(X). By Theorem 2.3(iii), yy~! C ay(ay)~!. We also
have (a, b) € yy~! C ay(ay)™!, as ay = by. Then there exists z € X such that (a, z) € ay
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and (z, b) € (ay)™". So ¢y = aay = z = bay = by. Since c is arbitrary, y is a constant
map, which is a contradiction.
For the sufficiency, see Theorem 1.3(ii) and Corollary 2.4. m|

Furthermore, by Theorems 1.3 and 3.1, we have the following corollaries.

CoroLLARY 3.2. The elements of AM(X) that are left and right compatible with < are
the permutations of X.

CoroLLARY 3.3. For ye AM(X), vy is left (respectively, right) compatible on
(AM(X), <) if and only if vy is left (respectively, right) compatible on (T (X), <).

TueorREM 3.4. Let y € AE(X). Then:

(i) 1y is left compatible on (AE(X), <) if and only if y is onto and xy~" is a finite set
forall x € X;

(1) vy is right compatible on (AE(X), <) if and only ify is one-to-one.

Proor. (i) Assume that 7y is left compatible with < on AE(X). Then, according to the
proof of Theorem 3.1(i), y is onto. Let x € X. Then choose y € X \ {x} and define an
idempotent 5 in AE(X) by
X a
b=

y a)an\{x}

By Remark 1.1(ii), we have 8 < 1x on AE(X). Since v is left compatible, y8 <y on
AE(X). A surjection y and Theorem 2.6 imply that xy~' = (rany \ ran yg)y~! is finite.

Conversely, suppose that y is onto and xy~! is finite for all x€ X. From
Theorem 1.3(i), we have that y is left compatible with < on T(X). Let a<p
on AE(X). Remark [.1(iii), Theorem 1.3(i) and Theorem 2.6 imply that o <f
and ya <yB on T(X) and (ran 8 \ ran @)B~"! is finite, respectively. By assumption,
(ran yB \ ran ya)(yB)~! = (ran B \ ran a)(yB)~! = (ran 8 \ ran )8~ 'y~! is finite. Then,
by Corollary 2.7, ya < yB on AE(X). Hence v is left compatible with < on AE(X).

(i1) The necessity is obtained from the proof of Theorem 3.1(ii).

For the sufficiency, suppose that vy is one-to-one. Let a, 8 € AE(X) be such that
a <BonAE(X). By Corollary 2.7, @ < S on T(X) and (ran 8 \ ran )8! is finite. From
Theorem 1.3(ii), it follows that ay <8y on T(X). We claim that ay <8y on AE(X).
By Corollary 2.7, it suffices to show that (ran Sy \ ran a’y)(By)~! is finite. Consider

(ran By \ ran ay)(8y)”" = (ran By \ ran ay)y”™ g
= (ran B\ ran @)yy '8! (since y is one-to-one)

= (ran B \ ran a)ﬁ‘l.

Since (ranS\rana)B8~! is a finite set, we have the claim. Therefore, y is right
compatible on (AE(X), <). O
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CoroLLARY 3.5. Fory € AE(X), the following assertions hold:

(1) vy is left compatible on (AE(X), <) if and only if y is left compatible on (T (X), <)
and xy~! is finite for all x € X;

(ii) 1y is right compatible on (AE(X), <) if and only if y is right compatible on
(T(X), ).

Next, we will show that the left elements compatible with < on AE(X) and T'(X)
are different. Choose A, B to be disjoint subsets of X such that |A| = |B| =|X| and
AUB=X. LetacA and be B. Recall @, AE(X) with a <8 on AE(X) from
Example 2.9. That is,

az({a,b} x) ’ IBZ(Z b x) '
a X ex\iab) a X iex\ap)

Let ¢ be a bijection from B\ {b} onto X \ {a, b}. Define a surjection

(A b x
a b x¢

)xeB\{b}

By Theorem 1.3(i), we have that vy is left compatible on 7'(X). Consider

A b x

AU {b
ya:( ufb x and yﬁ:(b -

a x¢

)xeB\{h} )xeB\{b}

Then (ran y8 \ ran ya)(yB)~! = A is infinite. Also, by Theorem 2.6, we have ya £ y3
on AE(X). Hence 7 is not left compatible with < on AE(X).
Then the cardinality of X and the left compatibility are related as follows.

CoroLLARY 3.6. The following assertions are equivalent.

(1) X is a finite set.
(i) For ye AE(X), vy is left compatible on (AE(X), <) if and only if y is left
compatible on (T(X), <).

4. Minimal and maximal elements

In [4], the authors characterised the minimal and maximal elements in (7'(X), <).
As stated before, if X is finite, T'(X), AM(X) and AE(X) are the same semigroup. Then,
throughout this section, we assume that X is an infinite set, and we will characterise
the minimal and maximal elements in (AM(X), <) and (AE(X), <).

THeOREM 4.1. Let « € AM(X). Then:

(i) AM(X) has no minimal elements,
(1) « is a maximal element in (AM(X), <) if and only if « is one-to-one or onto.
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Proor. (i) Since X is an infinite set, @ is not a constant map. Then there exist distinct
elements a, b € ran a. Since @ € AM(X), aa~! U ba~! is finite and 8 € AM(X), where

B= ac'Uba™!  x
B a xa

)xeX\(tm‘ Uba~1)

We claim that 8 < a on AM(X). Clearly, ran 8 Cran a. Since a‘l‘mnﬁ c B!, we have
Ba~' BB Let (x,y) €aa'. Then (x,z) € @ and (z, y) € @' for some z € X.

Case 1: x € aa™" Uba~'. Then z = xa € {a, b} and (x, a) € B. Since y € za~!, we have
(@,y)ep.

Case 2: x¢aa " Uba~'. Then xB=xa=z=ya=yB, so (x,xa) €S and we have
(xa,y) e B

In either case, aa™! C 88~!. Thus S < @ on AM(X) and 8 # a.
(i1) Suppose « is neither one-to-one nor onto. Then there exists d € X \ ran @ and
there are distinct elements a, b € X such that aa = ba. Let 8 € AM(X) be such that

ﬁ:(b X

d xa)xeX\{b}

Clearly, a # . Theorem 1.2 shows that @ < on T(X). By Corollary 2.4, we have
a < 8 on AM(X), which implies that « is not a maximal element in (AM(X), <).
The converse follows immediately from Theorem 1.4(ii). O

The next corollary follows directly from Theorems 1.4 and 4.1.

CoroLLARY 4.2. For @« € AM(X), a is a minimal (respectively, maximal) element in
(AM(X), <) if and only if a is a minimal (respectively, maximal) element in (T (X), <).

THEOREM 4.3. Let a € AE(X). Then:

()  « is a minimal element in (AE(X), <) if and only if xa~" is an infinite set for all
X €ran a;
(1) « is a maximal element in (AE(X), <) if and only if « is one-to-one or onto.

Proor. (i) Suppose there exists b € ran « such that ba~! is finite. Since X is an infinite
set and X \ ran « is finite, we can choose a € ran « \ {b}. Define

B=

(aoz‘l Uba™! x

a xa)xeX\(a{t' Uba~1)

Since @ € AE(X), X \ ran 8 = (X \ ran @) U {b} is finite, which implies that 8 € AE(X).
By the proof of Theorem 4.1(i), ran 8 C ran @, B! € fB~" and aa™' € BB~!. We know
that (ran  \ ran 8)a~' = ba™! is finite. Thus 8 < @ on AE(X) and 8 # «.

Conversely, suppose xa~! is infinite for all x €ran @. Assume that there is 8 €
AE(X) such that 8 < @ on AE(X). We claim that ran 8 =ran @. By Theorem 2.6(i),
ran 8 Cran a. Suppose that there is b € ran o \ ran 8. By Theorem 2.6(iv), ba~' C
(ran  \ ran B)a~!, which is a finite set. This is a contradiction. Then ran 8 = ran a.
Let x € X. Since ran @ = ran §3, there is a € X such that a8 = x@. By Theorem 2.6(ii),
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we have (a, x) € fa~! € pB~!. Then xB=aB = xa. Therefore, @ =S. Hence a is a
minimal element with respect to <.

(ii) Suppose that « is neither one-to-one nor onto. By the proof of Theorem 4.1(ii),
we have 5 € AE(X) \ {a} such that @ < 8 on AM(X). It follows from Corollary 2.4 that
a <Bon T(X). Then

B= (b X

d xa’)xexub}

where a and b are distinct elements such that aa = ba and d ¢ ran . Consider
(ran B\ ran a)8~! =dB~! = {b}. By Corollary 2.7, @ <3 on AE(X). Hence « is not
maximal in (AE(X), <).

The converse follows directly from Theorem 1.4(ii). O

We will show that (AE(X), <) certainly has a minimal element if X is infinite.

ExampLE 4.4. Since X is an infinite set, |X| = |[X X X|. Let ¢ be a bijection from X onto
X X X. Observe that:

() Usexx} x X)p7' = X;
()  ({x)x X))o~ N ({y} x X)¢~! = 0 for distinct elements x and y in X, since ¢ is one-
to-one.

Define @ € AE(X) by

X

e (({x} x X)¢“) '
xeX

Since {x} X X is infinite and ¢ is a bijection, xa~! = ({x} x X)¢~! is an infinite set for
all x € X. Then « is a minimal element in (AE(X), <).

The following two corollaries are obtained from Theorems 1.4 and 4.3.

CoroLLARY 4.5. The following assertions are equivalent.

(1) X is a finite set.
(i) Fora € AE(X), a is a minimal element in (AE(X), <) if and only if « is a minimal
element in (T (X), <).

COROLLARY 4.6. For a € AE(X), a is a maximal element in (AE(X), <) if and only if @
is a maximal element in (T (X), <).

Acknowledgement

We wish to express our thanks to the referee for helpful suggestions.

References

[1] R. Hartwig, ‘How to partially order regular elements’, Math. Japon. 25 (1980), 1-13.
[2] P.M. Higgins, ‘“The Mitsch order on a semigroup’, Semigroup Forum 49 (1994), 261-266.
[3]1 Y. Kemprasit, Algebraic Semigroup Theory (Pitak Press, Bangkok, 2002).

https://doi.org/10.1017/5S0004972713000580 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972713000580

292

(4]
(5]

(6]
(71

(8]
(9]

S. Chaopraknoi et al. [14]

G. Kowol and H. Mitsch, ‘Naturally ordered transformation semigroups’, Monatsh. Math. 102
(1986), 115-138.

M. P. O. Marques-Smith and R. P. Sullivan, ‘Partial orders on transformation semigroups’, Monatsh.
Math. 140 (2003), 103-118.

H. Mitsch, ‘A natural partial order for semigroups’, Proc. Amer. Math. Soc. 97 (1986), 384-388.
K. Nambooripad, ‘“The natural partial order on a regular semigroup’, Proc. Edinb. Math. Soc. 23
(1980), 249-260.

R. Noknoi, Generalized Transformation Semigroup Admitting Hyperring Structure (Master’s
Thesis, Chulalongkorn University, 1981).

V. Wagner, ‘Generalized groups’, Dokl. Akad. Nauk SSSR 84 (1952), 1119-1122; (in Russian).

SUREEPORN CHAOPRAKNOI,

Department of Mathematics and Computer Science,

Faculty of Science, Chulalongkorn University, Bangkok 10330, Thailand
e-mail: sureeporn.c@chula.ac.th

TEERAPHONG PHONGPATTANACHAROEN,

Department of Mathematics and Computer Science,

Faculty of Science, Chulalongkorn University, Bangkok 10330, Thailand
e-mail: teeraphong.p@chula.ac.th

PATTANACHAI RAWIWAN,

Department of Mathematics and Computer Science,

Faculty of Science, Chulalongkorn University, Bangkok 10330, Thailand
e-mail: ball_ll@hotmail.com

https://doi.org/10.1017/5S0004972713000580 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972713000580



