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Paths of charges in general relativity
as geodesics of Einstein’s
non-Riemannian geometry

R. R. Burman

The equation of motion of charged incoherent matter, and hence
of a test charge, in general relativity can be written as the
geodesic equation of an affine connection. Here, the connection
is chosen to satisfy a condition which has the form of one of
the basic geometrical principles of Einstein's unified field
theory. The symmetric part of the fundamental tensor of the
geometry is chosen to be the metric tensor of general
relativity; equations to be satisfied by the skew part,
involving the electromagnetic field, are obtained. An.

alternative condition on the affinity is also considered.

1. Introduction

In general relativity, matter can be described by an energy-momentum
tensor, or by singularities in the field with the empty space field
equations applicable outside the singularities [7]. With the former
description, it is easily shown that the equations of motion of incoherent
matter (dust) follow from the field equations; in the absence of
non-gravitational fields, the particles follow geodesics of the Riemannian
space of general relativity. In particular, this result applies to a
single test particle, as is seen by taking the density to be proportional
to a delta function {15; 16, p. 20]. Einstein, Infeld and Hoffmann

derived the equations of motion of gravitating particles in their total
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gravitational field by using the second description.

In general relativity, the equations of motion of a test charge in an
electromagnetic field can be written as the equations of geodesics in a
Finsler space or in a five dimensional Riemanﬁian space [16, p. 85]. They
can also be expressed, by suitably choosing an affine connection, in the
form of the geodesic equations of that connection [4]; the affinity is the
sum of the usual Christoffel symbol and a third-rank tensor which depends
on the electromagnetic field. The affinity discussed by Droz-Vincent [4]
is not unique, there being a class of affinities having 'the same
geodesics, but was chosen so that the covariant derivative of the metric
tensor, taken with respect to the affinity, would vanish. In the present
paper, a different condition is imposed on the affinity; this condition,
which involves a non-symmetric second rank tensor generalizing the metric
tensor, arises as one of the basic principles of the non-symmetric unified

field theory developed by Einstein, Schrodinger and others [5, 7, 13, 14].

2. Basic theory

2.1 Equations of motion

In general relativity, the path of a charged incoherent fluid in the
presence of an electromagnetic field (¢uv) can be represented by (see the
Appendix)

vop ap
(1) uu oy ad U, >
where (uu) is the k-velocity of the fluid and q is defined in the
Appendix. Also, a semi-colon denotes covariant differentiation with
respect to the usual Christoffel symbols, and the summation convention
applies. Equation (1) can be written as the geodesic equation of an affine

connection:
(2) Wut =0

where a dot denotes covariant differentiation with respect to the affinity

A which has components [4]
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v _Ju u
(3) by = {a B} *ad ug
The braces denote the usual Christoffel symbol formed from the metric

tensor (guv] of the Riemannian space of general relativity.

The above connection is not unique, but has been chosen to give

= s H . . .
guv.o =0 . If (Va) is a vector and [Ba B] an anti-symmetric third

rank tensor, the gquantities

() p* o =a¥ 4 GZV

u u
a B8 o B * 68Va * Bu

B B

form a connection with the same geodesics as A . If Va = 0 and the

torsion vector of B vanishes, guv 0 = 0 holds with respect to D if

it does with respect to A [4]. The geodesics of A are unaffected by

its anti-symmetric part, but for gpv 0 =0 to hold, A must be

non-symmetric: a tensor B chosen to cancel the skew part of A would

have a non-zero torsion vector.

2.2 Einsteinian geometry
Let (guv) now be some non-symmetric tensor field and let a dot

denote covariant differentiation with respect to a non-symmetric affinity

T' . Compare the equation guv 0 = 0 , which can be written

o Q

(5) Guvp = 9 * 940y o

r
HV,p av u p
where a comma denotes partial differentiation, with

= T a o .
(6) Iuvo ~ Javiup ¥ guarp v

Equation (6) differs from (5) through the different order of the indices
v and p in the last term. Equation (6), a basic geometrical principle
of the unified field theory developed by Einstein and others, has been
studied in great detail by Hlavaty [§-11]; also, other authors have

obtained solutions in various forms [2, 6, 17, 1§].

Round and square brackets around indices denote the symmetric and
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skew-symmetric parts, taken, when there are more than two indices enclosed,

with respect to those immediately inside the brackets. Write huv for

g(uv) and kuv for Iruv Let indices other than those of 9y be

raised and lowered by using huv ana A"V , where the covariant components

WY are defined by [8]
Av v
h"x, =6 .
(1) aw =S,
The contravariant components guv of the fundamental tensor are defined by
(8) Av o B gV
9Au9 QUAQ AT

Consider an entity I with components written in the form

v u u u
(9) raB_{aB}+UaB+SaB
where the Christoffel symbols are defined in terms of (huv) , S 1is the

torsion tensor of I , given by

U:. H =1 v u
(10) SaB - r[a g1~ z[ra B FB a) 4
while
H - uA v
(11a) U g = 2n s./\(a kB)v
— ncH V
(11v) = 25 (a kB)v .

It has been shown [I7, p. 52] that if (6) has a solution I , it must be of
the form described by (9), (10) and (11). This theorem will be used in the

next section.
Let

= + .
(12) Kmuv gvu;w * ng;u gwu;v

Hlavaty [8, Theorem 2.3] showed that the tensor S satisfies
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[¢3
>

(13) esmuv = Kwuv - l‘Uot\)[].xku)]

U Dbeing given by (11).

It was shown [11, p. 58] that the requirements for the existence and
uniqueness of a solution of (6) do not impose any restriction in the form

of an equation on the components guv . A necessary condition for (5) to

have a solution is that [17, p. 48] g/A and k/h must be constant,
where g, h and k are the determinants of (g“v), (huv) and (kuv) .

Thus, the condition (6) produces a more flexible theory than (5).

3. The new affinity

Since the geodesics of an affinity are unaffected by a transformation
of the form (4), it is of interest to attempt to find an affinity D ,
related by such a transformation to A , which will satisfy a condition of

the type (6).
The symmetric part of (guv) , namely (huv) , is chosen to be the

Riemannian metric tensor of general relativity, so the Christoffel symbols
in (3) and (9) are the same. To retain the same geodesics, the symmetric
part of the new affinity must differ from that of A by only the terms
involving (VA) in (4). Thus, D can be written in the form (9) with

v

oo u u
(14) P g = @b gy 28y

aB B

and with some suitable skew-symmetric tensor chosen for [Sasu] . Teking

B_ _a u
(15) S = 2 YT

where (Lu] is some vector, (11) and (1k4) give

\) -
(16) a¢(au[L kB)v - uB)] - 2hu(aVB) ’

If VB is put equal to zero, (16) is satisfied if
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(17) kK, L =u

(18) ¥ = &M% s

where (zuv] is defined by

(19)

with v = 0 ana " given by (18), equations (14) and (15) become

(20) Uuas = a¢(auus)

and

(21) SaSu 5 g.¢a6zucuc

So

(22) Daue = {aus} + a¢(auu8) - % ¢a6i”°u0 .

This has the same symmetric part as A ; only the torsion is different,
and that does not affect the geodesics. The torsion vector of D is

given by

. T T__g@a
=3 5 )

-0
a ” D[a T3] at ku

(23) b ot o’

The skew-symmetric part of (gqu has not yet been specified.

Maxwell's equations are

e _ lbr—a
(Zh) ¢ ;B = c ou
and
(25) Suv,0 * Couy F Pupu T 00

p being the proper charge density. Equation (2L4) can be used to
eliminate u from (21), (22) and (23).
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4. The skew part of the fundamental tensor
Substituting (20) and (21) into (13) results in

_ o =0
(26) kvu;m * kwv;u * kwu;v - 2a[¢vautu * ¢Euuuv]kw] - a¢wukv uo

An alternative condition can be obtained as follows.
Equation (6) can be written [§, Theorem 2.la]

. _ a
(27) | Tuv.p = 2guaSpv

From the expression for a covariant derivative with respect to an affinity

expressed in the form (9), it follows that

_ o af _ o o
(28) Fuv.o ™ Juvsp gav[U wo ¥ Sup ] gua[u vo * Fup ]

Hence, since & =0,
TV

(o] ¢}
2 = - - + S
(29) Iuv.p kuV;o Ui = Fupw) * Zktva(U ulp ulp ]

Substituting (29) into (27) and separating the result into its symmetric

and skew-symmetric parts gives

- o
(30) Yiow)e =~ K (uaov)
and
a -
(31) kuv;p + 2k, U 0o = oruun

Cyclically interchanging the indices u, v and p in (31) and summing

the three equations:

(32) “uvee * Koo, T Kouw T 0 2(s

)

which was obtained by Hlavaty [8, Theorem T.4; 171, p. 61].

+ S + S
HVP vpu pPHV

The theorem connecting U and S , namely (11), can be written

(33) Uspp = 25,

taking the symmetric part with respect to U and Vv gives (30).

Substituting (20) and (21) into (31) gives
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a a - 0
(3k) kuv;p * ak[va[¢u3 up * ¢o uu]] * a¢p[vku] uc ’
while substituting (21) into (32) gives

_ -a —-g -g
(35) kuv,o * kou,v * kvo,u - a[¢uvko ok F Ak, }uo )

Equation (24) can be used to eliminate M from (35).

Comparison with Maxwell's equations shows that (kuv] is not to be

) .

identified with the electromagnetic field tensor (¢uv

5. The energy-momentum tensors

Consider the tensor with components given by

Wo_ow
(36) A, g = a¢a ug

- the symmetric part of this is U , as given by (20). Two further

tensors are now defined:

Voo ovB 1 2 2 av
(37) Iu =3 AUGB 3 ae ¢ua¢
and
= Ba _ 42 Ba
(38) Juv = AaBuA , =@ ¢a6¢ uu, -

The electromagnetic energy-momentum tensor has components [16, p. 81

v _ 1 oV 1 oV ot
(39) 5,° = {0,08™ + 2 620,67
which can be expressed, using (37), by [3]
(40) s"=—1—[.r"_%a“1“].
M 2na2c?\ ¥ v

The components of the matter tensor can be expressed by

= = pe? e
(41) Muv ouu, = pe Juv/Ja s

provided Jaa does not vanish.

Equations (40) and (41) express the energy-momentum tensors in terms
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of tensors which can be thought of as geometrical quantities, closely

related to the affinity. Droz-Vincent [4] expressed Muv and Suv in
terms of geometrical quantities by using both the affinity (3) and a "dual
affinity".

The invariant Jaa is proportional to E? - H2 | where E and H

are the electric and magnetic fields. The other electromagnetic invariant

can be expressed in terms of the tensor given by (36):

1 HWVA Op _ 1 2 2 WV, 0p

inq A"Va = 2 g?%e?n "¢

2 2
(42) uvop A wvop

= q2p24 KV
ace ¢uv¢
where n is the permutation tensor and (*¢ ) is the dual of
Hvop Hv

(¢UV) . This invariant is proportional to E.H .

6. The condition =0
guv-o
Droz-Vincent chose an affinity to satisfy the condition (5), namely
9y 0 =0, with (guv) taken to be the Riemannian metric tensor of

general relativity. This section deals with affinities which satisfy (5)

with (guv) a non-symmetric tensor field.

If the components of the new affinity are written in the form (9),

then it has been shown by Hlavaty [&, Theorem 16.1] that

B M
()43) U aB - 25 (aB) £}
and that
o _ a
(1k) 2Swu kva - T Kwuv - b v[mku]a

in which Kwuv is given by (12).

Let D now represent an affinity, related to the affinity A of
Section 2 by a transformation of the form (4), and so having the same
geodesics as A ; further, let D satisfy (5) for some non-symmetric

tensor field (guv) » and let (huv) be the metric tensor of general
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relativity.
The affinity D can be written in the form (9) with UUaB given by

(14) and with some suitable skew-symmetric tensor chosen for [SaBuJ .

Taking (15) for sae“ , (14) and (43) give

u
(k5) a¢(au(u8) + LB)J == 2h, Vay -

This is satisfied by Va =0 and La

- Uy s then (14) and (15) become

wooo_ u
(ke) U w = a¢(a uB)
and

H_a M
(47) SaB T2 ¢u6u ?
so that

wo_/ow b a u

(L8) D, g = {a B} + a¢(a ugy * 5 ¢a6u .

This has the same symmétric part as A , and so has the same geodesics.

The torsion vector is given by
(49) p =8, " =%6, u" .

and is thus proportional to the k-force per unit proper volume.

The tensor (k ) has not yet been specified. Since h ., =0,
T8 aBjv

substitution of (46) and (4T) into (Lk4) shows that (kuv) must satisfy

0.

o a a
(50) k + k + k + a¢wuu kw + 2a[d>v Uy ¥ ¢Ew “v)k

VW wv 3 wi 3V pla
An alternative condition can be obtained as follows.

Equation (29) gives 9uv. o for an affinity written in the form (9);

hence the symmetric and skew-symmetric parts of the equation guv o =0
are

U =-S5
(51) (pv)o (npv)
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and

o a
+ = .
(52) kw;p 2ktw(u wo ¥ Suo ] 0

Cyclically interchanging the indices u, v and ¢ in (52) and summing the

three equations:

- (s}
(53) kuv,o * kvo,u * kou,v - g[kuasvo *k

s %+ s“]
va“pu pa uv
The theorem connecting U and S , namely (43), can be written

(5k) Vo =7 2u(vp)

teking the symmetric part with respect to W and v gives (51).

Substituting (46) and (47) into (52) gives
a a al _
(55) kuv;o ¥ akEva[¢uJ Yo * ¢p “ua ¢’ulou ] =0,

while substituting (47) into (53) gives
HV,p Ve, U PU,V ua vp va’'pu pa uv

(56) k + k + k = a[k ¢ +k ¢ +k ¢ ]ua .

Comparison with Maxwell's equations shows that (kuv) is not to be

identified with the electromagnetic field tensor (¢uv)

Another possibility is to retain A as the affinity, so that

TR u

(57) v aB a¢(a “g)
and

wo_ W

(58) SaB =ad., Ugy 3

these satisfy (43). Equations (u4l4), (52) and (53) become

_ a o .«
(59) kvu;w * kwv;u * kwu;v - 2a[¢[u kv]auw * ¢[v kw]auu * @[u kw]uuv] ’
_ a
(60) Kavip = 20Kp0007"%,
and
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_ a o, Q
(61) kuv,p * kvo,u * kou,v =2 ktua¢v3 s * ktvu¢pl “u * ktpa¢u3 qu ’

it kuv is assumed to be proportional to ¢uv , the right sides of

(59), (60) and (61) vanish; in particular, (60) and (61) then give

Maxwell's equations for charge-free regions.

7. Concluding remarks

In this paper, the equations of motion of charged incoherent matter,
and hence of test charges, in general relativity, have been expressed as
the geodesic equations of an affine connection, with the connection chosen
to satisfy a basic geometrical principle of Einstein's non-symmetric
unified field theory. The affinity is the sum of the usual Christoffel
symbol and parts which depend on the electromagnetic field. For a test
charge, the affinity depends on its charge to mass ratio and its
h-velocity: it is not an "external" property of space, independent of the

particle.
Hlavaty classified the space-time, or either of the tensors (guv)

and (kuv) ,» as being of the first, second or third class according as

none, two or all four of the eigenvalues of [kqu vanish. For a given
fundamental tensor (guv) s (6) can have no solutions, a unique solution
or more than one solution. In the four dimensional case with Gguv) real
and huv having the signature (+ + + -) , necessary and sufficient

conditions for the existence and uniqueness of a solution to (6) are [117,
12 6 #0 and G(G - 2) # 0 for the first and second classes,

respectively, where (G represents the determinant of (guv) divided by
that of (hpv] 3 for the third class, there is always a unique solution.

Hlavaty [8-11] solved (6) to obtain T in tensorial form in terms of

. the components guv and their derivatives, for all three classes

including the degenerate cases. His solutions have not been used here,

but could be useful in further investigations of the topic of this paper.
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Appendix. The equations of motion
Consider a four dimensional Riemannian space with coordinates z*
and interval ds given by ds? = guvdxudxv s (guv) being the metric

tensor. The contracted curvature tensor and the curvature scalar are

written (Ruv) and R . Covariant differentiation is denoted by a

semi-colon. The field equations of general relativity are
TRV uv _ nv uv
(a1) B+ (- W)™ = - e + 5)

wvhere A 1is the cosmological constant and K 1is a constant, while @Muv)

and CSUV) are the energy-momentum tensors of matter and the

electromagnetic field, respectively. For incoherent matter (dust)
M“V = puuuv » P Dbeing the proper density and (uu) the U-velocity
(cdxu/dsJ , ¢ being the speed of light in empty space.

Since the divergence of the left side of the set (Al) vanishes,
TRV RV n v o v
=S = = + R
(A2) . M . u (pu );v pu ;Vu

and hence u uu vanish.
H o5V

It follows from uuuu = ¢? that [uuuu]

i

Also, the U-force per unit proper volume -[ v] is orthogonal to

2

(uu] . So on multiplying through by uu and summing over W , (A2) leads

to (ouv), = 0 . Substituting this into (A2) gives

(a3) puvu .

- the equation of motion of the matter. The components of the h-force
per unit proper volume can be written as Ebauua/c N B. being the proper

charge density. So (A3) can be written as equation (1) of the main text,

with a = - p/pe .

Using the general expression for a covariant derivative and

w’ = edx’/ds , (A3) takes the alternative form
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2, M a , B =
o () 8]

g2
where the braces denote Christoffel symbols of the second kind.

In the case of no non-gravitational fields, Sen [15; 16, p. 20]
obtained the equation of motion of a single test particle of unit mass from
that for dust by writing p(z) =8(z - x)/v=g ; 6 1is a four dimensional
delta function, & and z represent points in space-time and

g = det(guv) . His procedure can be generalized to the problem of a test

charge in an electromagnetic field as follows. Substitute

p(z) = m8(x - z)/v/~g and p(x) = q8(x - x)/V/-g into (AL), m and gq
being the mass and charge of the particle. Multiplying through by /2;,
integrating over all space-time and dropping the bars from Z in the

resulting equation gives

(a5) dth+{u}dx_“;¢r_g=i¢auu
ds? a Bf ds ds me3 a

- the equation of motion of a test charge. Equation (AS) can also be
written in the form of equation (1) of the main text, with a now equal

to =-q/me .
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