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Abstract

We apply the Schwarz lemma to find general formulas for the third coefficient of Carathéodory functions
dependent on a parameter in the closed unit polydisk. Next we find sharp estimates of the Hankel
determinant H,, and Zalcman functional J; 3 over the class CV of analytic functions f normalised such
that Re{(1 — z2)f’(z)} > 0 forz € D := {z € C : |z] < 1}, that is, the subclass of the class of functions convex
in the direction of the imaginary axis.
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1. Introduction

LetD:={zeC:|z<1},D:={zeC: |zl <1} and T := D. Let H be the class of all
analytic functions in D and A the subclass of functions f normalised by f(0) := 0 and
f/(0) := 1, that is, of the form

(e8]

f(z)=Zanz”, a;:=1,zeD. (1.1)
n=1
Givenn,q € N,
ay apy1 "0 Aptg-1
Ap+1 apy2 o an+q
Hq,n(f) =
Aptg-1  Autg " Aui2(g-1)

denotes the Hankel determinant of a function f € A of the form (1.1). The problem of
finding the upper bound of the Hankel determinant over selected compact subclasses
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of A has been intensively studied. Many authors have examined the second Hankel
determinant H»>(f) = axas — a% (see, for example, [2, 4, 5, 10, 11, 17, 21]).

We investigate H»»(f) and also the functional J, 3(f) := azaz — aa, a specific case of
the generalised Zalcman functional J,, ,,(f) := ana@m — ap+m-1 for n,m € N'\ {1}, which
was investigated by Ma [20] (see also [23] for other results). Many authors (see, for
example, [1, 2, 4, 5, 11, 14]) have computed upper bounds for the functional J, 3 over
various subclasses of A.

By CV, we denote a subclass of A of functions f such that

Re{(1 -2 f'(2)} >0, zeD. (1.2)

The class CV plays an important role in geometric function theory. Each f € CV
maps D univalently onto a domain f(D) convex in the direction of the imaginary
axis, that is, for wi, w, € f(ID) such that Re w; = Re w; the line segment [w, w;] lies
in f(D) with the additional property that there exist two points w, w; € df(D) for
which {w; +it: ¢t >0} cC\ f(D) and {w, —it:t >0} c C\ f(D) (see, for example,
[7, page 199]). In fact, the class CV is a subclass of the class C°V(i) of functions convex
in the direction of the imaginary axis introduced by Robertson [24] in 1936. Robertson
gave an analytic condition for the class CV(i) under some regularity of functions in
CV(i) on the unit circle. The proof of Robertson’s conjecture for the whole class CV (i)
was finally completed by Hengartner and Schober [9] by dividing the class CV(i) into
three subclasses with the class CV as one of them. A supplement to their proof was
given by Royster and Ziegler [25]. For further information on convexity in the direction
of the imaginary axis, see, for example, [7, pages 193-206]. The condition (1.2) has
been generalised by replacing the polynomial 1 — z? by quadratic polynomials [15, 16]
and by any polynomials having their roots in C \ D [12, 13].
In this paper we derive sharp estimates of H,, and J,3 over the class CV:

H =1
]{relcaj‘ﬂ 22O

and |
= —(233 +7V7).
max [13(/)] = 75233 +7 VD)

Since the class CV has a representation through the Carathéodory class P, that is,
the class of functions p € H of the form

p@) =1+ e, zeD, (1.3)

n=1

having a positive real part in D, the coefficients of functions in CV can be expressed in
terms of the coefficients of functions in . Therefore, to get the upper bounds of H;»
and J, 3, our calculations are based on parametric formulas for the second and third
coeflicients in . However, the class CV is not rotation invariant, that is, if f € CV,
then fy ¢ CV for each 6 € (0, 2r), where fy(z) := e " f(e'z) for z € D. Results in the
cited papers mostly concern rotation-invariant subclasses of A and use the formula for
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c3 due to Libera and Zlotkiewicz [18, 19] with the restriction that ¢; > 0. However,
this cannot work for the whole class CV. So, to solve the problems of this paper,
we first find a general formula for c3. We present two different methods of proof. The
second one is constructive and gives some extremal functions. It can be applied to other
coefficients of functions in the Carathéodory class. We believe that this new result will
be useful for other coefficient problems for classes which are not rotation invariant.

2. Parametric formulas for coefficients of Carathéodory functions
The following lemma is due to Carathéodory (see, for example, [8]).

Lemmva 2.1. The power series for a function p given by (1.3) converges in D to a
function in P if and only if the Toeplitz determinants

2 (o R o
El 2 C1 et Cp—1

D, :=|. . . . .|, m€eN,
En En—l En—2 e 2

are nonnegative. They are strictly positive except for
m
p@) = ) pel(e2), zeD,
k=1

where m € N,
1+z
L(Z): T ZGD,
1-z2
pr >0, 200 pr =1, 4 € [0,27) and t # t; for k # j; in this case D, > 0 forn <m -1
and D, =0 forn > m.

In particular, D; > 0 yields the well-known inequality (2.1) due to Carathéodory [3]
(see, for example, [6, page 41]). In turn, D, > 0 leads to the inequality (2.2) (see, for
example, [22, page 166]).

Lemma 2.2. If p € P is of the form (1.3), then
il <2 (2.1)

and
2¢; = cjl <4 —ei*. (2.2)

Now, using D3 > 0, we prove the inequality for the third coefficient of functions
in . When ¢; > 0, this was done by Libera and Zlotkiewicz [18, 19]. The formula
due to Libera and Zlotkiewicz is useful in applications when the class of analytic
functions characterised in terms of the class # and the coefficient functional are
rotation invariant. Then by suitable rotation it can be assumed that the coefficient c; is
real. However, when the class or the coeflicient functional are not rotation invariant we
need to use the general formulas for the third as well as for further coefficients of .
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Lemma 2.3. If p € P is of the form (1.3), then
(4 = le11*)(2c3 = c1e2) = (€] = 2¢2)(C1c2 = 2l < (4 = ler|D)? = 2cr = ¢, (2.3)
Proor. By Lemma 2.1, for p €  of the form (1.3),

2 c1 Cp (3

El 2 Cc1 C2
Dy =|_" _

Cr 2 C1

c3 ¢ ¢ 2

2 1 E] 1 C El 2 C El 2 C1
=2 El 2 C1| —C1 Ez 2 Ci|+ 2 52 El Ci1|—C3 52 El 2
c, ¢ 2 c; ¢ 2 c3; ¢ 2 c3 ¢ C

=16+ leaf* = 12le1 P = 8lea® + leal* = 2lerPleaf = 4lesl + lerPles + 4eie
+4¢7C; + 4eicaCy + 4C1Cacy — €33 — T3 — €1Tac3 — C1eac3 2 0. (2.4)
Since a straightforward algebraic computation shows that
[(4 = le1?) = 2¢2 = i = [(4 = le1)(2e3 = e1¢2) = (€] = 2e2)(@1c2 = 2¢1)
=4(4 - |c1)Ds,
the inequality (2.3) follows from (2.4). O
Let B be the class of all self-maps of D of the form

w(z) = Z b,Z", ze€D, (2.5)
n=1

that is, the class of so-called Schwarz functions. Given @ € D, let
77—« —

—, z€D.
1-az

It is well known that ¢, is a conformal automorphism of D, ¢,(D) = D, ¥,(T) = T and
W' = ¢_,. Moreover, forn € N,

Yo(2) =

—n-1
nla"

(1= laPy
It is easy to check that the inequalities (2.1)—(2.3) can be written in the forms (2.7)—
(2.9), respectively, that is, in a form dependent on a parameter lying in the polydisk

ﬁk for k = 1,2, 3. As remarked earlier, formulas (2.7) and (2.8) are known. Now we
will prove the formula (2.9) in a new way. This method based on the Schwarz lemma
readily allows us to find formulas for each coefficient of Carathéodory functions.

Lemma 2.4. If p € P is of the form (1.3), then
¢ =24, (2.7)
¢ =207 + 20 = [P (2.8)

Y () = (2.6)
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and
c3 =24 + 40 - l0PHG s - 200 - 16D G + 20 - 1aPHA = 169G (2.9)

for some (; € Dandie€{l1,2,3).
For £, €T, there is a unique function p € P with ¢, as in (2.7), namely,

p(2) = w, zeD. (2.10)
1 -4z

For {1 € D and {, €T, there is a unique function p = L o w € P with ¢| and c¢; as in
(2.7)—(2.8), where
w(z) = -($z), z€D, (2.11)
that is,
_ 1+ Qo+ i+ o7
L+ @it = )z = 62

For {1,0, € D and {53 € T, there is a unique function p = L o w € P with ¢y, ¢; and c;3
asin (2.7)—(2.9), where

p(2)

zeD. (2.12)

w(@) =W @W-4,((32), z€D, (2.13)

that is,

_ 1+ GG+ 00+ 2+ (GG + 058 + H)F + 867
L+ GG+ 06 - 02+ (GG - HbG — )2~ 68

Proor. Let p € P be of the form (1.3). Then there exists w € By of the form (2.5) such
that

p(2)

zeD.  (2.14)

(1 -w@)pi)=1+w(z), zeD. (2.15)

Putting the series (1.3) and (2.5) into (2.15), by equating coefficients,
c1 =2by, ¢y =2by+2b7, c3=2b3+4dbiby+2b3. (2.16)
Part 1. By the Schwarz lemma (see, for example, [7, Vol. I, pages 84-85]),
b1] = |’ (0) < 1, (2.17)

that is,
b =4 (2.18)

for some {; € D. By (2.16), we get the formula (2.7).
Moreover, equality in (2.17), that is, the case {; € T in (2.18), holds if and only if

w(@) =0z, z€D

(see [7, Vol. I, page 85]). From (2.15), it follows that then p can only be as in (2.10).
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Part 2. By Part 1, we can assume that b; € D. Define

mz)::@, 2eD\{0), ¢1(0):=br. 2.19)

By the maximum principle for analytic functions, the function ¢, is a self-map of D,
so a function

w1(2) =Y, (¢1(2)) = b(ll)z + b(z”z2 +---, ze€D, (2.20)
is a Schwarz function. By the Schwarz lemma,

|ba

V| = | (0)] = <1,
by = lw; (0)] b~

2.21)

that is,
=4 (2.22)

for some {; € D. Taking into account (2.18) and (2.21),
by =1 -6 (2.23)

By (2.18), the formula (2.8) follows from (2.16).
Moreover, equality in (2.21), that is, the case {; € T in (2.23), holds if and only if
w1(z) = &z, 7 € D. Consequently, by (2.19), (2.20) and (2.18),

w(2) = 2¢1(2) = W-p, (W1(2)) = W1 (£r2), z€D,
that is, w is as in (2.11). From (2.15), it follows that then p can only be as in (2.12).

Part 3. By Parts 1 and 2, we can assume that b, b(ll) € D. Define

w1(2)

02(2) = . 2eD\{0}, 20):=b{". (2.24)

Since the function ¢; is a self-map of D, a function
wy(2) = wb<l|>(<p2(z)) = b(lz)z + b(22)z2 +---, ze€D, (2.25)

is a Schwarz function. By the Schwarz lemma,

o 165"
|b1 | = |0)2(0)| = Tb(ll)lz < (226)
that is,
b2 = 43 (2.27)
for some &3 € D. Taking into account (2.26) and (2.22),
by = (1 =16 (2.28)
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On the other hand, from (2.20), by applying (2.6), (2.18) and (2.23),
by b , b
(A =1612)?  1=1by?
This together with (2.28) yields
by = (1= 16D EG + (1 =10 P)A =16

By (2.18), the formula (2.9) follows from (2.16). Moreover, equality in (2.26), that
is, the case {3 € T in (2.27), holds if and only if w,(z) = {3z, z € D. Thus, by (2.24),
(2.25) and (2.22),

b3
=1

1 ’7 ~
by = Sw{(0) = =44+

w1(2) = 2¢2(2) = W _0(2(2)) = Y, (832),  z€D.
Now (2.20) and (2.19) with (2.18) yield
w(z) = 2¢1(2) = 2Wp, (W1(2) = W, (W -,({32), z€D,
that is, w is as in (2.13). From (2.15), it follows that then p can only be as in (2.14). O

Remark 2.5. In a similar way we can get formulas for the coefficients ¢, for n > 4.

3. Applications

Having the formulas (2.7)—(2.9), we now find the sharp estimate of the Hankel
determinant H, over the class CV.

Tueorem 3.1. We have

max |H,(f)l =1 3.1
feCcv
with the extremal function
f@)= Lz z€D. (3.2)
1-z
Proor. Let f € CV be of the form (1.1). By (1.2),
(1-2)f' (@) =p@), zeD, (3.3)

for some function p € P of the form (1.3). By putting the series (1.1) and (1.3) into
(3.3) and equating coefficients,

a=%c, az=3(ca+1), as=5(ci +c3). (3.4)
Hence, by using the equalities (2.7)—(2.9),

aras — a% = %(9(;103 + 96% - 8(:% — 16¢, — 8)
= %l + 4 -2+2 - DU - 1P
(4P +8)(1 = 141G + 90 =14 = 16181

https://doi.org/10.1017/5S0004972718001429 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718001429

[8] Sharp bounds of some coefficient functionals 93

Setting x :=|{1| € [0, 1], y := || € [0, 1] and taking into account that |{3] < 1,
lazas — a3] < &Ix*+ 57+ 2+ 207 + 4)(1 - )y
+ (% +8)(1 — X2y +9x(1 — x)(1 — yH)]
= &t + 22+ 24+ 9x(1 — ) + 207 +4)(1 = Xy

+(1-0@ - (1 —x)y 1= £F(xy), xyel0,1]. (3.5)

Forx=1,

aras — a3 < 3. (3.6)

Now let x € [0, 1). Then

‘Z—I; =20 +4)(1 = xH) +2(1 =)@ - x)(1 - 1)y =0

only for
x> +4

YT T 0B v

Yo-

Since yg < 0, for each x € [0, 1) the function [0, 1] 3 y — F(-, ) is strictly increasing.
Therefore, by (3.5),

lazas — a3] < £ F(x, 1) = £ (-2x* = 12x* + 18) < 1, x€[0, D).
This together with (3.6) shows that
[H22()l < 1. G.7)

For the function (3.2), which is in CV, we have a, = a4 = 0 and a3 = 1. This gives
the equality in (3.7) and proves (3.1). O

Now we find the sharp estimate of the Zalcman functional J, 3 over the class CV.

Tueorem 3.2. We have

;ng()‘(/ |J23()] = 4]%(233 +7vV7) ~ 051753 (3.8)
fe

with the extremal function

"z
t
f(z)=f o )2 dt, zeD, (3.9)
o 1—t
where p is of the form (2.14) with
4- 7. ~5+2v7 .
G = ¢ b §2=T, =1 (3.10)
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Proor. For f € CV, by (3.4),
as — aaz = 1—12(36‘3 +3c; — 2c1¢3 — 2¢q)
= 3l + G+ 2000 - 166 =360 - 16DG
+3(1 =141 = 1)) (3.11)
Setting x :=|{1| € [0, 1], y :=|{3| € [0, 1] and taking into account that |{3]| < 1,

las — azas] < L[x° = 3x% + x+ 3+ 2x(1 — x*)y = 3(1 — 0)*(1 + x)y*] = L F(x,y).

(3.12)
For x =0,
F0,y)=3(1-y)<3, yel0,1]. (3.13)
For x =1,
F(1,y)=2, yel0,1]. (3.14)
Let x € (0, 1). Note that 3(1 — x)>(1 + x) > 0 and dF/dy = 0 only for
— x —_—
R TTR R
For yy > 1, that is, for x € [3/4, 1),
F(x,y) <F(x,1)=6x—4x <F(3,1)= £ =2.8125 (3.15)
and, for yg € [0, 1), that is, for x € (0,3/4),
F(x,y) < F(x,y0) = 1(4x = 8x% + 3x + 9) =: 1o(x). (3.16)
Since ¢ attains its maximum value
4-7\ 1
<p( \/—) — —(233+7V7) ~3.10519
6 81
at xo = (4 — V7)/6 ~ 0.2257, taking into account (3.12)—(3.16) yields
23] < 72 (233 + 7 VD). (3.17)

By Lemma 2.4, a function p of the form (2.14) with £}, and {3 as in (3.10) belongs
to P. Thus, the corresponding function f given by (3.9) belongs to C°V and, by (3.11),

i
as — araz = g[xg +x0 + 2x0(1 = x3)yo + 3x0(1 — )y + 3(1 = x3)(1 = yd)]

- é[xg 20+ 21000 = 1) 5+ B - xg)ﬁ
x2
+3(1 - xg)(l - 9(1_—0)60)2)]
= %(4;@ —8x2+3x9+9) = 8%(233 +7V7).
This gives equality in (3.17) and proves (3.8). O
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