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Introduction

A locally strongly convex hypersurface in the affine space R"*! is
called an affine hypersphere if the affine normals (§ 1) through each point
of the hypersurface either all intersect at one point, called its center,
or else are all mutually parallel. It is called elliptic, parabolic or hyper-
bolic according to whether the center is, respectively, on the concave
side of the hypersurface, at infinity or on the convex side. This class
of hypersurfaces was first studied systematically by W. Blaschke ([1]) in
the frame of affine geometry. In his paper [3] E. Calabi redefined it and
proposed a problem of determining all complete hyperbolic affine hyper-
spheres and raised a conjecture that these hypersurfaces are asymptotic
to the boundary of a convex cone and every non-degenerate cone V
determines a hyperbolic affine hypersphere, asymptotic to the boundary of
V, uniquely by the value of its mean curvature. He proved this conjecture
for homogeneous convex cones under some conditions on the action of
the automorphism group of the cone. In §2 we will prove that this is
the case for closed affine hyperspheres relying crucially on theorems of
H. Wu ([17]) and S. Y. Cheng-S. T. Yau ([4]) (Theorem 1). A hyperbolic affine
hypersphere is identified, through an appropriate Legendre transformation
(§ 1), with a bounded convex domain 2 in R"(¢) making use of Wu’s theorem.
Cheng-Yau’s theorem says that there exists a unique convex solution for
the following equation of Monge-Ampeére type

{det( Fu ): (Huw)**  in Q

(%) 0§08,

u=20 on %2 .

Using this equation C. Loewner-L. Nirenberg [9] defined a projectively
invariant metric of the domain 2. Then the Legendre transformation is
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an isometry with respect to this metric and the affine metric of the hyper-
sphere (Theorem 2).

In §1 we recall the definition of an affine hypersphere. In §3 we
derive a composition formula of solutions of the equations of type ()
above (Theorem 3).

In §4 we restrict ourselves to the homogeneous case. Here the the-
ory of homogeneous convex cones plays a central role. Let V be a non-
degenerate open convex cone in R**'(x) and V' be its dual. A(V) means
the group of all linear transformations which leave V invariant. Follow-
ing V. M. Koecher we define the function called the characteristic func-

tion of V, by the equation ¢,(x) = fw e~ @od¢ for every x € V, (%, &) being

the value of the linear functional ¢ at x (Koecher [8], E. B. Vinberg [16]).
We denote by S, the level surface of ¢y:{¢,(x) = ¢} which is a noncom-
pact submanifold in V. It is also known that the Hessian d*log ¢, defines
the metric on V. We denote by o the induced metric on S,. Now we
shall assume the cone V is homogeneous under A(V). Then we will
prove that S, is a homogeneous hyperbolic affine hypersphere and every such
hyperspheres can be obtained in this way (Theorem 4a, 4b). We state another
composition formula of solutions of equations of type (#) and see that o
is identified with the affine metric. We remark also that S, is a global
Riemannian symmetric space when V is a self-dual cone (Proposition 6).

The author would like to express his thanks to his colleagues K.
Shiga and T. Tsuji and to Professor S. Kobayashi for pleasant discussions
with them.

Added in proof. In May, 1979, Professor S. Y. Cheng kindly informed
me that he and S. T. Yau also obtained Theorem 1 in this paper independ-
ently and announced it in the 1977 Utah conference on partial differential
equations.

§1. Proper hyperbolic affine hyperspheres

First we recall, for completeness, the definition of affine normals
after Calabi’s paper [3] (cf. H. Flanders [6]). Let S be a hypersurface in
R*! and f: S — R™*' be the imbedding of S. The imbedding f defines a
volume bundle valued quadratic form G on S by the equation

aZf' af‘ a.f) 2 1 n
~Zdt<~——,—«,~-,—*d 1
G s € a_’yia 7 o oy ydy ®dy VA AN dy

https://doi.org/10.1017/50027763000018705 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000018705

HYPERBOLIC AFFINE HYPERSPHERES 109

in terms of local coordinates (3, ---,y") of S. This is invariant under
unimodular affine transformations in R**!. If this quadratic form is sup-
posed to be non-degenerate, it defines a pseudoriemannian structure tensor
g with corresponding volume element duv(g), uniquely defined by the equa-
tion

G = g ®duv(g).

In this paper we assume that the set S is locally strongly convex. Then
the tensor g can be chosen to be positive definite choosing the orienta-
tion of S so that G is positive valued. With this Riemannian metric,
called the affine metric, the affine normal is defined to be the vector

n= lAf', where 4 is the Laplace-Beltrami operator with respect to g.
n

For an affine hypersphere of hyperbolic or elliptic type (called of proper
type together) with the center at the origin, n satisfies the equation

n:—Hf9

where H, called the affine mean curvature, is a nonzero constant. Next
we explain a non-parametric characterization of an affine hypersphere.
Let (x', - - -, x"*!) be a linear coordinate system of R**' and {x"*' = f(«',- - -,
x")} be the representation of S as the graph of a locally strongly convex
function f for x = (x', - - -, x®) ranging in a domain D C R*. Let 2 C R"(¢,,
.-+, &) be the image of D under the locally invertible mapping & = grad f

=(fy -+, [.), where f, = gL We define the function wu(¢,, ---,&,) on 2
xl

by the equation
u(grad f(x)) = —f(x) + (x, grad f(x)) ,

where (,) is the pairing giving the canonical duality. We recall u the
Legendre transform of f and also the domain 2 the Legendre transform
of S with respect to the coordinates (x!, ---, x"*"). In this formulation
Calabi proved

(a) The hypersurface S is a proper affine hypersphere with its center
at the origin and the affine mean curvature H if u satisfies the equation

det (ag;;) — (Hu() " .

For the later use we state an easy
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LEmmA 1. If we take another coordinate system y = (', - - -, y**') such
that y = Ax for A = (a3)e SL(n + 1, R) and assume uv(y) is the Legendre
n+1
transform of y™*' with respect to (y', ---,y"*"), 9; = ag = Then
Y

D &= aly — ar*H(arii — 20 ey

1 " j —
@ u®) = viplat — X al,m) 1<i,j<n)

§2. Construction of hyperbolic affine hyperspheres

In this section we will give an answer to Calabi’s conjecture stated
in Introduction owing mainly to Wu and Cheng-Yau (Theorems A and B).
Let S be a closed hyperbolic affine hypersphere with center at the origin
and the affine mean curvature H. This is complete with respect to the
affine metric ([6]). (But the author does not know whether the complete-
ness of the affine metric implies the closedness or not.) It is also com-
plete with respect to the induced metric of the Riemannian metric of R™*'.
Therefore the hypersurface S is complete, noncompact, orientable, smooth
and locally strongly convex. In this situation we have

THEOREM A. (Wu [17], R. Sacksteder [14]). Such a surface is the full
boundary of some closed convex body and is the graph of a non-negative
smooth strictly convex function defined in some hyperplane.

By this theorem the hypersurface S can be written globally as the
set {x"*!' = f(x', - - -, x")}, where [ is a positive smooth strictly convex func-
tion on {x"*' = 0}.

LEMMA 2. Let h(z) be a positive smooth strictly convex function on R
and H = {y = h(2)} be the curve in R'. Assume every line through the
origin o and the points p in H cannot be tangent to H for all p. Then
any half line through o can intersect H at most at one point.

Proof. This is straightforward and its proof is omitted.

LEmMMA 3. Let S be represented as above. Then the tangent plane at
any point of S cannot contain the origin.

Proof. In other words the affine normal is not tangent to S. Obvious-
ly the normal vector in Euclidean sense at one point in S is proportional

to ng: = (&, -+, &, —1),& being the coordinate of the Legendre trans-
formation. The affine normal » at that point is %(a—p, .o, 9 , 0
1Y 0§, 0&,
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+Z _aa’sgf> where p = det (f,)"¥/*"* (see [3], p. 26). Hence (m,nz) = —1/p
=1 P

#+ 0, completing the proof.

We say a half line [ through o is an asymptotic line of S if there
exists an unbounded sequence of points x, in S such that half lines
through x, and o tend to . And we say S is asymptotic to the boundary
of a convex cone when the boundary is equal to the set of all asymptotic
lines of S. Then we have

ProrosiTioN 1. Let S, = {kpeR"';peS}. Then S, N S, =T for
k+ Fk and V:= U, S is an open non-degenerate convex cone. S is as-
ymptotic to the boundary of V.

Proof. A convex cone is said to be non-degenerate when it contains
no straight line. Assume S, N S, = & for some k= £’. This means that
there exists a point p in S, such that (k/F')p is also a point in S,. But
this cannot occur by the above Lemmas.

Next we shall study the Legendre transform of S. Let C be the
convex body {x"*'>f(x)}. S is the boundary of C. For any convex body
K, the set of all vectors y e R"*! such that K + yC K is called the reces-
sion cone of K ([11], p. 61) and denoted by 0*K. Proposition 1 says that
0*C=V. By definition, the barrier cone B(K) of K is the set of all vec-
tors & such that, for some ge R, (x,&) < B for every xe K. This is equal
to the closure of the set consisting of all outer normals to K if K has
interior. Also by definition, the polar cone W° of a convex cone W is
the set {£e R**';{x,&) < 0 for all xe W}. W° is the minus of the dual
cone W: W°={—¢;&e W}. It is known that B(K)' = 0*K([11], p. 123).
Then we have

ProposITION 2. The Legendre transform 2 of S is the interior of the
section of V° with the hyperplane {¢,,, = —1}. The Legendre transform
function u tends to 0 at the boundary of 2.

Proof. By definition, 2 can be identified with the set of outer nor-
mals ny to S, i.e. 2 = int (B(C)) N {§,,, = —1} = int (V)N {&,,, = —1}. By
the strong convexity of f, we see that w(¢) = sup {{y,&);ye S} for £e Q.
Since the condition £,€9d2 is sup{{y,&y;ye S} =0, for any sequence
&, e 2 tending to &, we have lim u(¢,) = 0.

From (a) and Proposition 2 it follows that u satisfies the following
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equation of Monge-Ampére type

{det( Fu ): (Hu)**  in Q

‘( #‘ ) 651351

u=20 on 02 .

Due to the way of the choice of coordinates u is non-positive and 2 is a
bounded convex domain.

ExampPLE 1. Put S={xeR",;x' ... 2x"'=14'>0,---,2™' >0} S
is a hyperbolic affine hypersphere ([3]). It is asymptotic to the boundary
of the quadrant V= {x' >0, ---, x*"* > 0}. The Legendre transform 2 is
projectively equivalent to an n-dimensional simplex which is the bounded
intersection of V° with a hyperplane.

Conversely we have the following

THEOREM B (Cheng-Yau [4]). Suppose 2 is a bounded convex domain.
Then there exists a unique continuous convex function u on 2 satisfying
(%) such that ul, € C=(2).

By direct calculations we have

LEmMA 1. Let Ac SL(n + 1, R) be a projective transformation which
sends 2 onto A2 in the sense of (1) in Lemma 1. Then the solution u
and v of equations (¥) on 2 and AR respectively are related with each
other by the equation (2) in Lemma 1.

Now for a given convex domain £ we will consider the convex solu-
tion u of the equation (}) whose existence is assured by Theorem B. u

is negative by the convexity of u. Defining x' = géu— (1 <i<n), the

(3
Legendre transform function f(x) of u with respect to & is equal to — u(g)

+ >, x%,. We denote by T(2) the Legendre transform of £, i.e. the
image of the map x(¢). To show that T(2) is the entire space R* we
state the maximum principle for the equation

(4 det (a;’”;‘&) = (Hu)

on a domain D, where H is a negative constant.

LeEMMA 4. Let u, and u, be two convex functions on D satisfying (#),
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on D. Suppose u, > u, on the boundary oD. Then u, > u, on D.

Proof. This is proved in [4], Proposition 2. (cf. [10]).

We define the function F on R* by F(x) = sup {—u(¢) + (x, £); £ Q}.
F(x) = f(x) on T(2). If F(x) is equal to —u(¢) + (x,&) for an interior
point & of £, x belongs to T(2). Here we assume there exists a point x
such that F(x) = —u(&,) + (x, &)=:d for & e a2 and F(x) > —u(€) + (x, &)
for £ 2. Since £ is convex we can find a closed simplex K contained
in 2 such that K N 0Q2 = {&}. Let ux be the solution of () in K. By
Lemma 4 we have u; > u on K. Hence u(£) > (x,&) — d for ¢ ¢ int (K)
and ux(&)=(x, &) — d. That is, —u.(&) + (x, &) attains its maximum value
at the boundary point & of K. But this is a contradiction, because the
Legendre transform of int (K) with respect to u; is the entire space as
in Example 1. Therefore we conclude that 7'(2) = R". Thus the function
f(x) is defined for all xe€ R" and the hypersurface {x"*' = f(x)} is closed.
By (a), this hypersurface is a hyperbolic affine hypersphere with center
at the origin. Reversing the above argument constructing a convex do-
main from an affine hypersphere, we easily see that this hypersphere is
contained in V, and asymptotic to the boundary of V,, where V, is the
polar cone of the non-degenerate convex cone generated by £ thinking
2 as lying in the plane {£&,,, = —1}.

Let 2’ be a projective transform of £2: 92’ = AQ for Ae SL(n + 1, R).
Then, by Lemma 1 and Lemma 1/, we see that V, and V, are affinely
related by the transformation (*A)~' and the corresponding hyperspheres.
are also transformed to each other by (‘A)~!. Therefore, for a given
convex cone V, we correspond a unique hypersphere irrespective of the:
choice of the domain £ in V°.

Hence we have the following

THEOREM 1. Every closed hyperbolic affine hypersphere is asymptotic to
the boundary of a convex cone. Conversely, every non-degenerate cone V
determines a hyperbolic affine hypersphere asymptotic to the boundary of
V, and uniquely determined by the value of its mean curvature.

Proof. The uniqueness part is due to the uniqueness assertion of
Theorem B and that the affine hyperspheres S and S, = {kp; pe S}k #= 1)
can be distinguished from each other by the value of mean curvatures.

Lastly in this section, we consider the metric defined by Loewner-
Nirenberg [9]. On a bounded convex domain 2 in R"(§) let us take into.
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consideration again the equation (}). For a negative convex solution u
of (#), they defined the metric
1
= _—du
‘ Hu
which we call shortly the LN-metric of £ in this paper. Such a metric
always exists and is uniquely determined by Theorem B. This metric has
the projective invariance in the following sense (cf. Lemmas 1 and 1').
(b) Let Ae SL(n + 1, R) be a projective transformation which sends

L onto A2. Then A is an isometry with respect to LN-metrics of 2 and
AQ.

THEOREM 2. Legendre transformation is an isometry with respect to
the LN-metric © and the affine metric g.

Proof. Let x**' = f(x!, - - -, x") be an equation of a hyperbolic affine
hypersphere. Since det (fi;, fi, - - -, f2) = [i;, the affine metric is written as
g = (det (f,,))"/"*d’f. But d’f(x) = d’u(¢) at the corresponding points x

and & by the Legendre transformation. Hence ¢ = HLdzu = pd’u = g.
u

Remark 1. By the unpublished work of Cheng-Yau [5] the affine
metric g is complete. Hence, by Theorems 1 and 2,z is also complete.

We will give an example.

ExamprLE 2. Let V be a circular cone C(n): = {y,,, > G r, y)"}.
Then, by [2], ¢(y) = (¥2e1 — D2 3=,¥D ™*P” and S, is a hyperboloid of two
sheets: {y2,, = 1+ >7,5%, ¥..: > 0. On the other hand u = +/1 — [E},
&, = ¥:/Y.... Hence 2 is the open unit ball. The affine metric is equal
to the Hilbert metric of the ball.

§3. A composition formula

In [3] Calabi has shown a composition formula of two given affine
hyperspheres of hyperbolic type constructing a third one of the same type.
In this section we will reformulate this composition formula with respect
to solutions of the equations of type ().

Let f: S— R**! and g: T— R™*! be hyperbolic affine hyperspheres with
centers at each origin of R**! or R™*!. Then, for any positive constants
¢ and ¢/,
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(€) h:= (ce'’™'f,c’e"™*'g): R X 8 X T— R"*™** is another hyperbolic
affine hypersphere of dimension greater by one than the sum of dimen-
sions of S and T ([3]).

Let V (resp. W) be the cone to whose boundary the hypersphere S
(resp. T) is asymptotic, which is uniquely determined by Theorem 1. We
set R = Upso Sepmsr X Tory—men for k= /@m0 By definition of k, we
have the following

ProposiTiON 3. The hypersphere h is equal to the set R. R is asymp-
totic to the boundary of the cone VX W.

Hereafter we shall assume c=c¢' =1. Let {x"*'=f(x)} and {y™*' = g(»)}
be global representations of S and T respectively, where x = («!, - - -, x")
and y=(y, ---,y™). By £, (resp. £2,) we will denote the Legendre
transform of S (resp. T') with respect to the coordinate x (resp. y). Also
by u (resp. v) the Legendre transform of f (resp. g). The function u (resp.
v) is the convex solution of the equation (}) on 2, (resp. 2,).

We shall now compute the Legendre transform function for R. For
that purpose we shall take, as a new coordinate system of R"*™*? the
coordinates (a, 8, 7,0) defined by a = (', ---,a®) =x,8=(F, -+, ™) = ¥,
r=@m+ Dx""'—(m+ Dy™*! and 6§ = (n + Dx""* + (m + 1)y™*'. Then the
hypersphere R is expressed by the equations

a = et/"tix , ‘8 — e—t/m+ly ,

7= (@ + e’ if(x) — (m + L)e"'""'g(y) ,

0= (n + De’f(x) + (m + L)e """ 'g(y) .
Here we regard (x,y,t) as the coordinates of R. Also (a,5,7) can be
regarded as the coordinates of R since the mapping (x,y, ) — (a, 8,7) is

non-singular. Direct calculation leads to the jacobian equation of this
mapping:

dt = —Ady + (n + DAY fuda' — (m + DA Y g,dp*
% J

dx = e”'"*da + 4
n

dr — Ax S fdet + T 14 dp’
L x§f1a+n+1 ij]g]ﬁ,

A

dy = e/™'dg — dr + 2 F 1Ay s fdat — Ay > gdp,
y=e B m+1yr+m+1 .inIfux .v;g]ﬂ
where A™! = e/**ly + e¥m*ly, Next weset &= (&, ---,&)andyp=(p, ---,
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of og

7m) by & = e and 7, = oy Also p=(py, *++, pu)y 0 = (03, -+, 0,) and ¢
00 00 00 . 00 - k)

b = _—,0;,=-—and r=——. Since — = e"/'f — e g —
L W R T T % o f-etme o

= (n + 1e*'¢, and % = (m 4 e ¥™*'y, we have
y

T = A(e"'u — e~ ™*1p)

p=(n+ 1)1 -1,

c=(m+ 1A — 7).
By these equations the Legendre transform function w of § with respect
to (@, B,7) is equal to

w = (n 4+ m 4 2)AelVntD-Wmideyy,
But by the equation z = A(e!/"*'u — e /™*'v) we have el®+m+d/@+Dim+1)
= v(l + 7)/u(l — 7). This yields

w= — n+—72n+_2((_1)n+m+2(u(1 _ T))"”(U(l + z.))m+1)1/n+m+2 .

The value of r must belong to the interval (—1, 1) because u and v are
negative and ¢ varies in R. Changing the variables by ' = (1 — 7)/2,
o =2(n+ 1p and ¢ = 2(m + 1)g, and setting again r=1,p = p’ and
¢ = ¢’ we have the following

THEOREM 3. Let 2 be the domain \Usc.«itf2y X (1 — )2, in R™™**(p,
0,7). Then the convex solution of (§) on 2 is given by

o = (o= (ol 2)) (o Ja - 0) )

up to a constant multiple, where u and v are the negative convex solutions
of (}) on 2, and 2, respectively.

This construction remains valid, even if one or two of n and m is
zero, considering 2, as one point in R and u or v as a nonzero constant

function.

ExampPLE 3. Let K be a simplex in R” defined by inequalities /, > 0,
., 1,,; >0, where [, is a linear function. Then the solution of (}) on
K is equal to a constant multiple of (J, - - - Z,,)V/"*.
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§4. Homogeneous hyperbolic affine hyperspheres

In this section we will consider homogeneous hyperbolic affine hyper-
spheres. Let V be a non-degenerate convex cone in R**!, First we recall
some properties of the characteristic function ¢, defined in Introduction
([16)).

(d) ¢(x) tends to infinity when x approaches to any point of the
boundary of V,

(¢) The measure ¢,(x)dx is invariant under A(V), ie. ¢,(Ax)
= ¢ (x)/det A for Ae A(V), and

(f) log ¢, is convex on V. Hence d?log ¢, defines a metric on V.

By (d) and (f) the level surface of ¢,: S, = {¢,(x) = ¢} is a noncompact
submanifold in V which we call the characteristic surface of V. We de-
note by o, the induced metric of d*log ¢, on S..

1. We shall now assume V is affinely homogeneous. The character-
istic surface S, is obviously homogeneous with respect to unimodular ele-
ments of A(V). Then we have

THEOREM 4a. Every characteristic surface S, is a complete hyperbolic
affine hypersphere with mean curvature ac*"*?, where a is a negative con-
stant depending only on V.

Proof. Let ¥(x) = log ¢,(x). S, = {¢ = logc} can be written locally
as {x"*!' = f(«', - - -, 2™} by a smooth function f, the coordinate (x', - - -, x"*?)
being chosen such that +,,, = 0. First we calculate the Legendre transform
u of f. Since « is constant on S,, we have f, = —{;/¢,,, on S,. By the
definition, © = —(fY,.1 + 2t V). But, by (e), ¥(kx) = (x)
—(n+1)logk for any xe V and every positive constant k.  Hence
mlx(x) = —(n + 1). Therefore v = (n + 1)/v,... Next consider
det (—4r,.1fi), 1 < i,j < n. This is calculated as follows:

et (i) = dot (o, — Yiesbs T ¥obinas | Vo)

n+1 n+1

1 1!"11 1piru-l 1!’1
= \I/'?'L-H "!"nnj '\t’/'n+1n+l 1l/'n+l .
1!’1 \["nn 0

Setting
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‘\paﬁ "[’a
v O

D(x) = A<, p<n+1),

we have, by the property (e),
O(x) = (det A)P(Ax) for Ae A(V).

Hence @(x) = b¢*(x) by the homogeneity for some constant b which depends
only on V itself. But this means

(V1) det (= .aifi;) = O(x) = bc?

’u
08,08,

on S,. Since det (f;;) = det( )_l, we have finally

82u _(_ n+e 2
det(a&agj) — (—(n + Dfwy*/bc: .

By (a), S, is an affine hypersphere with the affine mean curvature ac*"*?,
where a is a negative constant since S, is hyperbolic.

Remark 2. The Legendre transform function u is equal to (n + 1)/v,.,.

Next we shall assume S is a complete hyperbolic affine hypersphere
with its center at the origin which is homogeneous under the subgroup
G of the unimodular group. By Theorem 1 we can construct a convex
cone V to whose boundary the hypersurface S is asymptotic: V= (U0 S,.
Let G: = G X R*. The element g = (g t)e G acts on V by g(x) = t-g(x).
V is homogeneous under G.

THEOREM 4b. Let S and V be as above. Then S is a characteristic
surface of V.

Proof. We define a function y on V by the equation
x(x) = k7! for xe S; .

Since S, N S, = ¢ for k + K/, x is well defined. Then y(Ax) = y(x)/ det A
for Ae G. Therefore, by the homogeneity, we have

% = bgy
for some nonzero constant b. This proves Theorem 4b.

Remark 3. By Theorems 4a and 4b we see that the classification of
homogeneous hyperbolic affine hyperspheres is reduced to the classifica-
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tion of homogeneous convex cones. The latter is treated in O. S. Rothaus
[13], Vinberg [16] and S. Kaneyuki-T. Tsuji [7], [15]. For instance, we know
an inductive method producing all homogeneous convex cones [16]: from
a given convex cone V, in R"*'(x) one can construct another homogeneous
cone V in R(f) X R™(y) X R**'(x) by the equation V={(t,y, x); t > ‘yh~*(x)y},
where 2 is a linear mapping on R"*!' whose values are real symmetric
positive-definite matrices of order m and, corresponding to each element
B of some transitive subgroup of A(V)), there exists a matrix A € GL(m, R)
such that ‘Ah(x)A = h(Bx). This method can be transposed to our case
to obtain all projectively homogeneous bounded convex domains or all
homogeneous hyperbolic affine hyperspheres.

Remark 4. In an inhomogeneous case the level surface is not neces-
sarily an affine hypersphere. For example, let V = {(x,y, 2) € R®; |x| < 2,
ly| < 2}. Then ¢, = 82/(2* — x*)(2* — »*) and {¢, = c} is not an affine
hypersphere, because the function @ in the proof of Theorem 4a is not
constant on this hypersurface.

2. As for the affine metric we have

THEOREM 5. Suppose V is homogeneous. Then the metric o, is iden-
tified with the affine metric g up to a constant factor.

Proof. Let + and f be as in Theorem 4a. Since dx*"' = — Zn] Vs dx?,

we have

0, = d™ris, = ISZ — Y ifdxtdx? .

5, j<n
But ¢,,, = (n + 1)/u (Remark 2). Therefore w, = —(n + 1)Hg.

Remark 5. The assumption needed to prove Theorem 5 is not the
homogeneity of V but the condition that the level surface is an affine
hypersphere. (cf. Remark 4).

3. The composition formula in §3 is, in the homogeneous case,
interpreted as follows. The solution u of the equation (§) is given as a
first order logarithmic derivative of the characteristic function, i.e.
u = (n+ 1)/¥,,. (Remark 2). Since the characteristic function ¢ of the
product of convex cones V and W is equal to ¢,¢y, the derivative of ¢
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is written using the derivatives of ¢, and ¢y. This gives the composition
formula for reducible cones.

Associated with the construction of a cone of higher rank (Remark
3) there is another formula of solutions. Let V, and V be the same as
in Remark 3. First we note that the dual cone V' of V = {t > ‘yh~'(x)y}
is equal to {(4,7,£) e RX R™ X R™*'; 2 — F(y,n) € Vi}, where V7 is the dual
cone of V, and F(y,7) is a vector function defined by the equation ‘F(y, )x
= ‘ph(x)y. Assume the coordinate & = (¢, - -, &,, £,.1) is chosen so that
2,={£,,,=1}N V,is a bounded domain. Then the domain £ ={21+&,,,=1}
N V is also bounded and equal to the set

{(Sl, s "Sm 7 C); -1 < C < 1’ 1-— CZ - tvhn-rl” > 0,

e 0515
oh
%o
that {x"*'=1} NV, is bounded. Let +'=logd,,& = —¥i[¥i,, and
u = (n + 1)/}, be the solution of (}) with respect to (&, - - -, &,). Setting
k(x) = +/det h(x), we have

where £ =¢,,, — 1, h, = Next choose the coordinate in R**!(x) so

ProposITiON 4. The solution v = v(§, , £) of the equation () on the
domain —£ is equal to

n+m+11—¢8— "9k, ku
2 1-¢ (n+ Dk —k,,u
where k,k,., and u is a function of &, where & and & are related by the
equation
(3) 20 — Q8 + phy _ (n + DEER + ku

1-—- Cz - tvhu+ln (n + l)k - kn+1u )

Proof. The characteristic function of V is known to be equal to
oty %, ¥): = ¢r (X)[R(X)(E — 'yh~'(x)y)'*™® ([12]). To calculate its Legendre
transform we introduce new variables z and ¢, instead of x**' and ¢, by
the equation z = (¢ + x"*")/2 and = = (£t — x"*")/2. Set + = log ¢, and

&= —‘P‘x‘/‘lf'z s Ny = —‘P‘yf/‘!"z , &= —“I’r/\h .

Then, by direct calculation, we have
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1 m+ 2
4 l—fg=—+ _Mm+2
( ) ¥, 2+ 17— tyh-ly
(5) 1/11/,2 — 1— Cz— tvhru-ly} ku

21 -0 (n+ Dk — k.

and the relation (3). Noting that -, <0, k,,; < 0 and u <0 by the way
of the choice of coordinates, we have 1 —¢ >0 from (4) and 1 - ¢
— "phy.p >0 from (5), hence 1 — ¢* > 0. Since k(x) is homogeneous of

degree m/2 we have > "l x°k, = -rzﬁk. Using this relation and the equa-

tion u = —x"*' + Y7, x'&, we see that ((n + 1)&k + kuw)/((n + D)k — k,, 1)
belongs to —£2,. Therefore (& 7,{) belongs to —2. This means that
(n + m + 1)/, is the solution of (#) just on the domain —£ and we have
proved the proposition.

4. In this subsection we consider the self-dual cone. To formulate
another description of the Legendre transformation we introduce the
*.mapping due to Koecher [8]. It is a mapping from V to its dual V’
defined by the equation

&= x* = _'(\b'l(x)y Tty ‘!"nn(x)) for xe V.

This mapping * has the following properties ([15]).

(g * sets up a one to one correspondence between V and V' and
(Ax)* = ("A)~'x* holds for every Ae A(V).

(h) If V is homogeneous, then V' is also homogeneous and ¢,(x)g,.(x*)
is constant for all x. We denote this constant by &%

In our homogeneous case, by (h), the *simage of S, is also a char-
acteristic surface of V’ which we denote by S,. Taking a hyperplane H
such that U:= H N V'’ is a non-empty bounded convex domain, we cor-
respond, for every point x* € S,, the intersection point of the line through
the origin and x* with U. Thus we have a mapping from S, to U. And
we have easily

LemMA 5. The mapping * followed by this mapping is defined on S,
and projectively equivalent to every Legendre transformation of S..

ProposITION 5. Suppose V is homogeneous. Then * is an isometry
with respect to the metrics d*log ¢, and d*®log ¢,..
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Proof. Let +, =log¢, and <, = log ¢,,. By the equation x*
— — grad, ¥,, we have d&(x*) = —> aaz,—g”_(x)dx’. Also dx/(¢*) =
7 ox'ox’

- Ty (§)d&,. Because ** = identity, we have 3 62,‘1"’ (x)- Ty (x*)
& 08,08, 7 oxtox’ 08,;0¢,

= 0%, Therefore

@) = (5 2L ae.ae,
1,7 i J

= M xy 0y o™y dodot
i,j%c:,l BSiagj(x )axiaxk(x)axjax‘(x) x'ax

= d2'\,!l'y .

Now assume V is a self-dual cone. Then K(x):= —%x—ﬁi is an auto-
x
morphism of V([12], p. 201) and, moreover, x* = K(x)x ([12], p. 192). Let
S=8. By (h), *|S is an involutive automorphism of S. Since ¢,(x*)
= ¢ (K(x)x) = ¢y(x)/det K, we have det K(x) =1 for x€ S. Therefore K(x)
is an automorphism of S for xe S.

ProrositioN 6. If the homogeneous cone V is self-dual, then the char-
acteristic surface S, is a globally symmetric space.

Proof. For one point x,€ S define an automorphism s of S by s(x)
= K(x,)'x*. Since K(x) is symmetric, s is an involution by (g). By the

gs (%)) = K(x)™* ai)k(ac,,) = —1I. For a gen-
x

above argument, s(x,) = x, and 3
x

eral S,, it is enough to translate the symmetry of S to S, by the map-

ping S,2x— X xeS. Hence we have the proposition.
c
ExavpLE 4. Let H*(n, K) be the cone of positive-definite hermitean
symmetric matrices over K = fields R, C, H (quaternions) or the Cayley
algebra Ca. Then the followings are the list of all irreducible self-dual
cones V and the corresponding globally symmetric spaces S.

1. V=H*(n,R) S = SL(n, R)/SO(n) of type Al
2. V=H*(n,C) S = SL(n, C)/SU(n).

3. V=H*(n,H) S = SU*(2n)/S,(n) of type Al
4. V=0Cn) S = 801, n — 1)/SO(n — 1) of type BDI
5. V=H*(3,Ca) S = the space of type EIV.
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Remark 6. The author does not know these symmetric spaces are
the only ones which can be represented as the affine hyperspheres. If we
allow, at the beginning, the metric to be only pseudoriemannian, then
some kinds of affine symmetric spaces are realized as the characteristic
surfaces. For example: In the space of real symmetric matrices of order
n, the components of the set {det = const.} are such spaces. In fact, they
are affine symmetric spaces SL(n, R)/SO@G,n — i) (0 < i < n).
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